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PREFACE 


This  publication  consists  of  a series  of  lectures  prepared  by  personnel  of  the  NASA 
Langley  Research  Center.  Collectively,  they  were  presented  as  a graduate  seminar  at 
Rensselaer  Polytechnic  Institute,  Troy,  New  York,  under  the  auspices  of  Professor  Robert 
E.  Duffy.  The  lectures  summarize  theoretical  and  experimental  work  in  a number  of 
areas  of  current  interest  in  the  design  of  aeronautical  and  space  vehicles  and  were 
intended  as  an  extension  of  general  academic  studies  toward  applications  to  solutions  of 
practical  problems. 

The  material  presented  is  not  intended  to  be  a comprehensive  survey  of  the  state 
of  the  art  but  rather  a series  of  resumes  of  work  in  several  areas,  some  of  which  repre- 
sent fairly  recent  developments  and  others  in  which  the  significant  contributions  are  dis- 
tributed in  various  publications.  The  material  covered  reflects  the  specialties  and  view- 
points of  the  individual  lecturers  and  little  effort  has  been  made  to  provide  continuity 
between  the  different  papers.  The  topics  are,  nevertheless,  grouped  under  three  general 
headings,  as  follows: 

1.  Aerodynamics  of  vehicles  in  various  speed  ranges 

2.  Problems  involving  aeroelasticity  and  unsteady  aerodynamics 

3.  Methods  and  application  of  analytical  techniques  in  dynamic  stability 

problems 

The  material  is  considered  suitable  for  providing  aeronautical  engineering  students  with 
background  information  and  working  knowledge  in  a number  of  specialized  fields  which 
are  usually  omitted  or  discussed  only  briefly  in  an  undergraduate  curriculum. 
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1.  STABILITY  AND  CONTROL  CHARACTERISTICS  OF 
STOL  AND  V/STOL  AIRPLANES 

By  Joseph  R.  Chambers 
Langley  Research  Center 

ABSTRACT 

Some  of  the  stability  and  control  characteristics  common  to  most  V/STOL  airplanes 
are  discussed.  In  particular,  specific  stability  and  control  problems  of  deflected  slip- 
stream, tilt -wing,  ducted -propeller,  and  jet-powered  vehicles  are  covered.  The  contents 
include  a variety  of  experimental  and  analytical  techniques  presently  used  to  analyze  the 
stability  and  control  characteristics  of  V/STOL  airplanes. 

INTRODUCTION 

Since  the  earliest  days  of  manned  flight,  emphasis  has  usually  been  placed  on 
obtaining  the  maximum  speed  capability  for  advanced  airplane  configurations.  This 
emphasis  has  not  diminished  today,  as  evidenced  by  flight  tests  of  supersonic  transports 
and  studies  of  hypersonic  cruise  vehicles.  In  contrast  to  this  emphasis  on  speed,  how- 
ever, recent  military  and  commercial  aviation  experience  has  led  to  a pronounced  inter- 
est in  vehicles  that  can  attain  lower  minimum  operating  speeds.  From  an  operational 
point  of  view,  lower  approach  and  take-off  speeds  result  in  a more  versatile  airplane  that 
requires  a minimum  amount  of  take-off  and  landing  distance.  As  a result  of  interest  in 
attaining  lower  operating  speeds,  a number  of  new  types  of  airplanes  having  vertical 
and/or  short  take-off  and  landing  capabilities  are  being  actively  developed.  This  paper 
describes  some  of  the  more  promising  short  take-off  and  landing  (STOL)  and  vertical/ 
short  take-off  and  landing  (V/STOL)  concepts  and  points  out  some  of  their  associated  sta- 
bility, control,  and  handling  quality  characteristics. 

At  this  point,  the  abbreviations  used  to  identify  the  airplane  configurations  to  be 
studied  are  defined.  First,  the  basic  definitions  of  VTOL,  STOL,  and  V/STOL  airplanes 
are  explained. 

(1)  A VTOL  airplane  has  a capability  for  vertical  take-off  and  landing;  as  a result 
it  does  not  require  a runway  for  normal  operations. 

(2)  STOL  airplanes  are  capable  of  extremely  short  take-offs  and  landings,  but  they 
have  no  VTOL  capability,  and  therefore  require  a take-off  and  landing  ground  rim  for 
normal  operation. 


(3)  The  V/STOL  airplane  has  the  capability  to  perform  either  vertical  or  short 
take-offs  and  landings.  It  should  be  noted  that  a V/STOL  airplane  may  operate  a major- 
ity of  the  time  in  the  STOL  mode  of  operation  due  to  economic  and  safety  considerations. 

This  paper  is  concerned  with  the  stability  and  control  characteristics  of  STOL 
and  V/STOL  airplanes  with  the  exception  of  the  helicopter.  The  material  presented  was 
taken  from  the  technical  publications  given  in  the  Bibliography. 

An  outline  of  the  principal  topics  of  this  paper  is  as  follows:  First,  the  basic 

characteristics  of  STOL  and  V/STOL  airplanes  are  described.  The  next  section  dis- 
cusses the  stability  and  control  characteristics  of  STOL  airplanes.  Past  research  on 
stability  and  control  characteristics  of  STOL  concepts  is  discussed  by  using  results 
obtained  during  flight  tests  of  a jet  transport  equipped  with  boundary-layer  control.  The 
current  status  of  STOL  airplane  development  is  discussed;  then  a projection  of  future 
STOL  concepts  powered  by  the  external -flow  jet  flap  is  presented.  The  next  major  sec- 
tion of  the  lecture  covers  the  general  area  of  V/STOL  airplanes.  In  that  section,  stabil- 
ity and  control  characteristics  of  airplanes  employing  typical  V/STOL  propulsive  con- 
cepts such  as  the  tilt -wing,  ducted -propeller,  and  vector ed-thrust  jet  engine  are  exam- 
ined. The  final  section  of  the  paper  is  devoted  to  a discussion  of  the  principles  and 
application  of  several  specialized  test  techniques  commonly  used  at  the  NASA  Langley 
Research  Center  to  evaluate  the  stability  and  control  characteristics  of  V/STOL  designs. 

SYMBOLS 


lateral  acceleration 
wing  span 

mean  aerodynamic  chord 
lift  coefficient 
lift -curve  slope 
rolling-moment  coefficient 
effective  dihedral  parameter 
damping-in-roll  parameter 
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pitching-moment  coefficient 


yawing-moment  coefficient 


yawing  moment  due  to  roll 


damping-in-yaw  parameter 


directional  stability  parameter 


yawing  moment  due  to  rate  of  change  of  sideslip 


yawing  moment  due  to  aileron  deflection 


thrust  coefficient 


lateral  force  coefficient  due  to  sideslip 


drag;  also  propeller  diameter 


axial  force 


vertical  force 


_ 9Fz/9q 
Zq  m 

_ 9Fz/9u 
Zu  m 

_ 5FZ/5w 
Zw  m 


gravity 
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h 

distance  from  lower  surface  of  fuselage  to  ground 

% 

wing  incidence 

ix 

moment  of  inertia  about 

X 

body  axis 

iy 

moment  of  inertia  about 

Y 

body  axis 

i . 

characteristic  length 

L 

lift 

Loo 

lift  out  of  ground  effect 

m 

mass 

MX 

rolling  moment 

Xs 

-©■ 

ii 

3MX 

d<p 

My  pitching  moment 

3My/3q 


My 


q Iy 


My  = _ 

*u  Iy 


3My / 3u 

IY 

__  3 My  / 3w 

MYw  = ^— 
3My/ 8w 

my  = 

xa  da 


M 


3 M^ 


Ye  30 

MZ  yawing  moment 


MZqo  yawing  moment  out  of  ground  effect 

NFr  Froude  number 
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q pitching  velocity 

rmax  maximum  yawing  acceleration 

s LaPlace  operator 

t time 

T thrust 

Tg  static  thrust 

u perturbation  velocity  along  X body  axis 

V|  induced  velocity 

V airspeed 

Vj  slipstream  velocity 

w velocity  perturbation  along  Z body  axis 

w time  derivative  of  w 

W weight 

ot  angle  of  attack 

0 angle  of  sideslip 

• 

0 time  derivative  of  sideslip 

5n  nozzle  deflection 

0 pitch  attitude 

cr  real  part  of  root  of  characteristic  equation 

w imaginary  part  of  root7  of  characteristic  equation 


p 


density 


< p roll  attitude 

BASIC  CHARACTERISTICS  OF  STOL  AND  V/STOL  AIRPLANES 

Before  specific  details  are  discussed,  consideration  should  be  given  to  some  basic 
aerodynamic  characteristics  of  STOL  and  V/STOL  configurations  which  determine  to  a 
great  extent  their  stability,  control,  and  handling -quality  characteristics. 

Shown  in  figure  1 are  some  fundamental  relationships  between  lift  and  power 
required  for  a conventional  airplane  and  for  a typical  V/STOL  airplane.  Plotted  along 
the  vertical  scales  are  the  variations  with  airspeed  of  the  lift  (in  percent  of  weight)  and 
the  power  required  for  level  flight  for  both  airplanes.  On  the  lower  plot,  the  solid  line 
represents  the  classical  variation  of  power  required  for  the  conventional  airplane.  The 
upper  plot  shows  that  the  conventional  airplane  is  supported  solely  by  aerodynamic  lift 
as  speed  is  reduced  from  cruising  flight  down  to  the  stall.  On  the  other  hand,  the  plots 
show  that  the  aerodynamic  lift  supporting  a V/STOL  airplane  is  gradually  replaced  by 
powered  lift  as  an  airspeed  of  zero,  or  hovering  flight,  is  approached.  In  the  speed  range 
where  powered  lift  must  be  used  - the  so-called  transition  speed  range  - the  power 
required  for  the  V/STOL  airplane  rises  rapidly  up  to  a maximum  value  at  hovering  flight. 
This  characteristic  leads  to  flight  operations  on  the  so-called  "back  side"  of  the  power- 
required  curve,  which  in  turn  may  require  the  use  of  unconventional  piloting  techniques 
and  stability  augmentation.  The  STOL  airplane  is  usually  operated  over  a more  limited 
portion  of  the  back  side  of  the  power-required  curve,  but  it  also  may  experience  some  of 
the  problems  associated  with  back- side  operation. 

The  V/STOL  airplane  is  also  subject  to  stability  and  control  deficiencies  at  low  air- 
speeds, as  illustrated  in  figure  2.  Shown  are  typical  variations  of  aerodynamic  stability 
and  control  with  airspeed  for  a V/STOL  airplane  from  hovering  flight  through  the  transi- 
tion to  cruising  flight.  The  V/STOL  airplane  is  assumed  to  have  satisfactory  aerody- 
namic stability  and  control  in  cruising  flight.  Naturally,  since  all  the  parameters  vary 
with  dynamic  pressure  in  the  airstream,  their  relative  magnitudes  drop  off  rapidly  as 
airspeed  is  reduced.  The  top  plot  shows  that  no  aerodynamic  control  is  available  from 
conventional  airplane  control  surfaces  in  hovering  flight  unless  the  control  surfaces  are 
located  in  a high-velocity  slipstream.  As  a consequence,  V/STOL  airplanes  are  usually 
equipped  with  special  control  systems  which  do  not  rely  on  airstream  dynamic  pressure 
for  effectiveness;  these  systems  are  exemplified  by  reaction  jets  powered  by  compressed 
air  bled  from  compressor  stages  of  jet  engines.  The  middle  plot  of  figure  2 indicates 
that  all  V/STOL  airplanes  have  neutral  static  stability  with  respect  to  attitude  in  hovering 
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flight.  This  characteristic  is  often  eliminated  by  the  use  of  artificial  attitude  stabiliza- 
tion, as  will  be  discussed  in  a later  section  of  this  paper.  As  for  dynamic  stability,  the 
lower  plot  shows  that  most  V/STOL  designs  are  dynamically  unstable  in  hovering  flight. 
These  inherent  instabilities  are  usually  composed  of  unstable  pitching  and  rolling  oscilla- 
tions. The  lack  of  static  and  dynamic  stability  does  not  prevent  V/STOL  airplanes  from 
being  flown  under  ideal  visual  flight  conditions,  but  it  does  lead  to  unacceptable  handling 
characteristics  during  instrument  flight  conditions  which  must  be  improved  by  artificial 
stability  augmentation  before  satisfactory  operation  can  be  obtained.  These  inherent 
deficiencies  and  limitations  indicate  that  a typical  V/STOL  airplane  will  in  general  haye 
stability,  control,  and  handling -quality  characteristics  which  steadily  deteriorate  as  air- 
speed is  decreased.  These  important  deficiencies  should  be  kept  in  mind  during  the, fol- 
lowing sections  of  this  paper. 

STABILITY  AND  CONTROL  CHARACTERISTICS  OF  STOL  AIRPLANES 

Airport  Congestion 

Interest  in  airplanes  designed  for  short  take-off  and  landing  (STOL)  has  been 
expressed  since  the  invention  of  the  airplane,  but  within  the  last  few  years  this  interest 
has  become  increasingly  intense.  Perhaps  the  most  important  factor  behind  the  active 
studies  of  STOL  airplanes  has  been  recent  experience  with  congestion  of  our  commercial 
airway  system.  Studies  of  passenger  destinations  have  shown  that  more  than  half  of  the 
daily  traffic  at  most  of  our  major  airports  is  bound  for  destinations  involving  trips  of 
less  than  300  miles.  A concentrated  effort  is  therefore  being  made  to  develop  additional 
airway  systems  which  could  make  use  of  secondary  airports  to  relieve  the  major  airports 
of  some  of  the  congestion  created  by  this  so-called  "short-haul"  traffic.  Of  course,  most 
secondary  airfields  currently  available  for  use  are  of  insufficient  length  for  conventional 
transport  airplanes  with  nominal  passenger  loads  of  120  or  more.  As  a result  of  these 
and  other  associated  operating  limitations,  the  STOL  airplane  is  envisioned  as  a possible 
solution  to  the  congestion  problems  of  commercial  airways.  In  general,  STOL  airplanes 
have  been  developed  from  modifications  to  more  or  less  conventional  airplane  configura- 
tions. Recent  STOL  designs,  for  example,  have  employed  full-span  flaps  with  the  wing 
partially  or  completely  immersed  in  the  slipstream  of  the  propulsion  units  to  achieve 
the  high  lift  augmentation  required  for  STOL  operation.  As  a result  of  their  conven- 
tional airframe  geometry,  most  STOL  airplanes  do  not  exhibit  unsatisfactory  or  uncon- 
ventional  flying  qualities  in  cruising  flight.  A discussion  of  the  stability  and  control 
characteristics  of  STOL  airplanes  will  therefore  consist  of  a consideration  of  the  normal 
deterioration  of  handling  qualities  of  conventional  airplanes  as  airspeed  is  reduced  and 
the  types  of  artificial  stability  and  control  augmentation  necessary  to  ensure  satisfactory 
flying  n; unities . 
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Problems  of  STOL  Operation 

For  a number  of  years,  the  NASA  has  investigated  several  STOL  airplanes  to 
obtain  information  relating  to  the  performance,  handling  qualities,  and  operational  char- 
acteristics of  airplanes  during  STOL  operation.  These  investigations  have  made  it  pos- 
sible to  document  and  in  most  cases  to  improve  the  basic  stability  and  control  character- 
istics of  this  type  of  airplane.  The  results  of  the  studies  have  pointed  out  several 
stability  and  control  problem  areas  that  appear  to  be  common  to  most  STOL  designs. 

This  part  of  the  paper  presents  some  of  the  results  obtained  during  a series  of  flight 
tests  to  evaluate  a powered -lift  swept -wing  jet  transport  in  the  landing  approach  at  high 
lift  coefficients  and  low  airspeed.  Although  not  capable  of  true  STOL  performance,  the 
airplane  tested  was,  in  general,  found  to  have  flying  qualities  quite  typical  of  large  STOL 
airplanes  and  therefore  is  used  to  point  out  some  of  the  stability  and  control  character- 
istics peculiar  to  these  vehicles. 

Airplane  and  evaluation  procedures.  - One  method  of  improving  the  low-speed  lift 
capabilities  of  high  performance  aircraft  is  boundary -layer  control  or  "blown  flaps. 

Recent  flight  test  experience  with  a boundary-layer-control  (BLC)  jet  transport  at  the 
Langley  Research  Center  and  the  Ames  Research  Center  has  led  to  a better  understanding 
of  the  stability  and  control  characteristics  of  large  STOL  aircraft.  The  test  airplane 
used  in  the  investigations  was  a modified  Boeing  707  prototype  shown  in  figure  3.  The 
airplane  incorporated  a powered-lift  BLC  system  which  used  compressed  air  bled  from 
the  four  engines.  The  wing  was  modified  with  a fixed  leading-edge  slat  so  as  to  avoid 
stall  induced  by  the  upwash  associated  with  BLC  operation.  A simple  hinged-flap  sys- 
tem was  used,  and  the  maximum  flap  deflection  tested  was  85°.  An  enlarged  horizontal 
tail  having  25  percent  larger  area  was  used  to  improve  the  longitudinal  stability  and  trim 
characteristics  and  an  inverted  leading-edge  slat  was  fitted  to  the  horizontal  tail  for 
improved  trim  capability  at  high  negative  lift  conditions. 

The  BLC  system  used  by  the  airplane  is  illustrated  in  figure  4.  Compressed  air 
was  bled  from  each  of  the  four  engine  compressors  into  a dual  ducting  system.  As  shown 
in  the  sketch  in  the  upper  left-hand  corner,  nozzles  through  which  the  compressed  air  was 
ejected  were  alternated  along  the  entire  length  of  the  trailing -edge  flaps  to  minimize  lift 
loss  in  the  event  of  engine  failure.  A typical  cross  section  (section  A-A)  of  the  nozzle- 
ejector -flap  system  is  shown  in  the  lower  right-hand  sketch. 

The  airplane  also  employed  a thrust-modulation  system  to  permit  high  power  set- 
tings on  the  jet  engines  for  BLC  operation  while  simultaneously  reducing  the  net  thrust 
of  the  engines  to  the  lower  levels  normally  associated  with  the  landing  approach.  As 
shown  in  figure  5,  the  thrust -modulation  system  consisted  of  continuously  controllable 
clamshell-type  thrust  reversers  located  in  each  of  the  four  engine  tailpipes.  The  thrust- 
modulation  system  was  used  in  place  of  the  normal  throttle  control  during  all  BLC  flight 
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conditions.  As  shown  in  figure  6,  the  thrust -modulation  system  proved  to  have  rapid 
response  in  comparison  to  normal  throttle  control.  The  rapid  response  obtained  with 
the  thrust  modulators  permitted  the  pilot  to  maintain  more  precise  control  of  airspeed 
during  the  landing  approach.  The  thrust -modulation  system  was  also  used  as  a unit  of 

an  automatic  airspeed-control  system  to  be  discussed  in  a subsequent  section  of  this 
paper. 

Pilot  opinions  of  the  flying  qualities  of  the  airplane  were  obtained  under  simulated 
instrument  flight  rules  (IFR)  during  landing  approaches  in  which  the  BLC  system  was  in 
operation.  These  evaluation  conditions  provided  a reasonable  requirement  for  precise 
piloting  techniques  similar  to  actual  IFR  flight  operations.  The  pilot's  evaluation  task 
consisted  of  first  intercepting  the  localizer  at  about  8 miles  from  the  runway  at  an  alti- 
tude of  1500  feet  (457  meters).  At  the  intercept  of  the  glide  slope,  approximately 
5 miles  from  the  runway,  the  pilot  initiated  the  descent  and  flew  the  glide  path  as  closely 
as  possible.  Following  a simulated  IFR  breakout  at  200  feet  (61  meters),  the  pilot  con- 
tinued visually  to  touchdown. 

Pilot  s rating.  - A summary  of  pilot  opinions  of  the  test  airplane  during  approaches 
with  BLC  is  shown  in  figure  7.  Pilot  numerical  ratings  for  the  longitudinal  and  lateral- 
directional  axes  are  plotted  as  functions  of  airspeed,  which  was  varied  from  the  normal 
approach  speed  of  about  140  knots  down  to  80  knots.  Increasing  (numerically  larger) 
values  of  pilot  rating  correspond  to  less  acceptable  handling-quality  characteristics. 

The  data  indicate  that,  for  the  approach  speeds  normally  used  by  present-day  jet  trans- 
ports (above  130  knots),  the  longitudinal  and  lateral -directional  characteristics  were 
acceptable.  When  the  approach  speed  was  lowered  by  the  use  of  BLC,  however,  the  pilot 
ratings  became  steadily  worse,  and  at  the  minimum  approach  speed  of  80  knots,  the 
lateral -directional  characteristics  became  unacceptable  for  IFR  operation.  As  stated 
previously,  the  steady  deterioration  of  handling  qualities  as  airspeed  is  reduced  is  an 
inherent  characteristic  of  STOL  and  V/STOL  airplanes.  Now,  some  of  the  specific 
reasons  for  the  marked  loss  of  acceptable  flying  characteristics  will  be  examined. 

Longitudinal  stability  and  control.  - The  degradation  of  longitudinal  stability  was 
related  primarily  to  pitch  attitude  requirements  and  trim  changes  in  ground  effect. 
Illustrated  in  figure  8 are  test  results  showing  the  pitch  attitude  during  approach  for  the 
b«.sic  airplane  and  for  the  airplane  with  BLC.  The  shaded  area  indicates  the  desired 
pitch  attitude  range  for  operation  of  the  airplane  whereas  the  vertical  dashed  lines  repre- 
sent physical  limits  on  touchdown  attitude.  Within  the  shaded  area  the  airplane  would 
not  touch  down  nose  wheel  first  nor  tail  skid  first  during  the  landing  flare.  It  can  be  seen 
that  the  pitch  attitude  varied  from  slightly  high  for  the  basic  airplane  to  too  low  for  the 
powered -lift  airplane.  During  the  approach  and  landing,  the  combination  of  flap  setting 
and  power  condition  used  resulted  in  a nose -down  attitude  and  concern  that  the  airplane 
would  touch  down  nose  wheel  first. 
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During  powered -lift  operation,  the  airplane  exhibited  large  nose -down  pitching 
moments  as  it  neared  touchdown.  As  shown  in  figure  9,  this  characteristic  required  con- 
siderably larger  elevator  deflections  during  the  landing  flare  for  the  powered-lift  air- 
plane than  those  required  for  the  basic  airplane.  The  large  trim  change  increased  the 
pilot  workload  considerably.  The  trim  change  experienced  in  ground  effect  appears  to 
be  related  to  a large  change  in  downwash  angle  at  the  tail  in  ground  effect.  Because  of 
the  relatively  large  angles  of  downwash  associated  with  slow-speed  flight  at  high  lift 
coefficients,  this  characteristic  will  probably  be  an  inherent  problem  with  this  type  of 
airplane. 

It  should  also  be  mentioned  that  the  powered-lift  airplane  was  flown  on  the  back 
side<of  the  power  required  curve,  but  the  amount  of  speed  instability  was  not  sufficient 
to  cause  major  adverse  pilot  comment. 

Lateral -directional  stability  and  control.  - The  two  primary  reasons  for  the  unac- 
ceptable lateral-directional  characteristics  at  low  speeds  were  lack  of  adequate  lateral- 
directional  damping  and  problems  of  turn  coordination.  Shown  in  figure  10  are  the  vari- 
ations of  the  damping  characteristics  of  the  classical  roll  and  Dutch  roll  modes  with 
approach  speed.  Values  of  the  roll  mode  time  constant  greater  than  1 second  are  con- 
sidered to  be  excessive  and  indicative  of  low  roll  damping.  Negative  values  of  the  Dutch 
roll  damping  ratio  are  indicative  of  unstable  lateral -directional  oscillations.  The  data 
indicate  that  as  the  approach  speed  was  reduced,  the  damping  of  the  roll  mode  and  the 
Dutch  roll  mode  was  correspondingly  reduced  and  that  the  Dutch  roll  oscillation  actu- 
ally became  unstable  at  an  approach  speed  of  about  108  knots.  This  instability  was 
caused  by  a combination  of  excessive  dihedral  effect  and  the  nose -down  attitude  during 
approach.  As  might  be  expected,  the  unstable  Dutch  roll  mode  was  found  to  be  very 
troublesome  and  considerably  degraded  the  lateral -directional  handling  characteristics. 

The  second  major  lateral -directional  problem,  related  to  what  pilots  call  "turn  coordi- 
nation," is  illustrated  in  figure  11  which  shows  the  variation  with  airspeed  of  the  direc- 
tional stability  (in  terms  of  the  Dutch  roll  frequency)  and  the  ratio  of  sideslip  angle  to 
bank  angle  for  rudder -fixed  turns.  Poor  turn  coordination  generally  accompanies  low 
levejs  of  directional  stability  because  large  values  of  sideslip  will  be  generated  in  rudder 
fixed  turn  entries.  The  ratio  A0/A $ is  therefore  usually  used  as  a measure  of  turn 
coordination.  The  data  of  figure  11  show  that  the  test  airplane  at  80  knots  had  a value 
of  A0/A cp  of  about  0.8;  that  is,  for  a rudder -fixed  bank  angle  of  10°  during  a turn,  a 
peak  sideslip  angle  of  8°  was  developed.  Previous  research  and  flight  test  studies  have 
shown  that  when  Aj3/A</>  is  above  about  0.3,  turn  coordination  will  be  a problem. 

Effects  of  stability  augmentation.  - Much  effort  was  directed  at  improving  the 
lateral-directional  problem  areas  and  relieving  the  pilot  of  a major  portion  of  his  work- 
load during  powered-lift  operation.  Most  of  this  work  was  concerned  with  development 
of  adequate  forms  of  stability  augmentation  and  automatic  speed  control.  A block  diagram 
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of  the  stability -augmentation  system  used  is  shown  in  figure  12.  The  augmentation  sys- 
tem consisted  of  a sideslip  rate  damper,  a turn  coordination  programer,  and  a roll  decou- 
pler which  were  connected  in  parallel  to  the  rudder.  The  sideslip  rate  damper,  commonly 
known  as  a /3  (sideslip  rate)  damper,  consisted  of  a vane  under  the  nose  of  the  airplane 
to  produce  an  electronic  signal  proportional  to  sideslip  angle  and  an  electronic  differen- 
tiator to  operate  on  the  sideslip  signal  to  produce  a signal  proportional  to  /3.  The  elec- 
tronic output  of  the  differentiator  was  then  used  to  drive  the  rudder  in  proportion  to  /3, 
the  end  product  of  the  unit  being  the  creation  of  an  artificial  stability  derivative  Cn^ 

(rate  of  change  in  yawing  moment  coefficient  with  time  derivative  of  sideslip).  The  turn 
coordination  programer  consisted  of  an  interconnect  between  aileron  deflection  and  rud- 
der deflection.  With  this  type  of  mechanization,  it  was  possible  to  change  artificially  the 

value  and  direction  of  the  yawing  moment  due  to  aileron  deflection  Cn[:  . The  roll 
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decoupler  consisted  of  a roll  rate  gyro,  the  output  of  which  was  used  to  deflect  the  rudder; 
with  this  device,  it  was  possible  to  vary  the  magnitude  and  direction  of  the  yawing  moment 
due  to  roll  rate  Cnp.  The  effects  of  the  entire  stability -augmentation  system  on  the 
lateral -directional  dynamic  motions  of  the  airplane  are  illustrated  in  figures  13  and  14. 

Shown  in  figure  13  are  time  histories  of  the  control -fixed  airplane  roll  rate  fol- 
lowing a disturbance  for  the  basic  airplane,  the  powered-lift  airplane,  and  the  powered- 
lift  airplane  with  the  Cn^  damper  operating.  The  time  histories  show  that  the  Dutch 
roll  oscillation  was  lightly  damped  for  the  basic  airplane  and  unstable  for  the  airplane 
with  BLC.  Incorporation  of  the  Cn^  damper,  however,  increased  the  damping  of  the 
Dutch  roll  markedly.  As  might  be  expected,  the  pilot  rating  of  the  lateral -directional 
characteristics  improved  considerably  with  the  Cn£  damper.  It  might  also  be  expected 
that  variations  of  any  stability  derivative  such  as  the  damping-in-yaw  Cnr  to  produce 
a stable  Dutch  roll  mode  would  accomplish  the  gains  afforded  by  the  addition  of  sideslip 
rate  damping.  Research  has  shown,  however,  that  /3  damping  is  more  versatile  than 
yaw  rate  damping  for  control  of  sideslip  on  STOL  airplanes.  The  response  of  the  air- 
plane to  a conventional  yaw  damper  and  to  a /3  damper  differs  because  of  the  different 
sense  of  the  yawing  moment  applied  by  the  two  stability  augmentation  systems  during 
turn  entries.  In  the  /§  case,  as  the  airplane  banks  and  moves  laterally  due  to  bank 
angle,  the  positive  yawing  moment  due  to  /3  damping  is  in  the  direction  of  the  turn, 
while  the  moment  due  to  a yaw  damper  is  in  a direction  opposite  to  the  turn.  As  a result, 
the  peak  sideslip  angle  generated  by  the  turn  is  reduced  considerably  and  a steady-state 
turn  rate  is  built  up  more  rapidly  with  a /3  damper  in  comparison  with  a conventional 
yaw  damper. 

The  effects  of  the  j§  damper,  turn  coordination  programer,  and  roll  decoupler  on 
turn  entry  characteristics  are  presented  in  figure  14,  which  shows  the  angle  of  sideslip 
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generated  in  turn  entries  for  the  powered-lift  airplane  with  and  without  stability  augmen- 
tation. As  illustrated  by  the  time  histories,  the  powered-lift  airplane  without  augmenta- 
tion had  undesirably  large  amounts  of  adverse  sideslip  during  turn  entries.  It  can  be 
seen  that  the  adverse  sideslip  combined  with  the  positive  effective  dihedral  to  change  the 
sense  of  roll  rate  (roll  reversal)  even  though  the  pilot  held  the  roll  control.  With  the 
stability -augmentation  system  in  operation,  the  adverse  sideslip  was  essentially  elimi- 
nated and  there  was  no  tendency  toward  roll  reversal. 

During  the  course  of  the  study,  the  effects  of  an  automatic  speed  control  were  also 
evaluated  in  an  effort  to  reduce  the  pilot  workload  required  during  powered -lift  operation. 
The  automatic  speed  system  compared  the  airspeed  to  a reference  speed  selected  by  the 
pilot  and  automatically  manipulated  the  thrust  modulation  to  obtain  the  desired  reference 
speed.  The  effect  of  automatic  speed  operation  of  pilot  workload  during  approaches  is 
illustrated  in  figure  15,  which  shows  plots  of  approach  speed  and  wheel  position  with  auto- 
speed inoperative  and  operative.  The  use  of  automatic  speed  control  provided  a marked 
improvement  in  flying  qualities.  This  improvement  shows  up  in  figure  15  in  two  ways: 
First,  the  airspeed  deviation  from  the  desired  reference  speed  is  seen  to  be  much  less 
with  the  automatic  speed  control  in  operation.  Second,  the  lateral -control  wheel  inputs 
indicate  that  the  pilot  was  using  smaller  control  inputs  when  flying  with  automatic  speed 
control.  As  a result  of  the  reduced  workload,  the  pilot  could  pay  more  attention  to  pre- 
cise control  of  the  flight  path  during  the  approach. 

The  improvement  in  handling  qualities  realized  with  lateral-directional  augmenta- 
tion of  the  powered-lift  airplane  is  shown  in  figure  16.  The  pilot  ratings  of  the  unaug- 
mented airplane  are  those  previously  presented  in  figure  7.  The  addition  of  stability 
augmentation  improved  the  flying  characteristics  to  the  point  that  satisfactory  ratings  of 
3 to  3^-  were  obtained  at  80  knots. 

These  flight  tests  with  a BLC -equipped  jet  transport  have  illustrated  some  of  the 
stability  and  control  problem  areas  common  to  most  STOL  airplanes.  The  principal  sta- 
bility and  control  problem  areas  appear  to  be  lateral -directional  in  nature  and  consist  of 
inadequate  lateral -directional  damping  and  poor  turn  coordination  characteristics.  If 
these  problems  are  to  be  minimized,  most  STOL  airplanes  will  require  stability  augmen- 
tation in  the  form  of  sideslip-rate  damping,  rudder -aileron  interconnect,  and  artificial 
variation  of  yaw  due  to  rate  of  roll. 

Current  Status  of  STOL  Airplanes 

As  previously  pointed  out,  the  most  significant  driving  force  behind  the  development 
of  STOL  airplanes  has  been  the  desire  to  improve  the  airway  system  of  the  nation  by 
relieving  the  congestion  problem.  A number  of  so-called  "shuttle"  flights  have  been 
introduced  at  some  of  the  larger  airports  to  serve  a portion  of  the  short-haul  traffic 
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demand.  These  flights  are  usually  conducted  with  small,  light  airplanes  having  extremely 
limited  passenger  capabilities.  At  this  time  a true  STOL  transport  is  not  operational, 
although  progress  is  being  made  to  the  extent  that  many  of  the  major  airlines  are  issuing 
requirements  for  an  STOL  airplane.  In  particular,  two  major  U.S.  airlines  have  recently 
conducted  an  evaluation  of  STOL  intra-city  operations  using  the  Breguet  941  airplane 
shown  in  figure  17.  The  Breguet  941  is  an  unpressurized  transport  utilizing  the 
deflected-slipstream  STOL  technique.  In  this  system  the  slipstream  of  the  four  pro- 
pellers blows  over  the  entire  span  of  the  wing  which  is  equipped  with  extensive  slotted 
flaps.  The  four  engines  are  interconnected  with  shafting  so  that  all  propellers  will  con- 
tinue to  rotate  in  event  of  an  engine  failure.  The  airplane  also  incorporates  a number'd 
interconnect  features  between  control  surfaces  so  as  to  minimize  trim  changes  and 
adverse  yaw  during  STOL  operation.  Although  not  as  large  as  desired,  the  airplane  pro- 
vided the  airlines  with  an  existing  design  by  which  they  might  evaluate  the  STOL  system 
concept.  In  effect  the  tests  conducted  were  made  in  crowded  terminal  areas  such  as  the 
New  York-Boston-Washington  triangle  in  an  effort  to  determine  whatever  STOL  traffic 
could  be  segregated  out  from  regular  airway  and  terminal  area  users.  The  results  of 
the  evaluation  were  promising,  and  one  of  the  significant  effects  has  been  to  set  in  motion 
in-house  design  studies  by  the  major  airlines  aimed  at  formulating  specifications  which 
they  consider  to  be  practical  for  an  STOL  transport.  A cross  section  of  the  major  air- 
lines indicates  an  STOL  transport  must  meet  the  following  specifications: 

(1)  A seating  capacity  of  100  to  200  passengers 

(2)  Cruising  speed  of  about  320  knots 

(3)  Maximum  range  of  500  nautical  miles 

In  addition,  the  vehicle  must  be  capable  of  operation  from  a 1500 -foot  (4  57 -meter) 
runway  with  climb-out  angle  and  approach  angle  of  7°  to  10°.  Current  demands  indicate 
such  an  airplane  would  enter  operational  service  in  this  decade. 

Future  STOL  Concepts 

Several  concepts  are  being  developed  to  meet  these  specifications,  and  it  appears 
that  a jet -powered  STOL  airplane  may  be  one  of  the  leading  candidates.  One  particular 
concept  receiving  considerable  research  attention  is  the  external-flow  jet -flap  concept. 

An  airplane  using  this  system  might  resemble  a conventional  jet  transport  with  podded 
engines.  As  shown  in  figure  18.  however,  the  iet  engines  are  inclined  slightly  downward 
so  that  the  exhaust  from  the  engines  impinges  on  a trailing-edge  flap  system.  This 
arrangement  results  in  a considerable  increase  in  the  circulation  about  the  wing  and  large 
increases  in  lift.  Although  this  configuration  appears  promising  from  performance  con- 
siderations, a number  of  stability  and  control  problems  are  inherent  in  this  concept. 

First,  the  large  downwash  associated  with  the  high  lift  coefficients  strongly  influences 
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the  geometric  design  of  the  airplane.  As  shown  in  figure  19,  the  horizontal  tail  must  be 
sufficiently  removed  from  the  downwash  field  to  remain  effective  and  ensure  stability  at 
low  speeds. 

The  provision  of  adequate  control  power  to  maneuver  the  airplane  is  also  a serious 
problem  on  this  design.  Obviously,  as  the  minimum  operational  airspeed  is  reduced  to 
zero,  a point  is  reached  at  which  unorthodox  control  systems,  such  as  boundary-layer 
control  on  control  surfaces  and  reaction  jet  controls,  must  be  used. 

The  last  and  perhaps  most  important  problem  of  the  jet -flap  concept  is  the  provi- 
sion of  adequate  control  to  cope  with  an  engine-out  condition.  Without  mechanical  inter- 
connect, loss  of  an  engine  on  this  type  of  airplane  would  pose  a serious  trim  problem  in 
roll  and  yaw  which  may  be  catastrophic. 

In  addition  to  the  stability  and  control  problems  unique  to  the  jet -flap  system,  it 
should  be  kept  in  mind  that  this  configuration  is  subject  to  the  problems  discussed  earlier 
for  the  BLC  transport  and  therefore  requires  an  artificial  stabilization  system. 

STABILITY  AND  CONTROL  CHARACTERISTICS  OF  V/STOL  AIRPLANES 

The  information  presented  in  the  previous  section  provided  an  insight  as  to  the 
stability  and  control  characteristics  of  airplanes  as  the  approach  and  landing  speed  is 
reduced.  This  part  of  the  paper  extends  the  airspeed  region  of  interest  down  to  hovering 
flight  by  a discussion  of  the  stability  and  control  characteristics  of  V/STOL  airplanes 
which  employ  several  different  propulsive  concepts  to  achieve  vertical  take-offs  and 
landings. 


Performance  of  V/STOL  Airplanes 

Over  the  last  decade  a bewildering  array  of  various  types  of  V/STOL  airplanes  has 
been  proposed.  Some  of  these  concepts  are  shown  in  figure  20.  The  various  types  of 
V/STOL  vehicles  might  logically  be  classified  by  the  propulsive  concept  which  powers 
the  machine;  for  example,  concepts  powered  by  rotors,  propellers,  ducted  fans,  and 
turbojets.  In  addition,  the  various  concepts  can  be  grouped  according  to  the  method  by 
which  they  perform  the  transition  to  forward  flight.  For  example,  the  aircraft  tilting 
types  use  pitch  attitude  changes,  the  thrust -tilting  vehicles  rotate  the  propulsion  units, 
the  thrust -deflection  types  deflect  or  rotate  the  slipstream  of  the  propulsion  unit,  and 
dual -propuls ion  types  use  two  separate  power  units  for  vertical  take-off  and  for  cruise. 
With  such  a large  number  of  designs  available,  the  question  naturally  arises  as  to  which 
concept  is  best.  A considerable  amount  of  research  and  development  has  therefore  been 
directed  at  answering  this  question.  The  result  of  this  research  indicates  that  no  one 
design  is  best,  but  the  various  types  have  different  applications  depending  on  the  type  of 
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V/STOL  mission  under  consideration.  To  illustrate  this  point,  consider  two  phases  of  a 
typical  V/STOL  mission  - the  hovering  phase  and  the  cruise  phase.  Two  important  fac- 
tors which  govern  to  a large  extent  the  hovering  capability  of  a V/STOL  airplane  are 
shown  in  figure  21.  Plotted  in  figure  21  is  the  variation  with  propeller  diameter  of  the 
amount  of  power  required  to  hover.  The  first  important  point  to  be  noted  is  that  the 
amount  of  power  required  for  the  airplane  of  a given  weight  to  hover  decreases  markedly 
as  the  diameter  of  the  lifting  element  increases.  This  power  decrease  results  from  the 
fact  that  for  a given  value  of  thrust  to  be  produced,  a large -diameter  propeller  must  take 
a relatively  large  mass  of  air  at  rest  and  impart  a relatively  small  induced  velocity  vj 
to  the  air,  whereas  a small -diameter  propeller  produces  this  value  of  thrust  by  acceler- 
ating a relatively  small  mass  of  air  and  imparting  a large  velocity  to  the  air.  Inasmuch 
as  the  power  required  is  proportional  to  the  induced  velocity,  the  power  required  for 
small-diameter  lifting  elements  is  extremely  high.  Of  course,  the  large  amount  of  power 
required  also  results  in  large  fuel  consumption  for  hovering  flight.  The  second  impor- 
tant factor  to  note  in  figure  21  is  that  smaller  lifting  elements  tend  to  have  high-velocity 
slipstreams,  which  may  pose  a problem  with  respect  to  ground  erosion,  foreign  object 
ingestion,  and  injury  to  ground-based  personnel. 

The  results  of  this  analysis  of  hovering  capability  are  shown  in  figure  22,  which 
presents  a plot  of  hovering  efficiency  (which  may  be  thought  of  as  thrust  produced  for  a 
given  power  input)  and  slipstream  velocities  for  several  V/STOL  concepts.  As  can  be 
seen,  the  large -diameter  lifting  element  (rotor)  is  easily  the  most  advantageous  choice 
for  a V/STOL  airplane  if  the  mission  calls  for  a great  deal  of  hover  time.  The  least 
efficient  design  is  the  turbojet  for  the  reasons  previously  discussed,  and  hovering  time 
with  this  type  of  machine  must  be  kept  to  an  absolute  minimum.  In  summary,  the  analy- 
sis of  performance  characteristics  in  hovering  flight  indicates  that  a rotor -powered 
machine  or  helicopter  is  best  suited  for  a mission  involving  hovering  flight  of  long 
duration. 

An  analysis  of  the  cruise  portion  of  the  V/STOL  mission  is  now  considered.  Shown 
in  figure  23  is  the  variation  of  power  required  with  forward  speed  for  a helicopter  and  a 
propeller -driven  V/STOL  transport  of  the  same  weight.  Note  that  at  a forward  speed  of 
zero,  or  hovering  flight,  the  helicopter  requires  far  less  power  than  the  propeller  design 
for  reasons  previously  discussed.  As  the  forward  speed  is  increased,  however,  the  heli- 
copter experiences  a sharp  rise  in  power  required  due  to  compressibility  and  stall  effects 
on  the  rotor  blades  while  the  propeller -driven  transport  requires  far  less  power.  A jet- 
powered  design  would  show  an  even  greater  speed  advantage  over  that  of  the  helicopter. 
This  characteristic  increase  in  power  required  for  the  helicopter  places  severe  restric- 
tions on  the  maximum  speed  capability  of  the  helicopter  and  results  in  consideration  of 
other  V/STOL  concepts  for  missions  involving  high  cruise  speeds. 
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The  results  of  an  analysis  of  the  applications  of  various  V/STOL  concepts  is  shown 
in  figure  24,  which  shows  a plot  of  hovering  capability  and  cruising  speed  for  several 
concepts.  Note  that  the  helicopter  has  the  greatest  hovering  capability  and  the  lowest 
cruising  speed,  whereas  the  turbojet-powered  design  has  the  greatest  cruising  speed  with 
little  hovering  capability.  Note  also  that  a variety  of  V/STOL  concepts  have  capabilities 
within  these  two  extremes. 

This  paper  now  considers  the  stability  and  control  characteristics  of  three  of  the 
most  promising  V/STOL  concepts:  the  propeller -driven  tilt -wing  airplane,  the  ducted- 
propeller  or  tilt -duct  airplane,  and  the  jet -powered  V/STOL  airplane. 

Tilt -Wing  V/STOL  Airplane 

If  cruise  speeds  of  about  400  knots,  or  less,  are  acceptable,  the  tilt -wing  propeller- 
driven  V/STOL  airplane  can  be  used  to  great  advantage.  Over  60  years  of  development 
have  been  devoted  to  making  the  conventional  airplane  configuration  an  efficient  cruising 
vehicle,  and  the  tilt -wing  concept  adds  VTOL  capability  to  it  with  a minimum  of 
compromise. 

An  example  of  the  tilt -wing  design  is  shown  in  figure  25.  This  design  utilizes  the 
deflected  slipstream  and  tilting-wing  concepts  to  avoid  wing  stall  during  the  transition  to 
forward  flight.  The  airplane  employs  full-span  double -slotted  flaps  to  deflect  the  slip- 
stream produced  by  15 -foot -diameter  (5-meter-diameter)  propellers.  The  total  immer- 
sion of  each  wing  semispan  in  the  propeller  slipstreams  together  with  interconnected  pro- 
pellers is  similar  to  the  Breguet  941,  but  the  tilt -wing  design  produces  VTOL  capability. 
An  8 -foot -diameter  (2. 44 -meter -diameter)  tail  rotor  is  provided  for  pitch  control. 

Because  of  extensive  wind-tunnel  and  flight  research  and  development,  the 
propeller -powered  V/STOL  airplane  represents  a more  advanced  state  of  development 
than  any  other  class  except  the  helicopter.  Since  this  type  of  V/STOL  airplane  is  effec- 
tively a conventional  propeller -driven  airplane  in  cruising  flight,  it  displays,  for  all 
practical  purposes,  no  new  stability  and  control  problems  in  this  flight  regime.  It  does, 
however,  exhibit  a number  of  unconventional  stability  and  control  characteristics  in 
hovering,  transition,  and  STOL  flight. 

Stability  and  control  in  hovering.-  As  pointed  out  previously,  in  hovering  flight  the 
conventional  aerodynamic  control  surfaces  of  V/STOL  airplanes  usually  become  ineffec- 
tive. As  a result,  most  V/STOL  designs  use  separate  control  systems  for  hovering  and 
conventional  flight.  The  tilt -wing  airplane  is  a typical  example  of  a design  employing  a 
dual  control  system.  Roll  control  for  hovering  flight  is  usually  provided  at  little  expense 
of  airplane  performance  by  differential  variation  of  the  blade  angles  of  the  right  and  left 
propellers.  This  type  of  control  system  produces  a very  powerful  control  which  is 
usually  more  than  adequate  in  terms  of  angular  acceleration  capability.  Yaw  control  in 
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hovering  flight  is  normally  provided  by  differential  deflection  of  ailerons  located  in  the 
propeller  slipstream.  The  ailerons  are  the  sole  aerodynamic  control  surfaces  which  do 
not  totally  lose  all  effectiveness  in  hover  due  to  the  high  velocities  in  the  propeller  slip- 
stream. Provision  of  adequate  yaw  control  capability  has  proven  to  be  somewhat  trouble- 
some in  the  past  and  has  led  to  use  of  large  aileron  deflections  to  meet  minimum  control 
requirements.  When  hovering  in  ground  effect,  the  ailerons  also  tend  to  lose  effective- 
ness as  shown  in  figure  26.  This  figure  shows  a plot  of  aileron  effectiveness  relative  to 
effectiveness  out  of  ground  effect  for  various  values  of  h/t>.  The  data  show  that  the 
ailerons  lose  almost  one-half  their  effectiveness  in  ground  effect  as  the  airplane  nears 
touchdown.  This  loss  in  yaw  control  effectiveness  is  caused  by  the  fact  that  the  propeller 
slipstream  spreads  as  it  approaches  the  ground,  and  the  ailerons  are  less  effective  in 
turning  the  larger  slipstream.  Pitch  control  for  the  tilt -wing  airplane  in  hovering  flight 
is  not  obtained  without  significant  penalties  in  terms  of  weight,  performance,  and  mechan- 
ical complexity.  Designers  have,  in  the  past,  favored  tail  propellers  or  fans  for  pitch 
control  on  present-day  tilt -wing  designs. 

Perhaps  the  most  outstanding  stability  characteristics  displayed  by  tilt -wing  air- 
planes in  hovering  flight  are  dynamically  unstable  oscillations  about  the  roll  and  pitch 
axes.  Typical  examples  of  these  unstable  oscillations  are  presented  in  figure  27.  The 
data  shown  were  obtained  during  hovering  flights  of  a model  of  a four -propeller  tilt -wing 
vehicle.  Time  histories  are  presented  of  control-fixed  motions  obtained  separately  in 
pitch  and  roll.  The  oscillations  are  very  unstable,  but  the  periods  are  relatively  long  and 
the  unstable  motions  can  be  easily  controlled  by  a pilot  under  visual  flight  conditions. 

The  airplane  would,  however,  be  uncontrollable  under  instrument  flight  conditions  without 
artificial  stabilization.  These  unstable  oscillations  are  typical  of  V/STOL  vehicles 
employing  rotors  or  propellers.  In  fact,  unstable  oscillations  similar  to  these  are  exhib- 
ited by  most  present-day  helicopters. 

Dynamic  analysis  of  the  unstable  oscillatory  modes  of  hovering  flight  has  pointed 
out  the  cause  and  possible  remedies  for  the  instabilities.  A unique  aspect  of  static  sta- 
bility that  is  important  for  most  V/STOL  airplanes  is  normally  referred  to  as  velocity 
stability  — that  is,  the  variation  of  pitching  moment  with  airspeed  at  constant  angle  of 
attack  and  power.  This  characteristic  is  illustrated  in  figure  28,  which  shows  typical 
variations  of  nondimensional  pitching -moment  coefficient  Cm  with  airspeed  for  a con- 
ventional airplane  and  for  a V/STOL  airplane.  For  constant  values  of  power  and  angle 
of  attack,  the  value  of  C™  is  constant  with  airspeed  for  the  conventional  airplane  with 
the  exception  of  flight  in  the  transonic  speed  range.  On  the  other  hand,  the  V/STOL  air- 
plane typically  exhibits  large  nose-up  variations  of  Cm  with  airspeed.  Although  this 
variation  of  moment  with  airspeed  is  statically  stabilizing,  excessive  magnitudes  can 
cause  handling  problems  in  gusty  air  and,  in  addition,  excessive  speed  stability  contrib- 
utes to  the  dynamically  unstable  oscillations  of  hovering  flight. 
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The  linearized  longitudinal  equations  of  motion  for  a V/STOL  airplane  in  hovering 
flight  are  as  follows: 

Vertical  force: 


"FZUU  + (s  " FZw)w  - FZqs6  = 0 (1) 

Longitudinal  force: 

(s  - FXu)u  - FXwW  + (g  - F^s)  0 = 0 (2) 

Pitching  moment: 

-My  u - ^My^  + My^s^w  + - My^s  - My g'jO  = ® (3) 

The  values  of  the  stability  derivatives  underlined  in  the  equations  of  motion  are  normally 
negligible  for  V/STOL  vehicles  in  hovering  flight.  As  a result  of  the  elimination  of  sev- 
eral stability  derivatives,  the  characteristic  equation  describing  the  dynamic  stability  of 
the  airplane  becomes 


(s 


(4) 


One  root  of  the  characteristic  equation  is  immediately  known  and  is  equal  in  magnitude 
to  the  vertical-velocity  damping  derivative  F £ . The  mode  of  motion  described  by  this 
root  is  the  convergence  of  the  vertical  motion  of  the  vehicle  to  disturbances,  in  other 
words,  the  "heave"  stability  of  the  airplane  in  hovering  flight.  The  remaining  cubic 
equation  in  the  brackets  defines  fore  and  aft  and  pitch  stability  of  the  airplane. 

Typical  solutions  to  the  characteristic  equation  are  shown  in  figure  29,  which  shows 
the  four  roots  of  the  complete  characteristic  equation  (4)  plotted  on  the  complex  plane. 
Roots  having  positive  real  parts  denote  dynamically  unstable  modes  of  motion;  therefore, 
the  entire  right  half  of  the  complex  plane  is  associated  with  dynamic  instability.  The 
root  at  the  origin  is  the  real  root  equal  to  Fzw>  which  for  simplicity  in  this  case  is 
assumed  equal  to  zero.  The  solutions  of  the  cubic  equation  usually  consist  of  (1)  a large 
negative  real  root  describing  a convergence  of  pitch  and  horizontal  velocity  displace- 
ments and  (2)  a complex  pair  with  a positive  real  part  describing  the  typical  unstable 
oscillation  involving  pitch  and  horizontal  translation.  It  may  be  shown  mathematically 
that  the  unstable  oscillation  is  brought  about  by  excessive  speed  stability  and  lack  of  suf- 
ficient values  of  aerodynamic  damping  in  pitch. 
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Stability -augmentation  systems  for  hovering  flight  normally  consist  of  both  pitch- 
rate  and  pitch-attitude  stabilization.  The  variations  of  the  complex  roots  describing  the 
unstable  oscillation  with  these  forms  of  stability  augmentation  are  shown  in  figure  30. 
Presented  in  figure  30  are  the  effects  of  pitch-rate  augmentation  Myq  and  pitch -attitude 
augmentation  Mv.  on  the  unstable  pitch  oscillation  for  a four -propeller  tilt -wing  air- 

K \ 

plane  in  hovering  flight.  When  only  pitch-rate  augmentation  is  used  — — = 0 , the  path 

\M*q  / 

of  the  roots  indicates  that  the  oscillation  can  be  made  dynamically  stable  if  the  augmenta- 
tion system  gain  is  increased  sufficiently.  Large  increases  in  damping  in  pitch,  how- 
ever, tend  to  decrease  the  effectiveness  of  the  pitch  control.  In  addition,  a significant 
part  of  the  pilot  workload  would  still  be  devoted  to  attitude  control.  Addition  of  pitch - 

/mY  \ 

attitude  stabilization  without  rate  augmentation  I - = 00  makes  the  oscillation  less 

\Yq  / 

unstable,  but  the  major  effect  is  an  undesirable  increase  in  the  frequency  of  the  oscilla- 
tion. When  rate  and  attitude  stabilization  are  used  simultaneously,  almost  any  desired 
level  of  stability  can  be  achieved  with  significant  improvements  in  handling  qualities, 
particularly  in  gusty  air. 

Although  the  preceding  discussion  emphasized  dynamic  characteristics  of  a tilt- 
wing airplane  about  the  pitch  axis  in  hovering  flight,  it  should  be  pointed  out  that  a simi- 
lar situation  exists  about  the  roll  axis.  Consequently,  tilt -wing  vehicles  will  normally 
require  roll -rate  and  roll -attitude  stability  augmentation  for  satisfactory  handling  char- 
acteristics in  hovering  flight. 

Another  unique  characteristic  of  V/STOL  airplanes  is  ground  effect  on  lift  and  sta- 
bility in  hovering  flight.  The  general  character  of  the  flow  pattern  around  a tilt -wing 
airplane  when  hovering  near  the  ground  is  shown  in  figure  31.  The  propeller  slipstreams 
tend  to  spread  out  radially  as  they  impinge  on  the  ground,  and  as  they  meet  in  the  plane 
of  symmetry  they  tend  to  flow  upward  and  may  produce  a positive,  or  lifting,  pressure 
increment  on  the  bottom  of  the  fuselage.  Presented  in  figure  32  are  representative  values 
of  increases  in  lift  due  to  ground  effect.  The  ratio  of  lift  in  ground  effect  to  lift  out  of 
ground  effect  (L/Loo)  is  plotted  in  figure  32  as  a function  of  the  distance  between  the  bot- 
tom of  the  fuselage  and  the  ground  in  terms  of  propeller -diameter  lengths  (h/D).  The 
additional  lift  in  ground  effect  is  due  to  a combination  of  positive  pressure  increments  on 
the  bottom  of  the  fuselage  and  the  well-known  increase  of  propeller  thrust  in  ground 
effect. 

Stability  and  control  in  transition.  - As  forward  speed  is  increased  and  the  transi- 
tion to  conventional  flight  has  begun,  the  conventional  aerodynamic  control  surfaces  begin 
to  regain  effectiveness.  Consequently,  tilt -wing  vehicles  usually  incorporate  a form  of 
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control -mixing  mechanism  which  progressively  changes  the  control  functions  so  that  the 
ailerons,  rudder,  and  elevator  become  the  primary  controls  at  higher  speeds. 

When  forward  speed  is  increased,  the  aerodynamic  pitching  moment  acting  on  the 
airplane  becomes  a function  of  the  airplane  angle  of  attack.  The  variation  of  pitching 
moment  per  degree  angle  of  attack  with  airspeed  is  shown  in  figure  33  for  several  differ- 
ent propeller -driven  V/STOL  configurations.  Positive  values  of  the  parameter  -My^, 
represent  a stable  condition,  whereas  negative  values  represent  an  unstable  condition. 
These  data  show  that  all  configurations  tend  to  be  unstable  at  low  speeds  and  become 
stable  at  higher  forward  speeds  as  the  airplane  approaches  conventional  flight  conditions. 
As  mentioned  previously,  the  speed  stability  derivative  Myu  tends  to  have  positive 
(stable)  values  in  the  transition  flight  range.  The  overall  static  stability  of  the  airplane 
is  composed  of  the  contributions  of  both  the  stabilizing  Myu  and  the  destabilizing  My^. 

The  root-locus  sketch  in  figure  34  shows  a typical  variation  of  longitudinal -stability 
characteristics  as  forward  speed  is  increased.  The  solid  symbols  represent  the  stability 
roots  for  hovering  flight,  and  the  open  symbols  denote  the  roots  for  cruising  flight.  The 
unstable  oscillation  in  hovering  flight  becomes  less  unstable  with  lower  frequency  as  air- 
speed is  increased  until,  in  cruising  flight,  it  becomes  the  conventional  long-period  phu- 
goid  oscillation.  The  two  stable  real  roots  of  hovering  flight  combine  as  airspeed  is 
increased  to  form  the  classical  short -period  oscillation  displayed  by  a conventional 
airplane. 

The  variation  of  dynamic  longitudinal  stability  as  airspeed  is  increased  is  further 
illustrated  in  figure  35,  which  shows  time  histories  of  pitching  velocity  obtained  during 
flight  tests  of  a tilt -wing  airplane  following  pulse  inputs  at  various  wing-tilt  angles  iw 
corresponding  to  several  values  of  forward  speed.  The  data  for  85°  wing  incidence  indi- 
cate that  the  airplane  displayed  the  unstable  oscillation  previously  discussed.  At  a wing 
incidence  of  40°,  the  oscillation  became  dynamically  stable,  and  as  the  wing  incidence 
was  reduced  further  (airspeed  was  increased),  the  pitching-velocity  time  history  is  indica- 
tive of  the  conventional  highly  damped  short-period  oscillation.  Because  the  airplane 
becomes  dynamically  stable  as  forward  speed  is  increased,  it  is  obvious  that  the  need  for 
artificial  stability  augmentation  diminishes  as  cruising  flight  is  approached.  It  has 
become  normal  practice,  therefore,  to  program  the  gains  of  the  stability -augmentation 
system  with  wing -incidence  angle  in  such  fashion  that  the  system  gains  are  reduced  during 
the  transition  and  are  finally  eliminated  at  high  speeds. 

Similar  variations  of  lateral -directional  stability  with  increasing  airspeed  are  nor- 
mally encountered,  resulting  in  programed  variation  of  the  lateral-directional  stability- 
augmentation  system. 

Stability  and  control  characteristics  in  STOL  flight.-  A tilt -wing  V/STOL  airplane, 
when  operating  at  low  airspeeds  near  the  ground,  can  run  into  some  of  its  own  propeller 
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slipstream  which  has  been  deflected  forward.  As  illustrated  in  figure  36,  the  deflection 
>f  the  propeller  slipstream  by  the  ground  creates  a turbulent  region  through  which  the 
lirplane  must  fly.  Impingement  of  the  turbulence  on  the  airframe  in  an  unsymmetrical 
nanner  results  in  large  values  of  yawing  acceleration.  At  the  left  in  the  figure  is  plot- 
:ed  the  yaw  acceleration  for  wing  incidence  angles  between  30°  and  80°  corresponding  to 
.anding  speeds  up  to  40  knots.  The  open  symbols  denote  accelerations  measured  in  actual 
light  tests  of  a tilt -wing  airplane.  The  solid  symbol  represents  the  maximum  yaw  accel- 
eration capability  of  the  airplane  control  system  in  hovering  flight.  Obviously,  this  area 
ef  operation  is  potentially  dangerous  and  should  be  avoided  if  at  all  possible.  Actually, 
:his  phenomenon  was  encountered  by  an  XC-142  airplane  during  a landing  at  about 
20  knots.  The  airplane  sustained  considerable  damage  when  control  was  lost  and  one 
wing  tip  struck  the  ground. 

Other  stability  and  control  problems  of  tilt -wing  V/STOL  airplanes  during  STOL 
operation  are  related  to  wing  stall,  particularly  in  descending  flight  at  partial  power, 
rhis  area  of  difficulty  is  discussed  in  a subsequent  section  of  this  paper. 

In  summary,  the  tilt -wing  V/STOL  airplane  exhibits  stability  and  control  character- 
istics similar  to  present-day  propeller -driven  airplanes  in  cruising  flight.  It  does,  how- 
ever, exhibit  several  undesirable  stability  and  control  characteristics  at  low  airspeeds 
which  can  be  alleviated  by  use  of  artificial  stabilization  equipment.  The  technology 
required  to  solve  the  stability  and  control  problems  of  the  tilt -wing  vehicle  is  well  in 
band  and  it  presently  represents  the  most  advanced  V/STOL  concept. 

Tilt -Duct  V/STOL  Airplane 

A number  of  V/STOL  designs  powered  by  tilting  ducted  propellers  have  been  eval- 
uated as  potential  candidates  for  the  long-range  V/STOL  mission  in  competition  with  the 
tilt -wing  designs.  In  competition  with  the  propeller,  the  ducted  propeller  offers  the 
advantages  of  compactness  and  the  possibility  of  increased  static  thrust  efficiency.  As 
shown  in  figure  37,  the  addition  of  a shroud  around  a conventional  propeller  prevents  con- 
traction of  the  propeller  slipstream.  Preventing  contraction  of  the  slipstream  permits 
the  ducted  propeller  to  produce  the  same  slipstream  cross-sectional  area  as  that  pro- 
duced by  a conventional  propeller  of  larger  physical  dimensions.  In  fact,  for  a given 
amount  of  power  a ducted  propeller  will  produce  the  same  amount  of  thrust  as  a conven- 
tional propeller  having  a diameter  1.4  times  as  large  as  the  duct  exit.  The  ducted  pro- 
peller is  therefore  a relatively  compact  propulsion  unit.  In  addition,  the  duct  walls  pro- 
duce a beneficial  end-plate  effect  which  reduces  the  blade-tip  losses  experienced  by 
unshrouded  propellers. 
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The  advantages  of  the  ducted  fan  are  produced  at  the  expense  of  the  added  weight 
and  complexity  of  the  duct  and  the  performance  losses  in  cruising  flight  associated  with 
the  extra  drag  of  the  duct. 

An  example  of  a tilt-duct  V/STOL  airplane  is  the  X-22A  transport  shown  in  fig- 
ure 38.  Tandem  tilt-duct  configurations  such  as  this  one  are  powered  by  four  ducted 
propellers  arranged  in  pairs  fore  and  aft.  The  tandem  layout  offers  several  advantages 
in  control-system  simplicity  and  results  in  a compact  airplane  that  might  be  particularly 
suitable  for  shipboard  or  carrier-based  operations.  The  tandem  tilt -duct  airplane  has 
received  a significant  amount  of  research  and  development,  and  its  stability  and  control 
characteristics  have  become  fairly  well  documented.  The  tilt -duct  design  has  been  found 
to  have  many  of  the  stability  and  control  characteristics  exhibited  by  tilt -wing  designs  in 
hovering,  transition,  and  STOL  flight.  In  addition,  however,  the  fact  that  the  tilt -duct 
vehicle  does  not  resemble  a conventional  airplane  during  cruising  flight  produces  addi- 
tional stability  and  control  problems  as  airspeed  is  increased.  Most  of  these  problems 
are  related  to  the  aerodynamic  characteristics  of  the  ducted  propeller. 

One  of  the  fundamental  characteristics  of  ducted  propellers,  as  shown  in  figure  39, 
is  that  they  produce  a high  drag  in  a side  wind  or  crossflow.  This  characteristic  results 
from  the  fact  that  when  a ducted  propeller  moves  horizontally,  it  must  turn  the  air  90° 
down  through  the  duct.  A drag  force  is  therefore  produced  which  is  equal  in  magnitude 
to  the  product  of  the  mass  flow  of  air  through  the  propeller  per  second  times  the  velocity 
of  the  crosswind.  As  can  be  seen  in  figure  39,  the  drag  force  produced  by  a ducted- 
propeller  arrangement  is  much  greater  than  that  produced  by  an  unshrouded  propeller 
since  the  air  can  go  through  the  free  propeller  at  a relatively  small  deflection  angle 
rather  than  at  90°.  Obviously,  a V/STOL  configuration  employing  ducted  propellers  will 
be  much  more  responsive  to  atmospheric  gusts.  If  the  inlets  of  the  ducts  are  displaced 
from  the  center  of  gravity  of  the  airplane,  the  forces  generated  normal  to  the  inlet  can 
produce  sizable  moments  - for  example,  yawing  moments  in  response  to  side  gusts 
and  pitching  moments  in  response  to  head  winds. 

Another  characteristic  of  ducted  propellers,  as  shown  in  figure  40,  is  the  develop- 
ment of  large  moments  about  an  axis  perpendicular  to  the  duct  center  line  when  subjected 
to  side  winds.  The  moments  are  produced  primarily  by  an  effective  change  in  the  locatio 
of  the  thrust  vector  relative  to  the  propeller  shaft  of  such  magnitude  that  greater  lift  is 
produced  on  the  upwind  lip  of  the  duct  than  on  the  downwind  lip.  These  moments  are  muc 
greater  for  a ducted  propeller  than  for  a free  propeller  as  shown  by  the  test  data  at  the 
bottom  of  the  figure.  It  can  therefore  be  rationalized  that  ducted -propeller  airplanes  wil 
exhibit  large  values  of  the  speed  stability  derivative  due  to  the  preceding  aerody- 

namic characteristics. 

Stability  and  control  in  hovering  flight.  - The  general  arrangement  of  the  tandem 
ducted -propeller  airplane  results  in  powerful  controls  for  roll  and  pitch  by  differential 
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changes  in  the  pitch  angle  of  the  ducted  propellers.  Yaw  control  in  hovering  flight  is 
provided  by  elevons  mounted  at  the  duct  exit  so  that  they  are  in  the  high-velocity  propel- 
ler slipstream.  When  hovering  in  ground  effect,  the  tandem  configuration  experiences 
the  increase  in  lift  and  decrease  in  yaw  control  effectiveness  previously  discussed  for 
the  tilt -wing  V/STOL  airplane.  As  shown  in  figure  41,  a typical  configuration  may  expe- 
rience a 20-percent  increase  in  lift  at  touchdown.  The  data  of  figure  42  show  that  a 
decrease  of  about  40  percent  in  yaw  control  effectiveness  occurred  near  the  ground. 

This  decrease  in  elevon  effectiveness  is  partly  explained  by  the  decrease  in  thrust 
required  in  ground  effect  as  shown  in  figure  41. 

When  hovering  out  of  ground  effect,  the  tilt -duct  configuration  experiences  unstable 
pitch  and  roll  oscillations  similar  to  those  discussed  for  tilt -wing  airplanes  in  figure  32. 
The  periods  of  the  oscillations  are  long  enough  to  be  controllable  by  the  pilot  in  visual 
flight,  but  artificial  stabilization  similar  to  the  systems  discussed  for  the  tilt -wing  air- 
plane will  be  required  to  stabilize  the  oscillations  for  satisfactory  all-weather  operation. 
As  might  be  expected,  the  airplane  will  be  neutrally  stable  with  respect  to  yaw  displace- 
ment in  hovering  flight. 

As  the  tilt -duct  vehicle  nears  the  ground,  the  slipstream  impingement  on  the  bottom 
of  the  fuselage  produces  natural  variations  of  pitching  and  rolling  moments  with  attitude 
as  illustrated  in  figure  43.  Plotted  in  figure  43  are  the  variations  with  distance  above 
the  ground  of  the  pitching  moment  due  to  pitch  attitude  My^  and  rolling  moment  due  to 
roll  attitude  M^.  It  can  be  seen  that  the  positive  values  of  produced  in  ground 

effect  are  statically  unstable  — that  is,  banking  to  right  produces  a rolling  moment 
tending  to  further  increase  the  bank  angle.  Because  the  tandem  configuration  is  unsym- 
metrical  within  the  plane  of  symmetry,  the  pitch  attitude  stability  produced  in  ground 
effect  is  different  for  nose -up  or  nose-down  attitudes. 

During  flight  tests  of  model  and  full-scale  tilt -duct  airplanes,  considerable  difficulty 
has  been  experienced  trying  to  control  the  airplane  when  hovering  in  ground  effect.  The 
moment  changes  brought  about  in  ground  effect,  particularly  the  bank  instability,  may 
have  contributed  to  the  problems,  but  it  is  believed  that  the  principal  difficulty  is  caused 
by  erratic  disturbances  produced  by  the  random  recirculation  of  the  propeller  slip- 
streams. Near  the  ground,  the  propeller  slipstreams  meet  and  form  a strong  upward 
flow  between  the  fore  and  aft  ducts  that  tends  to  flow  erratically  into  one  fan  or  another. 
These  disturbances  cause  a considerable  increase  in  pilot  workload  in  hovering  flight 
near  the  ground  for  a vehicle  without  artificial  stability  augmentation. 

Stability  and  control  in  transition.-  As  the  ducted  propellers  are  tilted  forward  and 
the  airplane  begins  to  pick  up  speed,  a control -system  mixing  unit  varies  the  functions 
of  the  elevons  so  that  roll  and  pitch  control  at  high  speeds  are  provided  by  differential 
elevon  deflections,  whereas  yaw  control  is  provided  by  differential  propeller  thrust. 
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As  the  transition  to  forward  flight  progresses,  the  large  drag  and  moments  gener- 
ated by  the  ducted  propellers  produce  large  longitudinal  trim  changes  as  illustrated  by 
the  data  of  figure  44.  Plotted  in  figure  44  is  the  variation  with  airspeed  of  untrimmed 
pitching  moment  in  terms  of  angular  acceleration  about  the  pitch  axis.  These  data  indi- 
cate that  large  nose -up  pitching  moments  are  generated  and  reach  a peak  value  of  about 
1 radian/sec^  midway  through  the  transition  to  cruising  flight.  For  a typical  design,  the 
margin  between  the  trim  requirement  shown  in  figure  44  and  the  pitch  control  available 
may  become  critical  in  terms  of  excess  control  available  for  maneuvering  requirements. 
The  trim  requirement  can  be  reduced  by  differential  deflection  of  the  front  and  rear 
ducts;  for  example,  reducing  the  incidence  of  the  front  ducts  by  10°  relative  to  the  rear- 
duct  incidence  angle  may  reduce  the  trim  requirement  to  about  half  the  value  obtained 
without  differential  deflection  of  the  ducts.  The  dynamic  longitudinal  stability  of  the  tilt- 
duct  vehicle  has  been  found  to  change  from  unstable  oscillations  in  hovering  flight  to  the 
classical  phugoid  and  short -period  oscillations  in  a manner  similar  to  that  of  the  tilt- 
wing airplane. 

Studies  of  the  lateral -directional  stability  characteristics  of  tandem  tilt-duct  vehi- 
cles have  indicated  several  stability  and  control  problem  areas  at  high  transition  speeds. 
For  example,  shown  in  figure  45  are  typical  variations  of  yawing-moment  coefficient  Cn 
and  rolling-moment  coefficient  Cj  with  sideslip  angle  for  a high-speed  flight  condition. 
The  variation  of  Cn  with  angle  of  sideslip  is  stable  (cn^  positive)  but  is  typically  low 
in  magnitude.  The  airplane  also  exhibits  positive  effective  dihedral  (c^  negative)  and 
the  magnitude  of  is  typically  large  - on  the  order  of  3 to  4 times  as  large  as  Cn^. 

These  characteristics  tend  to  produce  Dutch  roll  problems  in  cruising  flight.  Free -flight 
tests  of  a tandem  tilt -duct  model  in  the  transition  speed  range  have  indeed  exhibited 
Dutch  roll  oscillations  that  were  unstable  in  the  low -speed  range  and  were  still  lightly 
damped  to  relatively  high  speeds  corresponding  to  a duct  angle  of  about  20°.  During  the 
course  of  the  study,  artificial  stabilization  supplied  by  a conventional  yaw  rate  damper 
was  found  to  be  sufficient  to  stabilize  the  Dutch  roll  oscillation  and  eliminate  this  problem. 

The  free-flight  model  had  another  characteristic  which  contributed  to  poor  lateral- 
directional  behavior.  The  test  results  indicated  that  the  model  was  experiencing  stall  on 
the  upper  outside  surfaces  of  the  ducts  over  a fairly  large  range  of  level -flight  conditions 
for  duct  angles  from  about  60°  to  20°.  At  the  higher  duct  angles  in  this  range  (about  60° 
to  30°),  the  resultant  disturbances  to  the  model  were  small,  because  of  the  low  airspeeds, 
and  were  experienced  mostly  in  yaw.  At  the  lower  duct  angles  (about  30°  to  20°),  the 
dynamic  input  of  the  disturbances  due  to  stalling  was  larger  because  of  the  higher  dynamic 
pressure  and  was  mostly  about  the  roll  axis  because  of  the  low  duct  angles.  In  these 
cases,  the  model  experienced  erratic  and  very  objectionable  rolling  motions  or  wing 
dropping. 

A series  of  tuft  studies  made  with  the  model  showed  that,  in  some  flight  conditions, 
there  was  intermittent,  erratic  stalling  of  the  upper  surfaces  of  the  ducts,  and  that  over 
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an  angle -of -attack  range,  these  duct  upper  surfaces  did  not  stall  symmetrically.  It  was 
found  in  these  tests  that  there  was  an  intermittent  stall  condition  on  each  duct  surface  so 
that  at  a given  test  condition  there  might  be  an  unstalled  duct,  an  intermittently  stalling 
duct,  and  a stalled  duct  on  the  model  all  at  the  same  time. 

In  an  attempt  to  delay  the  stall  of  the  duct  upper  surfaces,  a set  of  leading-edge 
slats  were  fitted  to  the  model  as  shown  in  figure  46.  Tuft  tests,  made  with  the  slats 
mounted  as  shown,  indicated  that  the  slats  delayed  the  stall  to  a fuselage  angle  of  attack 
of  at  least  10°  for  all  duct  incidence  angles,  and  to  angles  of  attack  as  much  as  20°  at 
low  duct-incidence  angles  where  the  disturbances  due  to  the  stalling  had  been  the  most 
objectionable.  With  the  slats  mounted  on  the  ducts,  the  model  was  again  tested  in  flight 
throughout  the  transition  range.  As  expected,  the  model  with  slats  did  not  experience 
the  erratic  and  objectionable  rolling  motions  or  wing  dropping. 

It  should  be  noted  that  although  the  slats  solved  the  wing  dropping,  the  model  still 
had  the  Dutch  roll  tendency  and  artificial  damping  in  yaw  was  still  required  for  satisfac- 
tory flight  characteristics. 


One  additional  area  of  concern  during  the  high-speed  flight  of  the  tilt-duct  airplane 
is  the  rather  large  magnitude  of  lateral  force  produced  by  sideslip.  In  fact,  as  shown  in 
figure  47,  the  magnitude  of  the  side-force-due-to-sideslip  derivative  -CY^  for  a duct 
incidence  of  15°  is  about  40  percent  as  large  as  the  lift-curve  slope  Cl^.  These  data 
indicate  that  the  airplane  would  experience  large  lateral  accelerations  in  gusty  air.  For 
example,  presented  in  figure  48  are  the  variations  with  airspeed  lateral  acceleration  pro- 
duced by  a crosswind  gust  of  50  ft/sec  (17  m/sec)  for  a tandem  tilt-duct  configuration 
and  a conventional  subsonic  jet  transport.  As  can  be  seen,  the  tilt -duct  vehicle  would 
experience  lateral  accelerations  from  about  0.6g  to  over  l.Og  in  this  flight  condition. 
Because  the  pilot  tolerance  to  lateral  accelerations  is  known  to  be  very  low,  the  large 
lateral  accelerations  shown  in  figure  48  suggest  a critical  problem  area  which  will  be 
typical  of  tilt -duct  V/STOL  airplanes. 


In  summary,  the  tilt-duct  V/STOL  airplane  exhibits  stability  and  control  character- 
istics similar  to  those  of  most  propeller -driven  V/STOL  designs  in  hovering  flight.  In 
high-speed  flight,  however,  the  tilt -duct  vehicle  does  not  exhibit  conventional  stability  and 
control  characteristics  because  of  its  unique  physical  layout.  The  significant  stability 
and  control  problems  appear  to  be  duct  stall,  which  can  be  eliminated  by  flow-control 
devices;  unstable  or  lightly  damped  Dutch  roll  oscillations,  which  can  be  eliminated  by 
artificial  stabilization;  and  undesirably  high  lateral  response  to  gusts,  which  appears  to 
be  an  inherent  characteristic  of  the  design  and  is  not  easily  solved. 
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Jet  V/STOL  Airplanes 

When  the  requirements  for  a V/STOL  mission  call  for  supersonic  capability,  a jet- 
powered  V/STOL  design  becomes  necessary.  This  type  can  be  designed  to  obtain  low 
volume  and  frontal  area  and  thereby  to  permit  maximum  speed  potential  and  is  therefore 
ideally  suited  for  fighter  or  attack  missions.  A large  amount  of  flight  experience  with 
these  airplanes  has  been  accumulated.  The  two  jet  concepts  presently  under  evaluation 
are  the  lift-engine  concept,  which  uses  separate  jet  engines  for  hovering  and  cruising 
flight  and  the  vectored-thrust  concept  in  which  the  thrust  of  a single  jet  engine  is 
deflected  for  hovering  flight.  One  of  the  more  advanced  vectored-thrust  V/STOL  air- 
planes is  the  P.1127  fighter  shown  in  figure  49.  The  operational  version  of  this  airplane 
is  the  Harrier,  and  it  has  logged  more  V/STOL  flight  time  than  any  other  design  and  is 
currently  in  service. 

The  jet -powered  configurations  exhibit  conventional  airplane  flying  qualities  in 
cruising  flight.  Unlike  the  tilt -wing  and  tilt -duct  vehicles,  the  jet -powered  designs  are 
not  subject  to  unstable  oscillations  in  hovering  flight,  but  they  do  encounter  some  unique 
stability  and  control  problems  in  transition  flight. 

Stability  and  control  in  hovering.  - The  general  layout  of  a high-speed  configuration 
does  not  permit  the  conventional  aerodynamic  control  surfaces  to  be  placed  in  high- 
velocity  slipstream  as  was  the  case  for  the  ailerons  of  the  tilt -wing  airplane.  Instead, 
the  jet  machine  is  usually  provided  with  a jet  reaction  control  system.  These  usually 
take  the  form  of  reaction  jets  in  which  the  roll  and  pitch  nozzles  are  located  at  the  front, 
rear,  and  wing  tips  of  the  airplane,  and  an  additional  nozzle  facing  sideways  at  the  tail  is 
used  for  yaw  control.  High-pressure  air  bled  from  the  engine  compressor  is  ducted  to 
the  control  valves.  The  reaction  controls  are  usually  linked  mechanically  to  the  aerody- 
namic control  surfaces.  When  the  control  stick  is  moved  to  the  right,  for  example,  the 
left  aileron  deflects  downward  and  the  reaction  jet  at  the  left  wing  tip  is  opened  downward 
to  raise  the  wing. 

It  has  been  found  that  jet  V/STOL  airplanes  do  not  exhibit  the  unstable  oscillations 
displayed  by  machines  of  lower  disk  loading  in  hovering  flight.  As  a consequence,  some 
jet  designs  such  as  the  P.1127  have  been  flown  without  artificial  stabilization  under  visual 
flight  rules  (VFR)  conditions.  The  lack  of  artificial  stabilization  does  not,  however,  ease 
the  control  burden  during  precise  maneuvers  or  gusty  air.  Without  artificial  stabiliza- 
tion, actuation  of  the  jet  reaction  control  system  will  result  in  roll  acceleration  rather 
than  the  roll  rate  normally  produced  by  a conventional -airplane  aileron  control. 

The  problems  involved  in  achieving  precise  translational  maneuvers  with  a jet 
V/STOL  airplane  in  hovering  flight  are  illustrated  in  figure  50.  Presented  in  figure  50 
are  time  histories  of  the  lateral  control  inputs  required  to  produce  roll  rate  and  bank 
angle  for  a conventional  airplane  and  a jet  V/STOL  airplane  in  hovering  flight.  When  the 
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pilot  of  a conventional  airplane  applies  lateral  control,  the  rolling  moment  produced  by 
the  ailerons  accelerates  the  airplane  about  its  roll  axis.  As  the  roll  rate  increases,  the 
natural  aerodynamic  damping  moment  increases  until  it  is  equal  and  opposite  to  the 
moment  due  to  aileron  deflection.  The  airplane  then  maintains  a steady  rate  of  roll  until 
the  pilot  neutralizes  the  stick.  When  the  forcing  moment  of  the  ailerons  is  eliminated, 
the  aerodynamic  damping  slows  the  airplane  to  a constant  bank  angle. 

In  contrast,  the  sketch  on  the  right  of  figure  50  shows  that  if  the  pilot  of  the  V/STOL 
airplane  in  hovering  flight  applies  lateral  stick,  the  rolling  moments  caused  by  the  reac- 
tion controls  will  also  accelerate  the  airplane,  but  lack  of  natural  aerodynamic  damping 
results  in  an  ever-increasing  angle  of  roll  unless  opposite  roll  control  is  given.  The 
control-input  time  history  clearly  illustrates  that  the  pilot  of  the  hovering  jet  V/STOL 
airplane  has  more  work  to  do  and  more  decisions  to  make  for  precise  control  during  lat- 
eral translations.  Because  of  the  considerable  amount  of  pilot  workload  involved,  some 
form  of  stability  augmentation  - at  least  in  the  form  of  rate  stabilization  - will  be 
required  for  operational  aircraft. 

During  hovering  flight  out  of  ground  effect,  the  P.1127  has  been  noted  to  have  neu- 
tral directional  stability  in  still  air.  In  the  presence  of  crosswinds,  however,  the  air- 
plane exhibited  a tendency  to  turn  away  from  the  crosswind.  This  directional  instability 
is  associated  with  the  side  force  produced  at  the  nose  of  the  airplane,  created  by  turning 
a large  mass  flow  of  air  into  the  engine  inlets.  As  illustrated  in  figure  51,  the  side  force 
created  at  the  nose  is  much  larger  than  that  created  by  the  vertical  tail  at  low  speeds. 
Since  the  engine  inlet  is  located  some  distance  forward  of  the  center  of  gravity,  a sizable 
destabilizing  yawing  moment  is  created.  Under  gusty  conditions,  or  during  turns  away 
from  headwinds,  control  of  the  airplane  can  become  critical  if  large  sideslip  angles  are 
produced  by  the  instability. 

Stability  and  control  in  transition.  - The  control  system  of  the  jet  V/STOL  airplane 
is  perhaps  the  simplest  of  all  the  V/STOL  designs.  As  forward  speed  is  increased,  the 
compressed  air  supply  to  the  control  jets  is  cut  off,  and  the  airplane  uses  conventional 
surfaces  for  control. 

During  the  transition  to  forward  flight,  the  jet  airplane  may  encounter  serious  sta- 
bility and  control  problems  brought  about  by  aerodynamic  interference  between  the  jet 
wake  and  the  free -stream  air.  The  basic  principle  of  jet  interference  is  shown  schemat- 
ically in  figure  52.  The  sketch  shows  the  pressure  distribution  induced  on  the  lower 
fuselage  and  wings  of  a wing -body  combination  by  a jet  issuing  perpendicular  to  the  free- 
stream  flow.  As  the  jet  flows  from  the  airplane,  it  changes  from  a cylindrical -type  flow 
to  a kidney-shaped  vortex  field.  The  resulting  pressure  distribution  consists  of  positive 
pressures  ahead  of  the  jet  and  larger  negative  pressures  behind  the  jet.  The  total  pres- 
sure distribution  results  in  a net  loss  of  lift  and  nose-up  pitching  moment.  The  effect  of 
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interference  between  the  free-stream  and  jet  wake  can  affect  (1)  the  stability  and  control 
characteristics  of  the  basic  wing -body  combination,  (2)  the  horizontal  tail  contribution  to 
stability,  and  (3)  lateral  stability  and  control  characteristics. 

The  effect  of  jet  interference  on  the  lift  and  pitching -moment  characteristics  of  a 
wing -body  combination  is  shown  in  figure  53.  Nondimensional  pitching  moment  and  lift 
are  plotted  against  nondimensional  velocity  ratio  for  three  jet  configurations:  a single 
large  nozzle  and  two  arrangements  of  four  small  nozzles.  The  total  jet  exit  area  is  the 
same  for  all  three  configurations.  As  shown  on  the  left  side  of  the  figure,  at  0°  angle  of 
attack,  the  jet-interference  effects  produce  a large  lift  loss  and  nose-up  pitching  moment 
as  forward  speed  is  increased  ^conversion  to  conventional  wingborne  flight  would  typically 

occur  at  ^7-  ~ O.25V  The  effect  of  various  jet  arrangements  is  also  shown  in  figure  53. 
vj  ' 

The  diamond  arrangement  on  the  right  appears  to  be  the  best  of  the  three  since  it  shows 
higher  lift  and  less  pitching  moment  for  a given  angle  of  attack  and  velocity  ratio.  The 
better  characteristics  of  this  configuration  are  believed  to  be  caused  by  the  more  effec- 
tive "streamlining"  of  the  jet  wake.  This  streamlining  probably  reduces  the  obstruction 
to  the  free-stream  flow  and,  consequently,  produces  less  induced  effect  on  the  airframe. 

The  previous  discussion  was  restricted  to  considerations  of  jet-interference  effects 
on  the  wing -body  combination  with  the  horizontal  tail  off.  Lifting  jets  can  also  induce 
large  values  of  downwash  at  the  horizontal  tail,  which  result  in  additional  nose-up  pitching- 
moment  variations.  As  shown  in  figure  54,  in  cruising  flight,  a contemporary  variable - 
sweep  fighter  V /STOL  configuration  having  a fixed  forewing  or  glove  will  experience 
vortices  shed  by  the  lifting  glove.  It  is,  of  course,  highly  desirable  to  locate  the  hori- 
zontal tail  as  low  as  possible  so  as  to  prevent  impingement  of  the  trailing  vortex  system 
on  the  horizontal  tail  as  angle  of  attack  is  increased.  Experience  with  conventional  air- 
planes has  shown  that  impingement  of  these  vortices  can  cause  serious  longitudinal  sta- 
bility and  control  problems.  Figure  55  shows  the  path  of  the  trailing  vortices  for  the  jet 
V/STOL  airplane  in  transition.  The  vortices  can  be  pulled  down  by  the  flow  field  induced 
by  the  jet  wake  to  such  an  extent  that  the  horizontal  tail  will  enter  the  vortex  region  as 
angle  of  attack  is  increased.  An  example  of  a jet -induced  downwash  problem  is  presented 
in  figure  56.  Pitching-moment  variations  with  lift  coefficient  are  shown  for  a vectored- 
thrust  V/STOL  configuration  for  several  horizontal -tail  positions  and  thrust  conditions. 

The  data  in  the  left-hand  plot  show  that  the  configuration  is  unstable  with  the  horizontal 
tail  off  and  that  the  instability  increases  with  lift  coefficient.  Addition  of  a horizontal 
tail  in  a high  position  does  not  eliminate  the  instability,  but  moving  the  tail  to  a low  posi- 
tion provides  stability  over  the  entire  lift  range.  When  power  is  increased,  the  data  on 
the  right  side  of  figure  56  indicate  that  large  changes  in  trim  and  stability  occur  with  the 
exit  nozzles  in  the  30°  to  60°  range.  A marked  instability  or  pitchup  is  shown  for  a 
nozzle  angle  of  60°.  Obviously,  considerable  concern  must  be  given  to  placement  of  the 
horizontal  tail  on  this  type  of  configuration. 
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The  problems  caused  by  jet  interference  are,  unfortunately,  not  limited  to  longitu- 
dinal characteristics.  For  example,  shown  in  figure  57  is  an  illustration  of  the  rolling 
moments  generated  by  propulsive  effects  when  the  airplane  is  sideslipped.  Plotted  at 
the  top  of  the  figure  is  the  sideslip  angle  generated  by  a 30-knot  crosswind  as  airspeed 
is  reduced.  Plotted  at  the  bottom  of  the  figure  is  the  nondimensional  rolling  moment 
produced  by  these  sideslip  angles.  The  data  points  indicate  the  moment  produced  by  a 
combination  of  flow  into  the  inlets  and  jet-interference  effects  which  must  be  trimmed  by 
the  available  roll  control.  The  control  available  is  the  sum  of  the  contributions  of  the 
ailerons  and  jet  reaction  controls.  The  most  critical  region  occurs  at  the  lowest  speeds, 
where  control  required  for  trim  may  approach  the  total  control  available  from  the  tip 
jets.  The  problem  is  further  aggravated  by  the  fact  that  the  reaction  controls  lose  effec- 
tiveness as  speed  is  increased  due  to  the  interference  effects  between  the  control  jets 
and  the  wing.  It  is  apparent  that  some  limitation  of  sideslip  excursions  during  low- 
speed  flight  will  likely  exist.  Excursions  in  sideslip  are  easily  produced  at  low  speeds 
from  several  causes.  First,  when  flying  in  close  proximity  to  the  ground,  pilots  tend  to 
use  the  ground  as  a yaw  reference  with  little  regard  for  wind  direction.  As  a result, 
during  maneuvers  large  unintentional  sideslip  angles  can  be  produced.  Because  of  the 
low  dynamic  pressures  involved,  large  sideslip  excursions  are  not  accompanied  by  the 
large  lateral  accelerations  normally  used  as  sideslip  cues  by  the  pilots  of  conventional 
airplanes.  In  addition,  inherent  yaw  instabilities  such  as  those  exhibited  by  the  P.1127 
can  produce  a tendency  toward  generation  of  large  values  of  sideslip. 


In  summary,  the  jet -powered  V/STOL  airplane  is  likely  to  be  a high-speed  fighter 
design  which  exhibits  conventional  stability  and  control  characteristics  in  cruising  flight. 
During  the  transition  to  forward  flight,  large  aerodynamic -interference  effects  on  sta- 
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J wwwux,  uiese  jci-mtciicx  ciiut;  tJiitJcta  can  seriously  limit  me  opera- 

tional  capability  of  the  airplane.  With  proper  consideration  to  these  effects  during  early 
design  stages,  jet  V/STOL  airplanes  are  particularly  suited  to  military  missions,  and 
they  have  consequently  become  the  first  fully  operational  class  of  V/STOL  airplanes. 


STABILITY  AND  CONTROL  TEST  TECHNIQUES  FOR  V/STOL  AIRPLANES 


Several  test  techniques  commonly  used  in  investigations  of  the  stability  and  control 
characteristics  of  V/STOL  airplanes  are  now  discussed.  Because  of  the  increased 
importance  of  nrnmil  Cirvn-Ouotom  O-ffnAf  e«  thin  n nf  TTnhi  nl  4 4-  Ln  n 1 J 11 
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or  even  impossible  to  predict  stability  and  control  characteristics  based  on  estimation 
procedures  commonly  used  for  conventional  airplanes.  For  this  reason,  the  following 
five  techniques  have  been  used  by  NASA  for  investigations  of  the  stability  and  control 
characteristics  of  V/STOL  airplanes: 
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(1)  Free -flight  technique 

(2)  Static  force  tests 

(3)  Dynamic  force  tests 

(4)  Simulation 

(5)  Flight  tests 

In  the  free -flight  technique  the  motions  of  a powered,  dynamically  scaled  model  are 
the  output.  A properly  scaled  model  may  be  thought  of  as  an  analog  computer  which  pro- 
duces motions  identical  to  those  of  the  full-scale  airplane.  In  static  and  dynamic  force 
tests  the  aerodynamic  forces  and  moments  are  measured  to  obtain  quantitative  values  for 
the  static  and  dynamic  stability  derivatives  necessary  for  computer  or  simulator  studies. 
Perhaps  the  most  promising  of  the  techniques  appears  to  be  the  use  of  in-flight  or  ground- 
based  simulators  to  obtain  quantitative  pilot  evaluations  of  V/STOL  vehicles.  Lastly,  the 
end  product  or  end  point  of  the  previous  techniques  is  actual  flight -test  evaluation  of  the 
airplane. 


Free -Flight  Technique 

The  free -flight  technique  is  based  upon  the  principle  of  dynamic  similarity.  It  can 
be  shown  through  the  use  of  dimensional  analysis  that  the  flight  paths  of  a model  and  a 
full-scale  airplane  will  be  similar  if  certain  nondimensional  quantities  have  the  same 
values  for  both  vehicles.  These  scaling  parameters  for  rigid  body  motions  are: 

(1)  The  relative  density,  which  is  expressed  as 


M = 


(2)  The  Froude  number,  which  is  given  by 


N 


Disregarding  the  effects  of  Reynolds  number  and  Mach  number  on  aerodynamic 
characteristics,  it  can  be  shown  that  equivalence  of  the  relative  density  parameter  p 
and  the  Froude  number  Npr  is  sufficient  to  ensure  dynamic  similarity  between  two 
rigid  bodies.  This  result  has  been  applied  to  wind-tunnel  testing  in  which  airplane  models 
are  scaled  in  a similar  fashion.  A typical  test  setup  for  free -flight  testing  of  V/STOL 
models  is  shown  in  figure  58.  As  depicted  in  the  sketch,  the  model  is  flown  in  free  flight 
in  the  30-  by  60-foot  (9.14-  by  18.29-meter)  test  section  of  the  Langley  full-scale  tunnel, 
remotely  controlled  about  all  three  axes  by  human  pilots.  The  cable  attached  to  the  model 
serves  two  purposes:  First,  a portion  of  the  cable  is  composed  of  wires  and  light  plastic 
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tubes  which  supply  electric  power  and  control  signals  to  the  model  control  surfaces  as 
well  as  pneumatic  power  to  the  model  propulsion  unit.  The  cable  also  includes  a 1/8 -inch 
(0.31-cm)  steel  cable  that  passes  through  a pulley  above  the  test  section.  This  cable 
serves  as  a safety  cable  to  catch  the  model  in  the  event  of  loss  of  control.  During  flights, 
the  cable  is  kept  slack  so  as  not  to  influence  the  model  motions  by  a safety  cable  operator 
situated  in  a balcony  at  the  side  of  the  test  section.  Seated  alongside  the  safety-cable 
operator  are  the  pitch  pilot  and  power  operator.  The  pilots  who  control  the  model  about 
its  roll  and  yaw  axes  are  located  in  an  enclosure  at  the  rear  of  the  test  section  where 
they  can  best  view  the  lateral -directional  motions  of  the  model.  Output  data  from  flight 
tests  usually  consist  of  motion-picture  records  and  qualitative  pilot  evaluations  of  the 
stability  and  control  characteristics  displayed  by  the  model. 

The  flight  tests  usually  are  restricted  to  studies  of  level  flight,  but  the  technique 
has  been  modified  to  permit  tests  of  descending  flight,  which  has  proved  to  be  a particu- 
larly troublesome  operational  area  for  some  V/STOL  designs.  The  factors  involved  in 
the  simulation  of  descending  flight  are  illustrated  in  figure  59.  Shown  on  the  left-hand 
side  of  the  figure  is  the  balance  of  aerodynamic  and  gravitational  forces  during  descent. 
For  a descent  condition,  the  airplane  must  have  a net  aerodynamic  drag,  and  the  lift, 
drag,  and  weight  forces  are  in  balance,  with  the  drag  being  balanced  by  the  forward  com- 
ponent of  the  weight  acting  along  the  flight  path.  For  the  simulated  descent  condition 
shown  on  the  right-hand  side  of  figure  59,  the  model  is  flown  with  the  same  values  of  lift 
and  drag,  but  the  drag  cannot  be  balanced  by  a component  of  the  weight  and  must  now  be 
balanced  by  an  auxiliary  thrust  force,  which  is  independent  of  the  normal  propulsion  sys- 
tem. This  input  is  usually  accomplished  by  use  of  a small  compressed-air  jet  at  the 
rear  of  the  model.  With  this  modification,  the  aerodynamic  effects  of  descending  flight 
can  be  simulated  with  the  model  in  level  flight  in  the  wind  tunnel.  Obviously,  this  method 
of  simulation  does  not  account  for  the  effects  of  descent  angle  on  lateral -directional  sta- 
bility, but  these  effects  are  small  compared  with  the  aerodynamic  effects  that  can  be 
properly  simulated. 

The  free -flight  technique  can  be  used  to  study  a variety  of  stability,  control,  and 
handling-quality  problems  ranging  from  studies  of  the  uncontrolled  (stick-fixed)  motions 
of  V/STOL  designs  to  studies  of  control  requirements  for  satisfactory  handling  qualities, 

A particularly  appropriate  application  of  the  technique  is  the  study  of  the  maximum 
descent  capability  of  tilt -wing  V/STOL  airplanes.  A typical  tilt -wing  design  is  limited 
in  descent  capability  for  reasons  illustrated  in  figure  60.  Shown  in  figure  60  is  an  illus- 
tration of  the  effect  of  descent  condition  on  effective  wing  angle  of  attack.  In  the  case  of 
the  tilt -wing  airplane,  the  effective  angle  of  attack  of  the  wing  is  not  merely  the  wing-tilt 
angle;  it  is  also  a function  of  the  forward  velocity  and  both  the  direction  and  velocity  of 
the  propeller  slipstream.  This  point  is  illustrated  by  two  flight  conditions.  On  the  left 
side  of  the  figure,  the  upper  sketch  shows  that  the  velocity  of  the  airplane  and  the 
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slipstream  velocity  combine  vectorially  to  produce  an  effective  angle  of  attack  a which, 
through  proper  geometric  design,  will  be  less  than  the  stall  angle  of  attack  for  the  wing 
aerodynamic  section.  As  the  airplane  begins  to  descend,  as  shown  on  the  right-hand 
part  of  figure  60,  the  power  is  reduced,  and  this  reduction  in  power  in  turn  reduces  the 
magnitude  of  the  slipstream  velocity  and  changes  the  relative  direction  of  the  free -stream 
velocity.  Both  effects  combine  to  produce  an  increase  in  effective  angle  of  attack  at  the 
wing.  As  the  descent  is  steepened  by  further  reduction  of  power,  a limiting  condition  is 
reached  where  the  effective  wing  angle  of  attack  exceeds  the  stall  angle  of  the  wing  sec- 
tion so  that  major  flow  separation  accompanied  by  buffet,  wing  dropping,  and  wallowing 
lateral -directional  motions  results.  Figure  61  is  presented  as  an  example  of  the  results 
obtained  during  free-flight  tests  of  a model  of  the  XC-142  airplane.  The  results  of  the 
tests  are  shown  in  the  form  of  boundaries  on  a plot  of  flight-path  angle  against  wing- 
incidence  angle.  The  data  show  a 6°  descent  capability  with  no  degradation  in  pilot  rating. 
As  the  descent  angle  was  increased  into  the  dotted  area,  the  model  required  more  and 
more  pilot  attention  to  the  controls,  and  flow  separation  on  the  wing  was  indicated  by  tufts. 
At  the  higher  descent  angles  in  the  crosshatched  area,  the  model  experienced  abrupt  wing 
dropping,  abrupt  losses  in  height,  and  generally  sloppy,  wallowing  motions.  The  char- 
acteristics in  this  region  were  considered  completely  unacceptable. 

Normally,  small-scale  tests  would  not  be  suitable  for  flight  conditions  involving 
separated  flow  because  of  the  discrepancy  in  Reynolds  number.  Experience  has  shown, 
however,  that  the  stall  of  a small-scale  model  usually  occurs  at  a lower  angle  of  attack 
than  that  for  the  full-scale  airplane,  and  also,  when  the  stall  does  occur,  the  motions  are 
generally  similar.  In  the  case  of  descent  tests,  therefore,  it  would  be  expected  that  the 
effect  of  low  Reynolds  number  would  tend  to  give  conservative  results.  This  expectation 
has  indeed  proven  to  be  verified  for  the  descent  capability  of  the  XC-142;  that  is,  the 
full-scale  airplane  does  have  greater  descent  capability  than  that  indicated  in  figure  61. 

Forced-Oscillation  Force  Tests 

Quantitative  values  of  the  dynamic -stability  derivatives  are  normally  required  for 
computer  and  simulator  studies  of  stability  and  control  characteristics.  Over  a period 
of  years,  estimation  procedures  have  been  developed  with  which  to  estimate  derivatives 
for  conventional  airplanes.  The  V/STOL  airplane,  however,  operates  in  a flow  environ- 
ment where  the  effects  of  propulsive  devices  on  stability  derivatives  assume  an  order  of 
magnitude  of  more  importance.  Dynamic -force  test  techniques  are  usually  necessary, 
therefore,  to  measure  values  of  dynamic  stability  derivatives.  The  basic  principles  of 
dynamic  force  testing  are  shown  in  figure  62.  As  illustrated  by  the  sketch  on  the  left,  a 
model  mounted  to  a strain-gage  balance  is  forced  to  oscillate  at  fixed  values  of  amplitude 
and  frequency.  The  test  setup  illustrated  would  be  used  to  obtain  dynamic  derivatives 
due  to  rolling  velocity.  Tests  are  also  conducted  to  obtain  derivatives  due  to  pitching  and 
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yawing;  however,  the  basic  method  of  data  reduction  is  similar  in  all  cases.  The  plot  at 
the  top  of  figure  62  illustrates  the  variation  of  roll  angle  as  a function  of  time.  Imme- 
diately below  the  variation  of  roll  angle  is  a typical  return  signal  from  the  strain-gage 
balance.  For  a model  with  stable  values  of  aerodynamic  damping,  the  balance  voltage 
will  lag  behind  the  roll  displacement  by  a time  increment  t.  The  damping  moment  is, 
of  course,  the  component  of  return  signal  90°  out  of  phase  with  the  displacement  signal. 
In  actual  testing,  the  displacement  and  balance -return  signals  are  fed  into  an  analog -type 
analyzer  which  performs  a Fourier  analysis  on  the  return  signal,  separating  it  into  com- 
ponents in  phase  and  90°  out  of  phase  with  displacement.  The  voltage  magnitudes  are 
then  multiplied  by  appropriate  geometric  constants  to  obtain  conventional  dynamic 
derivatives. 

An  example  of  the  application  of  the  forced-oscillation  technique  to  V/STOL  air- 
planes is  shown  in  figure  63.  This  figure  shows  the  variations  of  the  damping-in-roll 
derivative  CZp  and  the  damping-in-yaw  derivative  Cnr  with  descent  angle  for  a 
powered  tilt -wing  model.  The  increase  in  descent  angle  (decrease  in  power)  is  shown 
to  reduce  the  aerodynamic  damping  greatly  and  to  compound  a piloting  task  already  made 
formidable  by  flow  separation. 


CONCLUDING  REMARKS 

The  material  presented  in  this  paper  has  concentrated  on  several  factors  which 
influence  the  stability  and  control  characteristics  of  V/STOL  airplanes.  Only  a few 
of  these  factors  are  emphasized  in  the  following  remarks  to  illustrate  some  of  the 
characteristics. 

The  first  part  of  the  paper  described  in  detail  some  of  the  problems  inherent  in 
flight  at  low  speeds.  It  was  shown  that  most  STOL  powered-lift  airplanes  will  require 
artificial  stabilization,  automatic  speed  control,  and  rapid  thrust  response  for  satisfac- 
tory flying  qualities.  It  appears  that  the  technology  required  to  develop  this  type  of  vehi- 
cle is  well  in  hand  at  the  present  time. 

Next,  some  of  the  stability  and  control  characteristics  of  tilt -wing  airplanes  were 
discussed.  These  airplanes  also  require  artificial  piloting  aids  for  satisfactory  charac- 
teristics, and  in  addition  require  a sophisticated  flight  control  system.  These  vehicles 
have,  however,  progressed  through  a second  generation  and  are  relatively  advanced 

V/STOL  types.  The  tilt -wing  airplane  therefore  represents  an  extremely  promising 
concept. 

The  characteristics  of  ducted -propeller  V/STOL  airplanes  were  then  outlined. 
Although  a relatively  compact  vehicle  can  be  designed  with  ducted  propellers,  it  may  be 
subject  to  extreme  sensitivity  to  gusts  and  turbulence  in  cruising  flight.  Because  of  this 


33 


limitation,  the  ducted -propeller  types  require  more  research  and  development  to  ensure 
adequte  flying  qualities. 

The  jet -powered  V/STOL  airplane  has  shown  considerable  promise,  particularly 
for  fighter  designs.  This  type  displays  relatively  few  stability  and  control  deficiencies 
when  proper  consideration  is  given  to  interference  effects  between  the  jet  efflux  and  the 
tail  surfaces.  With  the  recent  advent  of  the  Hawker -Siddeley  Harrier,  this  type  of  vehi- 
cle has  become  the  first  operational  V/STOL  concept. 

In  the  final  section  of  the  paper,  some  rather  unique  test  techniques  presently  used 
by  the  NASA  for  analysis  of  the  stability  and  control  characteristics  of  V/STOL  airplanes 
are  described.  These  techniques  supply  pertinent  information  which  consists  of  stability 
derivatives  for  use  in  analytical  and  simulator  studies  and  flight  motions  of  dynamically 
scaled  models.  The  results  of  these  tests  are  shown  to  have  direct  application  to  the 
design  of  V/STOL  airplanes. 
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Figure  1.-  Power  and  lift  required  for  conventional  and  V/STOL  airplanes. 
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Figure  2.-  Variations  of  V/STOL  stability  and  control  characteristics  with  airspeed. 
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Figure  3 • - Jet  transport  modified  for  testing 
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Figure  5.-  Thrust-modulation  system. 
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Figure  7.-  Handling  qualities  of  test  airplane. 


Figure  8.-  Comparison  of  pitch  attitude  of  basic  airplane  and  airplane  with  BLC . 


40 


ROLL  TIME 
CONSTANT, 
sec 


DUTCH-ROLL 

DAMPING 

RATIO 


0.6  L 


Figure  10.-  Lateral-directional  damping. 
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Figure  11.-  Lateral-directional  characteristics  during  landing  approaches 

SIDESLIP  RATE  DAW  PER 


Figure  12,-  Stability-augmentation  system. 
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Figure  13.-  Effect  of  stability  augmentation  on  roll  rate  following  a disturbance. 


43 


APPROACH 

SPEED, 

KNOTS 


WHEEL 

POSITION, 

DEG 


Figure 


8 


6 

PILOT 

RATING 

4 


2 


Manual  speed 
control 


Automatic  speed 
control 


speed 


10  r 


-5  r 


-10 


dL 


-L 


JL 


-L 


J 


20  40  60  80  100 

TIME,  SEC 


-L 


_L 


20  40  60  80  100 

TIME,  SEC 


15.-  Effect  of  automatic  speed  control  on  pilot  workload. 
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Figure  l6.-  Lateral-directional  handling  qualities. 
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Figure  21.-  Variation  of  power  required  to  hover  with  propeller  diameter. 


Figure  22.-  Hovering  efficiency  of  various  V/STOL  concepts. 
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Figure  23.-  Power  required  for  helicopter  and  propeller-driven  V/STOL  transport 
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Figure  24.-  Mission  capability  of  various  V/STOL  concepts. 
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Figure  25.-  Tilt-wing  transport  design 
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Figure  27.-  Illustration  of  controls -fixed  pitch  and  roll  motions  of  tilt-wing  airplane. 


Figure  28.-  Typical  variation  of  pitching -moment  coefficient  with 
velocity  for  conventional  and  v/STOL  airplanes. 
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Figure  33--  Variation  of  angle-of -attack  stability  with  airspeed 
of  various  V/STOL  configurations. 
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Figure  35--  Pitching  velocity  of  tilt-wing  airplane  following 
disturbances  at  various  wing  tilt  angles. 
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Figure  51.-  Effect  of  crosswind  on  directional  stability  of  jet  V/STOL  airplane. 


Figure  55--  Path  of  trailing  vortices  for  jet  V/STOL  in  transition 


Figure  56.-  Jet- indue ed-downwash  effects  for  vectored- thrust 
V/STOL  configuration. 
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Figure  57*-  Rolling  moments  generated  by  aerodynamic  interference  effects 

of  jet  V/STOL  in  sideslip. 
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Figure  58*-  Setup  for  free -flight  testing. 
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Figure  60.-  Effect  of  descent  on  wing  angle  of  attack. 
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Figure  62.-  Forced-oscillation  data  reduction. 
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Figure  63.-  Effect  of  descent  on  damping  derivatives.  i,r  = 30° 


2.  METHODS  OF  OBTAINING  STABILITY  DERIVATIVES 
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By  M.  J.  Queijo 
Langley  Research  Center 

ABSTRACT 

Various  methods  of  obtaining  aerodynamic  derivatives  are  reviewed.  These 
methods  include  wind-tunnel  tests,  aerodynamic  theory,  and  extraction  from  flight  tests, 
with  the  emphasis  being  on  flight  tests.  Two  techniques  for  extracting  derivatives  from 
flight  are  covered  in  sufficient  detail  to  indicate  the  procedures  involved.  These  methods 
are  a strict  least-squares  approach  and  an  iteration  technique.  References  are  listed  for 
additional  background  and  details  of  various  techniques. 

INTRODUCTION 

The  design  of  an  airplane  is  a very  complex  problem  because  of  the  many  and  often 
conflictive  requirements  that  have  to  be  met.  Many  factors  must  be  considered,  such  as 
total  weight,  payload,  armament,  speed,  stability  and  control,  acceleration  capability, 
landing  and  take-off  speed,  and  so  forth.  The  final  aircraft  configuration  is  a compro- 
mise, and  the  items  given  priority  are  dependent  on  the  primary  function  of  the  aircraft. 

In  all  cases,  however,  the  stability  and  control,  and  the  handling  characteristics  are  quite 
important.  Early  in  the  design,  an  attempt  is  made  to  determine  the  stability  and  control 
characteristics  of  the  airplane  for  two  primary  reasons: 

(1)  To  determine  the  inherent  stability  and  control 

(2)  To  determine  what  stability  augmentation,  if  any,  is  required  to  make  the  stabil- 

ity satisfactory 

Such  determinations  can  be  made  by  estimating  the  response  of  the  airplane  to  various 
disturbances,  that  is,  by  determining  the  motion  of  the  aircraft  for  various  force  and 
moment  disturbances.  The  motion  can  be  studied  by  use  of  the  equations  of  motion  of  the 
aircraft.  Such  equations  generally  are  written  in  a form  that  includes  a number  of 
parameters  that  are  referred  to  as  stability  derivatives.  The  purpose  of  this  paper  is 
to  indicate  several  methods  of  obtaining  such  derivatives  for  use  in  stability  or  motion 
calculations. 
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SYMBOLS 


ax,aY,az  accelerations  along  body  axes  X,  Y,  and  Z,  respectively 


b 

Cl 

Cm 

Cn 

CX 


wing  span 


My 

rolling-moment  coefficient,  Qgg- 

My 


pitching-moment  coefficient, 
yawing-moment  coefficient, 


QSc 

MZ 

QSb 


r X 

longitudinal-force  coefficient,  — 

QS 


Cx  trim  value  of  Cx 


CY 

CZ 


ac; 

dC} 

Clrjt 


fY 

lateral-force  coefficient,  — — 

QS 


normal-force  coefficient, 


FZ 

QS 


2V 


ac, 

Cl  — — - 

p tfL 

2V 


ac 


l 


flrb 

d2V 


9 Ci 

C^a=^ 
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dCj 

Cl£>r  = a37 

9C 


m 


« 90! 


9C 


-m 


or 


m 

aQ!C 

2V 


9C 


m 


'mq 


'tn; 


9S£. 

2V 


9C 

~96< 


m 


Cno  — 


9Cr 


n/3  9/3 

9C 


Cn/3  = 


n 


A 

2V 


r 9Cn 

Cnp  TeE 

2V 

r _ 9Cn 

nr_m 

82V 
9C. 


"nr  = u 

r ^rb 


n 

b 

2V 


, _f£n 

n6r  96  r 

OCx 

90! 


CXa  = 
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Xq 


8CX 

JL 

®57 


cx6 


9Cx 


a 36  a 

9C 


X 


6e  95  e 


9C 


'X6l 


X 

96  r 


9Cv 


9Ct 


Cy<3  = 1 


8a 

2 V 


9Cv 

CY  = — — 
Yp  a£b 
2V 

3Cy 

CYr  = ^ 
9w 


CY, 


9Ci 

"96"! 


9Cr 


C 7 = 

*• ot  da 


CZ,  = 


CZ6< 


9C  r 


,qc 


2V 

9C2 
96  p 
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c 


local  wing  chord 


i 

c wing  mean  aerodynamic  chord 

C;  section  lift  coefficient 

i L 

| F downwash  function 

| 

fX>Fy,Fz  forces  along  body  axes  X,  Y,  and  Z,  respectively 
, f frequency 

I 

g acceleration  due  to  gravity 

j 

Im(  ) imaginary  part 

Ix^YjIz  moments  of  inertia  about  body  axes  X,  Y,  and  Z,  respectively 

i 

Ixz  product  of  inertia 

J cost  function  as  defined  in  equation  (25) 

k arbitrary  constant  or  spring  constant 

l = pvr 

1 1 3 lift  on  vortex  due  to  sideslip  velocity 

MX  rolling  moment 

My  pitching  moment 

Mz  yawing  moment 

yawing  moment  due  to  flexures 

m mass 

p rate  of  rotation  about  body  axis  X 
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Q 

q 

Re(  ) 

r 

S 

s 

t 

h/2 

u 

V 

v 


w 

X,Y,Z 

Xi,Yi,Zi 


x\y' 

a 

13 

r 


1 9 

dynamic  pressure,  ipV 

mk 

rate  of  rotation  about  body  axis  Y 
real  part 

rate  of  rotation  about  body  axis  Z 
wing  area 

semispan  of  horseshoe  vortex 
time 

time  to  damp  to  half  amplitude 
velocity  in  direction  of  body  axis  X 
total  velocity 

velocity  in  direction  of  body  axis  Y 
velocity  in  direction  of  body  axis  Z 
body  axes 
inertial  axes 

coordinates  relative  to  horsehoe  vortex 
angle  of  attack 
angle  of  slideslip 
circulation  strength  of  vortex 
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A incremental  change 

6 a aileron  deflection 

6e  elevator  deflection 

5r  rudder  deflection 

A.  damping  coefficient 

9 angle  between  body  axis  X and  horizontal  plane 

p air  density 

<t>  roll  angle  about  body  axis  X 

X linear  displacement 

heading  angle 
circular  frequency 

Subscripts: 

n nth  value  or  iteration 

o initial  value 

A dot  over  a symbol  denotes  a time  derivative;  that  is,  /§  = 

9t 

EQUATIONS  OF  MOTION 

Figure  1 shows  a system  of  axes  fixed  relative  to  the  airframe.  The  equations  of 
motion  are  simply  expressions  of  Newton's  laws  for  translation  and  rotation  along  and 
around  each  axis.  A typical  set  of  the  six  equations  of  motion  is 
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max  = m(u  + qw  - rv)  = -mg  sin  9 + Qs(cXq  + Cxa<*  + Cj^  + Cx^a  + cX6e6e  + cX6r6r) 
may  = m(v  + ru  - pw)  = mg  cos  9 sin  <p  + QS  (cYpP  + CY^  ^ + CYp  + CYr  ^ + Cy^i^ 


maz  = m(w  + pv  - qu)  = mg  cos  9 cos  <p  + QS  \Czaa  + CZq  + Cz^SeJ 

plx  + qr(IZ  - Iy)  - (pq  + r)Ixz  = QSb (c^/3  + C^||  +Cip||+  Cir|^+  Cj^a  + Ci6j6r) 

qly  + pr(Ix  - Iz)  + (P2  - r2)IXZ  = QSc  (cm Qa  + Cm6,  ^ + Cmq 

rlz  + pq(Iy  - lx)  + (qr  - P)XXZ  = QSb(^Cn^/3  + Cn^  ||r  + Cnp  27  + Cnr  W + Cn6r6r) 


(1) 


J 


The  equations  are  not  derived  in  this  presentation;  however  a complete  derivation  can  be 
found  in  any  good  text  on  aircraft  dynamics.  (See  ref.  1,  for  example.)  One  major  prob- 
lem involved  with  the  equations  of  motion  is  the  determination  of  aerodynamic  derivatives 
The  aerodynamic  derivatives  are  the  items  of  concern  in  this  presentation.  Note  that  an 
aerodynamic  derivative  is  simply  a nondimensional  coefficient  which  relates  a force  or 
moment  to  linear  and  angular  velocities  and  accelerations;  for  example, 


CX 


a 


dCx 

da 


1 8FX 
IpV2S  9« 

Ci 


The  force  in  the  x-direction,  owing  to  a change  in  angle  of  attack,  is  given  by 


(2) 


AFX  = |pV2SCXaAa 


(3) 


Note  that  a basic  assumption  is  involved  here;  that  is,  the  force  varies  linearly  with  angle 
of  attack.  This  assumption  is  generally  valid  only  for  small  perturbations  from  equilib- 
rium. The  remainder  of  this  presentation  covers  the  following  methods  of  determining 
aerodynamic  derivatives: 

(1)  Wind-tunnel  tests 

(2)  Aerodynamic  theory 

(3)  Flight  testing 

The  emphasis  is  on  flight  testing. 
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DETERMINATION  OF  AERODYNAMIC  DERIVATIVES 


There  are  several  methods  of  determining  aerodynamic  derivatives.  The  most 
commonly  used  method  is  that  of  wind-tunnel  testing.  The  specific  procedure  used 
depends  on  the  derivative  to  be  measured. 

Wind-Tunnel  Testing 

Static  derivatives.  - The  static  aerodynamic  derivatives  are  the  ones  most  easily 
determined  in  wind-tunnel  tests.  These  derivatives  are  those  associated  with  angle  of 
attack  and  angle  of  sideslip.  The  forces  and  moments  are  measured  for  a range  of 
angles,  and  the  data  are  then  used  to  obtain  the  derivatives.  For  example,  CmQ(  is 
determined  by  plotting  pitching  moment  as  a function  of  angle  of  attack;  the  slope  of  the 
data  is  measured  close  to  a = 0 and  nondimensionalized.  The  procedure  is  simply 

_ 1 3My 

ma'lpV2S5  9" 

The  static  lateral  derivatives  are  slightly  more  complicated  because  they  are  functions 
of  angle  of  attack  and  sideslip.  In  measuring  sideslip  derivatives  the  procedure  gener- 
ally is  to  fix  the  angle  of  attack  and  to  vary  sideslip  over  some  small  range  around  zero. 
This  procedure  is  followed  for  several  values  of  angle  of  attack.  At  each  value  of  a,  a 
value  of  the  sideslip  derivative  is  obtained;  for  example, 

(Cne)a=0  = XpV^Sb  to 

Rotary  derivatives.  - The  rotary  derivatives  are  those  associated  with  rotary 
motion;  that  is,  with  the  angular  rates  p,  q,  and  r.  Measurement  of  these  derivatives 
requires  special  facilities  or  techniques.  These  techniques  are  mentioned  briefly;  how- 
ever, suitable  references  are  cited  for  more  detailed  explanations.  Three  basic  prob- 
lems associated  with  experimental  determination  of  rotary  derivatives  are  as  follows: 

(1)  Obtaining  the  correct  airflow  distribution 

(2)  Measurement  of  forces  and  moments 

(3)  Isolation  of  the  pertinent  derivatives 

One  rather  unique  facility  designed  specifically  to  measure  rotary  derivatives  is  the 
stability  tunnel,  which  was  originally  at  the  Langley  Research  Center  of  NASA  and  is  now 
at  the  Virginia  Polytechnic  Institute  in  Blacksburg,  Virginia.  This  facility  can  be  used 
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to  simulate  rolling,  pitching,  and  yawing  motion  by  actually  curving  the  airstream.  The 
basic  mechanisms  involved  are  illustrated  in  figures  2 to  4. 

In  the  rolling -flow  setup,  roll  rate  can  be  varied  by  changing  the  speed  of  the  rotor 
blades  ahead  of  the  model.  In  this  manner  the  simulated  rolling  velocity  p can  be 
varied.  The  rolling  derivatives  can  be  measured;  for  example, 

C j>C;  8 / MX  \ 

P ~ " 4\^v2sb/ 

In  the  yawing-  and  pitching -flow  setup,  the  angular  velocities  q and  r are  varied  by 
physically  changing  the  tunnel-wall  curvature  and  adding  screens  upstream  of  the  model 
to  obtain  the  correct  flow  distribution.  Detailed  descriptions  of  the  facility  are  given  in 
references  2 and  3 for  rolling  and  yawing  flow,  respectively. 

A more  popular  method  of  measuring  aerodynamic  derivatives  is  that  of  oscillating 
a model  in  a rectilinear  airstream.  The  oscillatory  motion  can  be  forced  or  free.  Of 
the  two,  the  free-oscillation  technique  is  the  simpler.  The  basic  procedure  is  outlined  in 
reference  4,  and  only  the  concepts  involved  are  mentioned  in  this  paper.  In  the  free- 
oscillation  technique  the  model  is  mounted  rigidly  on  a strut  in  a wind  tunnel.  The  strut 
is  attached  to  a tube  by  means  of  several  flexure  pivots  (fig.  5).  When  the  tunnel  is  in 
operation,  the  model  is  deflected,  and  a continuous  record  is  made  of  time  and  displace- 
ment. The  method  of  extracting  derivatives  is  illustrated  in  figure  6 for  a yawing  oscil- 
lation and  should  be  referred  to  in  the  following  discussion.  A curve  is  drawn  to  connect 
the  peaks  of  successive  oscillations.  By  starting  at  some  point  on  this  envelope,  prefer- 
ably in  the  early  part  of  the  time  history,  the  amplitude  and  time  are  noted.  The  time  is 
noted  again  when  the  envelope  has  reduced  to  one-half  the  initial  amplitude.  The  time 
difference  is  noted  as  ti/2-  The  period  of  the  oscillatory  motion  is  also  noted.  The 
entire  procedure  is  repeated  at  several  angles  of  attack  for  wind-on  and  wind-off 
conditions. 

The  basis  for  extracting  certain  derivatives  from  oscillation  tests  is  outlined  in 
terms  of  a simple  yaw  oscillation.  The  equation  of  motion  for  this  case  is 

QSb  (cnr  + cnr  + Cn^  ^ + Cn^  + M^xp  = lzxp  (4) 

In  a wind  tunnel  {$  = -\j/;  also,  by  definition  r = xp.  Making  use  of  these  relations 
in  equation  (4)  results  in 

{m  " 4VS  Cn'r) * " (C"r  ‘ C-fj)  W * + (Cn0  ’ ^b)  * ’ ° <5) 
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Equation  (5)  is  a second-order  linear  differential  equation  with  a well-known  solution 


\p  = Ae^ 


(6) 


Substituting  equation  (6)  into  equation  (5)  results  in  a quadratic  in  X which  can  be  solved 
to  yield  X in  the  form 


X = 


4V2 


(7) 


In  general,  the  terms  under  the  radical  will  be  negative  so  that  equation  (7)  will  be  of  the 
form 


X = a + icu 

It  is  then  apparent  that  the  first  term  of  equation  (7)  (real  part  of  X)  determines  the  rate 
of  decay  of  the  oscillation,  whereas  the  second  term  (imaginary  part  of  X)  defines  the 
frequency  of  the  oscillation.  A convenient  method  of  determining  the  real  part  of  X is 
to  measure  the  time  required  for  the  amplitude  of  the  oscillation  to  decay  by  some  factor, 
usually  taken  as  the  time  to  reach  half  amplitude.  In  such  a case 


and 


From  equations  (7)  and  (8) 


Since  generally 


Jt_  - I = ext  1/2 

i£/  2 

vo 


Re(X)  = 


-0,693 

4/2 


2 


/ Tr,  ,.2 


( JU  u 

\QSb  4V2 


-0.693 

4/2 


Jz.»  J> 1 

QSb  4y2 


(8) 


(9) 


(i  n) 
\lu/ 
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equation  (9)  yields 


C 


nr 


-2.772IZV 

QSb2tl/2 


(ID 


The  frequency  of  the  oscillation  is  given  by  the  second  term  of  equation  (7)  (the 
imaginary  part  of  A).  Since  in  general  the  first  term  under  the  radical  is  much  smaller 
than  the  second  term, 


from  which 


u>  = Im(A)  = 


\ 

QSb 


, JZ_  _b 2 
\QSb  4v2  ^nr  / 


1/2 


C 


n/3 


4 


1 

QSb 


(27Tf)2IZ  4 


(12) 


Note  that  in  oscillation  tests  it  is  generally  not  possible  to  measure  an  individual  deriva- 
tive because  derivatives  are  generally  obtained  in  combinations  such  as  indicated  in  equa- 
tions (11)  and  (12).  However,  in  the  case  of  a few  derivatives,  it  has  been  possible  to 
obtain  isolated  derivatives  under  oscillation  conditions.  (See  refs.  5 and  6,  for  example.) 

Theory 

Aerodynamic  theory  has  been  used  extensively  to  develop  methods  for  estimating 
aerodynamic  derivatives  of  isolated  lifting  surfaces  or  fuselages.  The  work  in  this  area 
is  well  documented  for  all  flight  regimes  - subsonic,  transonic,  supersonic,  and  hyper- 
sonic. Analytical  methods  to  account  for  mutual  interference  effects  when  components 
are  assembled  to  form  a complete  aircraft  are  not  well  defined.  However  some  empir- 
ical methods  have  been  developed  for  estimating  interference  effects.  Several  papers 
which  present  methods  for  estimating  the  aerodynamics  of  complete  aircraft  have  been 
published.  References  7 and  8 are  good  examples  of  such  papers.  The  list  of  references 
in  reference  8 is  a good  indication  of  the  amount  of  theoretical  and  experimental  work 
which  has  been  done  on  methods  of  estimating  aerodynamic  derivatives. 

In  theoretical  aerodynamics  the  basic  task  is  to  develop  a suitable  analytical  model 
for  the  wing,  body,  or  combination  and  to  use  that  model  to  obtain  forces  and  moments. 
The  analytical  models  generally  consist  of  suitable  distributions  of  sources,  sinks, 
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doublets,  vortices,  or  combinations  of  these  depending  on  the  problem  under  study.  As 
an  elementary  example,  consider  a plane  wing  in  subsonic  flow. 

It  is  well  known  that  a wing  can  be  represented  by  a suitable  distribution  of  vortices 
in  a windstream.  One  possible  distribution  of  vortices  is  illustrated  in  figure  7.  In 
forward  flight  the  lift  per  unit  length  of  bound  vortex  is  given  by  the  Kutta-Joukowski 
equation 


l =pvr 


(13) 


or,  in  nondimens ional  form 


c 


(14) 


If  the  circulation  distribution  T is  known,  the  lift  distribution  is  determined  from  equa- 
tion (14).  The  distribution  T is  determined  by  the  following  concept  (refer  to  fig.  8). 
The  circulation  gives  rise  to  a downwash  velocity  according  to  the  Biot-Savart  law.  For 
a horseshoe  vortex  as  shown  in  figure  8,  the  downwash  velocity  is  given  by 


4tis  1 


yT  + 1 


y’  - 1 


'2  + (y'  + l)2  /x' 2 + (y*  • 1)7 


y'  - 1 


i + - 


|i  + • 


x’ 


\/x'2  + (y'  -1)2/  y’  + 1 \ \Jx'2  + (y'  + l)2/ 


(15) 


Because  there  can  be  no  flow  through  the  wing,  the  total  downwash  at  any  point  on  the 
wing  must  be  equal  to  the  normal  velocity  component  of  the  airstream  relative  to  the  wing 
plane.  In  representing  the  wing  by  a vortex  system  as  illustrated  in  figure  7,  the  bound- 
ary condition  is  usually  satisfied  at  only  one  point  inside  each  horseshoe  — at  the  3/4- 
chord  point.  A set  of  simultaneous  equations  for  the  wing  can  be  written  as 

Fllrl  + F12r2  + • • • + Flnrn  = V sin  ai 

F21rl  + F22r2  + • • ■ + F2nrn  = v sin  a2 


(16) 


Fnlrl  + Fn2r2  + • • • + Fnnrn  = V sin  on 

J 
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The  factors  F for  a horseshoe  vortex  can  be  found  by  application  of  the  Biot-Savart 
law.  However  values  of  F have  been  published  in  a number  of  papers.  (See  ref.  9,  for 
example.)  Solution  of  the  set  of  simultaneous  equations  (16)  yields  the  circulation  distri- 
bution and,  therefore,  also  the  lift  distribution. 

Now  a method  is  needed  to  estimate  the  aerodynamic  parameters  other  than  lift  or, 
more  specifically,  a method  to  estimate  some  of  the  sideslip  or  rotary  derivatives. 

Again,  several  math  models  have  been  proposed.  Only  one  model  is  mentioned  herein. 

The  basis  for  the  model  is  simply  this:  It  appears  that  the  circulation  strength  is  pri- 
marily a function  of  the  flow  perpendicular  to  the  wing  surface,  and  is,  for  practical  pur- 
poses, independent  of  the  flow  direction  in  the  plane  of  the  wing;  that  is,  the  circulation 
for  a wing  appears  to  be  nearly  independent  of  sideslip  and  yawing.  The  circulation  dis- 
tribution is  well  documented  for  wings  at  angle  of  attack.  Therefore,  in  order  to  obtain 
sideslip  and  yawing  derivatives,  the  circulation  due  to  angle  of  attack  is  used,  and  the 
velocity  components  in  slideslip  or  yawing  are  allowed  to  react  with  the  circulation.  The 
concept  is  illustrated  in  figure  9.  The  circulation  distribution  is  symmetric  for  the  angle - 
of -attack  case.  However  note  that  the  lateral  velocity  reacts  with  corresponding  vortices 
in  such  a manner  as  to  produce  an  antisymmetric  loading  and  therefore  results  in  a 
rolling  moment.  This  concept  is  worked  out  in  reference  10  which  shows  that  several 
derivatives  can  be  calculated  based  on  the  concept. 

Extraction  of  Derivatives  From  Flight  Data 

Various  methods  of  estimating  aerodynamic  parameters  by  use  of  wind-tunnel  data 
or  from  theory  have  been  examined.  The  derivatives  can  be  used  to  compute  motions  for 
the  aircraft.  It  is  important  to  realize  that  the  computed  motions  and  stability  are  mean- 
ingless unless  the  equations  of  motion  and  the  aerodynamic  derivatives  are  truly  repre- 
sentative of  the  aircraft  under  consideration.  Wind-tunnel  measurements  are  usually 
made  with  small  models,  and  Reynolds  number,  roughness,  tunnel-wall  effects,  Mach 
number,  and  so  forth,  generally  are  not  properly  scaled  to  simulate  the  full-scale  air- 
craft. Questions  therefore  arise  relative  to  the  correctness  of  the  derivatives  and  sub- 
sequent calculations.  It  is  desirable  to  check  the  derivatives  by  some  other  means.  One 
method  is  to  obtain  the  derivatives  in  controlled  flight  of  the  full-scale  aircraft.  A 
totally  new  problem  arises  - that  of  extracting  aerodynamic  parameters  from  flight  tests. 
The  basic  problem  now  becomes:  Given  a group  of  measurements  of  velocities,  positions, 

and  accelerations  taken  over  a time  interval,  determine  whether  the  aerodynamic  param- 
eters can  be  estimated. 

This  problem  is  basically  one  of  a type  which  falls  under  the  general  category  of 
parameter  identification.  As  a simple  example,  assume  that  a spring -dashpot-mass 
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system  exists,  as  shown  in  the  following  sketch,  but  the  spring  constant,  damping  coeffi- 
cient, or  mass  are  not  known: 


where 

k spring  constant 

C damping  coefficient 

F force 

m mass 

By  observing  the  oscillatory  system  and  by  making  measurements  of  velocities  and  dis- 
placements k,  C,  and  m can  be  determined  provided  that  an  equation,  which  ade- 
quately describes  this  motion  of  the  system,  can  be  written. 

Several  methods  of  determining  the  aerodynamic  parameters  are  examined.  In  this 
discussion  the  measured  or  observed  velocities,  displacements,  and  accelerations  are 
referred  to  as  the  state  variables  because  they  define  the  state  of  the  system.  The  aero- 
dynamic coefficients  are  called  the  aerodynamic  parameters,  or  simply  the  parameters. 

Analog-matching  technique.-  This  method  involves  obtaining  flight  data  for  specific 
series  of  control  inputs.  The  aircraft  response,  in  terms  of  accelerations,  angular  rates, 
and  angular  displacements,  is  measured.  Equations  of  motion  are  then  written  for  the 
aircraft,  and  estimated  aerodynamic  derivatives  are  put  into  the  equations.  Measured  or 
estimated  mass  and  inertia  characteristics  for  the  aircraft  are  required  and  should  be 
quite  accurate.  In  the  analog-matching  technique,  motions  are  computed  for  the  same 
control  inputs  as  those  used  in  the  flisrht  tests.  Comparisons  are  made  between  computed 
and  flight-measured  responses.  If  any  of  the  responses  do  not  compare  favorably,  some 
of  the  derivatives  are  changed,  and  the  motions  are  computed  again.  The  process  is 
repeated  until  satisfactory  agreement  is  obtained  between  estimated  and  flight  responses. 
The  ability  to  converge  on  a set  of  acceptable  derivatives,  or  of  even  defining  acceptable 
agreement  between  computed  and  flight  motions,  is  largely  a matter  of  experience. 
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Sometimes  a particular  computed  response  characteristic  can  be  varied  by  altering  a 
specific  derivative.  In  many  instances,  however,  a single  derivative  may  alter  several 
responses. 

Some  studies  have  been  made  to  determine  the  effect  of  parameters  on  motions  of 
an  aircraft.  Results  of  studies  of  this  type  have  shown,  for  example,  that:  Cn^  largely 
governs  the  period  of  the  lateral  oscillation;  Cj  largely  governs  the  damping  of  the 

r 

rolling  motion;  Cnr  largely  governs  the  damping  of  the  yawing  motion;  Cmq  largely 
governs  the  damping  in  pitch;  and  CmQ,  largely  governs  the  period  of  the  pitch 
oscillation. 

It  is  generally  convenient  to  perform  the  matching  on  an  analog  computer  where 
derivatives  can  be  varied  at  will  by  simply  turning  potentiometers,  and  where  visual 
presentations  of  modes  of  motion  can  be  obtained  on  oscilloscopes  or  paper  records.  By 
use  of  overlays,  which  give  the  actual  aircraft  motion,  a comparison  of  computed  and 
flight  motions  can  be  observed. 

Analog  matching  depends  quite  heavily  on  the  experience  of  the  operator;  however, 
it  can  be  a very  useful  technique  and  has  given  very  good  results  in  many  cases.  One 
drawback  is  that  this  technique  lacks  a clearly  defined  measure  of  how  well  the  estimated 
motion,  obtained  by  using  the  extracted  parameters,  matches  the  flight  records.  More 
details  of  the  analog -matching  technique  can  be  obtained  from  reference  11. 

Simplified  flight  tests.-  This  technique  requires  that  the  aircraft  motions  be  single 
degree  of  freedom.  The  technique  for  parameter  identification  is  identical  to  that  given 
earlier  for  wind-tunnel  tests.  For  example,  for  a single-degree -of -freedom  oscillation 
the  rate  of  damping  is  related  to  a damping  derivative,  and  the  frequency  is  related  to  a 
directional-stability  parameter.  The  total  number  of  parameters  which  can  be  deter- 
mined from  such  simple  maneuvers  is  quite  limited.  Derivatives  such  as  Cir  or  Cnp 
are  difficult  to  measure. 

Least-squares  technique.  - This  technique  is  rather  fundamental  in  dealing  with  the 
correlation  of  data  and  is  applied  to  a simple  case  to  illustrate  its  use.  A detailed 
explanation  of  the  method  can  be  found  in  references  12  and  13.  The  problem  to  be 
solved  can  be  stated  as  follows:  Given  the  time  histories  of  some  state  variables  of  the 

aircraft  and  an  analytical  expression  for  one  or  more  of  these  variables,  find  the  set  of 
parameters  that  gives  the  best  agreement  between  the  measured  data  and  the  flight  data 
in  the  least-squares  sense.  In  order  to  see  what  this  means,  assume  that  the  equations 
applicable  are  those  of  equation  (1)  and  consider  the  first  equation 

max  = -mg  sin  0 + QS  (cXq  + CX(ya  + CXq  (17) 
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simplified  (for  illustrative  purposes)  to  the  case  with  neutral  controls.  Assume  that  an 
aircraft  is  properly  instrumented  with  accelerometers,  rate  gyros,  velocity  indicators, 
and  control-position  indicators  so  that  the  quantities  9,  V,  a,  and  q are  measured. 
Assume  also  that  the  air  density  is  known.  All  of  these  state  variables  could  be  plotted 
as  functions  of  time  as  indicated  in  figure  10.  Equation  (17)  contains  three  unknown 
parameters  Cx0,  Cxa,  anc*  ^Xq*  Assume  that  for  the  small  amplitudes  of  motion 
the  parameters  are  constants.  If  the  data  were  perfect  (that  is,  free  of  noise),  three  sets 
of  numbers  (at  ti,  t£,  and  t3)  could  be  taken  from  the  plots  and  substituted  into  equa- 
tion (17)  to  obtain  three  simultaneous  equations.  In  theory  these  equations  could  be 
solved  simultaneously  to  obtain  the  desired  parameters.  However  a number  of  practi- 
cal problems  arise  in  the  application  of  the  method.  In  general  the  data  are  not  perfect, 
so  that  the  answers  obtained  would  depend  on  which  three  sets  of  data  were  used.  The 
problem  is  that  of  determining  one  set  of  derivatives  which,  when  used  in  the  equations 
of  motion,  provides  the  best  approximation  to  the  flight  records  in  the  least- squares 
sense;  that  is,  the  set  minimizes  the  square  of  the  difference  between  computed  curves 
and  the  flight  data  (fig.  11).  Proceed  as  follows,  and  use  as  much  good  data  as  are  avail- 
able. If  a set  of  aerodynamic  derivatives  and  computed  motion  are  available,  differences 
as  illustrated  in  figure  11  would  be  expected.  Equation  (17)  would  then  be  rewritten  in 
the  form 


ax  + g sin  9 


- y2 

2m  l 


V 


CX 


“ + % I!  + CX0)  = R 


a 


(18) 


where  R is  the  difference  between  the  measured  ax  and  the  sum  of  the  aerodynamic 
terms  (computed  by  using  the  measured  values  of  a and  q).  One  such  equation  for 
each  time  would  be  obtained  so  that 


O pS  ,T  2 

aXl  + fS  am  »1  - ^ V1 

^Xaal  + f'Xq  (2  vj  j + ^0 

= R1 

ax2  + g sin  02  - f£v22 

C*a°2  + Cxq(2v)2+CXo 

= R 2 f 

(19) 
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Squaring  each  of  equations  (19)  results  in 
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(20) 


Rl2  = <(aXi  + g sin  0x  - ~ Vj2 


R22  = (aX2  + g sin  02  - ^ V 2 


2 -\ 


fxaal  + CxqQv)  ! + Cxo 


2m  ’2 


Rn2  = fxn  + g sin  0n  - Vn2 


Cx^2  + Cxq(^)9  + CXo 


q W 2 

qcN 


CXa“n  + Cxq  \2V/n  + % 


Addition  of  equations  (20)  results  in 


1 Ri2  = I ^ + g sin  h - ||  Vjcx^i 


+ Cxq(2v)  i + Cxo 


(21) 


To  obtain  the  set  of  parameters  which  will  minimize  the  summation  of  equation  (21), 
perform  the  following  operation: 


9IRi2  9IRi2  9IRi2 

i _ i __  i 

acx0  " Kxa  ' 9Cxq 


The  result  of  performing  this  operation  results  in 
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For  simplicity  assume  that  the  velocity  remains  constant  during  the  measurements,  and 
let 


Q=  fpv2 

Equation  (22)  becomes 


Each  summation  results  in  a number,  so  that  there  are  three  equations  and  the  three 
unknown  parameters  Cxq,,  C^q,  and  Cx0-  If  there  were  more  unknown  parameters, 
there  would  be  more  equations.  The  equations  are  solved  simultaneously  to  obtain  the 
unknown  parameters.  Although  the  general  approach  used  appears  to  be  straightforward, 
there  are  a number  of  problems  which  can  arise,  as  are  now  noted.  Suppose  that  equa- 
tions (23)  were  solved  (by  using  Kramer's  rule)  for  Cxq,-  s°Iuti°n  Is  given  by 


89 


Some  potential  problem  areas  can  now  be  indicated.  Suppose  that,  for  the  flight  record 
being  studied,  varied  linearly  with  a^;  that  is, 

By  substituting  kai  for  (i  in  the  denominator  and  by  factoring  out  the  constant  k 

where  possible,  it  can  be  shown  that  the  first  two  columns  in  the  denominator  are  iden- 
tical. From  the  properties  of  determinants,  the  denominator  becomes  zero  and  the  value 
of  Cxq,  is  absurdly  large. 

This  problem  is  one  of  linear  dependence;  that  is,  two  or  more  of  the  measured 
responses  are  linearly  related.  In  this  simple  problem  such  a dependence  probably  can 
be  seen  by  examination  of  the  recorded  data.  In  a practical  situation,  where  many 
response  quantities  are  being  obtained,  the  problem  shows  up  as  an  absurd  solution,  or  no 
solution,  because  the  determinant  in  the  denominator  (or  its  equivalent)  is  zero.  If  cer- 
tain responses  are  suspected  to  be  linearly  dependent,  it  is  sometimes  possible  to  express 
one  in  terms  of  the  other,  and  thereby  reduce  the  number  of  unknowns  and  the  number  of 
simultaneous  equations. 

Take  a look  at  another  possible  difficulty.  Suppose  that  in  a general  case  no  mea- 
surable response  occurs  in  one  of  the  modes  of  motion  following  the  application  of  a con- 
trol input.  Obviously  an  indeterminant  situation  again  occurs.  In  working  with  flight 
data,  it  is  best  to  examine  the  response  records  and  to  analyze  those  sections  (time 
intervals)  where  there  is  motion  in  all  of  the  variables  of  interest. 

Other  difficulties  associated  with  analysis  of  data  occur  when  using  equations  of  the 
form  given  in  equation  (1).  Several  angular  accelerations,  which  must  be  obtained  from 
flight  data,  exist  in  the  equations;  however,  these  are  generally  not  measured.  These 
accelerations  can  be  obtained  by  differentiation  of  angular-rate  measurements;  however, 
this  increases  inaccuracies  in  estimating  derivatives.  This  problem  can  be  overcome  to 
some  extent  by  numerically  integrating  the  measured  data.  The  procedure  for  this 
method  is  given  in  reference  13. 

The  example  considered  in  this  section  is  a very  simple  one  where  the  concern  has 
been  with  obtaining  a good  match  between  measured  and  computed  accelerations.  In 
dealing  only  with  matching  of  accelerations,  no  coupling  of  the  equations  of  motion  exists; 
therefore,  each  equation  can  be  treated  by  itself  to  determine  the  derivatives  appearing  in 
that  equation.  In  practice  it  is  often  found  that,  when  the  aerodynamic  derivatives  are 
determined  in  such  a manner,  there  may  be  poor  matching  between  measured  velocities 
and  displacements  and  those  computed  by  using  the  derivatives.  Some  techniques  to 
improve  the  data  fit  are  mentioned  subsequently  in  conjunction  with  another  method  of 
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extraction  of  derivatives.  Note  that  in  applying  the  least-squares  technique  it  was 
assumed  that  an  equation  was  available  relating  all  the  measured  state  variables.  The 
parameters  were  obtained  by  solving  sets  of  algebraic  equations. 

Iteration  techniques.  - Various  iteration  techniques  are  being  used  for  parameter 
identification.  Detailed  expositions  of  techniques,  such  as  the  modified  Newton -Raph son 
technique  of  reference  14,  are  available  in  various  publications.  The  principles  of  a 
typical  iteration  technique  can  be  illustrated  by  reference  to  a simple  example.  Con- 
sider a spring-mass-dashpot  system  performing  an  oscillation.  The  equation  of  motion 
of  the  system  is 


..  c • k « 

X + ~ X + X = 0 
* m * m * 


(24) 


Suppose  that  the  parameters  ^ and  ^ are  unknown  and  that  the  displacement  x can 
be  measured  at  discrete  intervals  over  a time  period.  The  problem  is  to  estimate  the 
parameters  ^ and  ^ of  the  system,  such  that  the  differences  between  the  measured 
displacement  Xm  and  computed  displacements  xc>  using  equation  (24)  and  measured 
initial  conditions,  are  minimized  in  the  least-squares  sense.  The  quantity  to  be  minimized 
is  the  cost  function 


J = ^ (X™i  " Xci)2  (25) 

i 

The  problem  is  to  determine  the  parameters  ^ and  ^ that  will  minimize  the  cost 
function.  The  procedure  is  to  roughly  estimate  or  guess  values  of  the  parameters,  com- 
pute displacements,  form  the  cost  function,  and  then  use  the  cost  function  to  determine 
incremental  changes  in  the  parameters  to  cause  the  cost  function  to  be  reduced.  The 
development  of  the  procedure  starts  by  assuming  that  the  displacement  can  be  written  in 
terms  of  a truncated  Taylor  series  as  follows: 


The  cost  function  then  becomes 


(26) 


(27) 
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The  cost  function  is  minimized  at  this  step  by  taking  partial  derivatives  of  equation  (27) 
with  respect  to  A^j^  and  aQ^  and  setting  the  partials  equal  to  zero.  The  resulting 
equations  are 


"\ 


9XC 

v — 

axc 

Y ■ 

_y 

9XC 

1 

i 

9XC  9XC 

L 

i 

i 

L8(e) 

^ d(—') 
\my  \my 

'*) 

.my 


> (28) 


2 


x 8Xc" 

_y 

"*c  *«' 

a© * 1 
1 

i 

“«c" 

x - 

c°8d) 

L 

i 

i 

af— \ af— ^ 

\m  J \m  J 

-) 

my 


J 


Equations  (28)  can,  in  principle,  be  solved  simultaneously  to  determine  the  conditions 
A A^~j  to  minimize  the  cost  function.  However,  it  is  first  necessary  to 

evaluate  the  partial  derivatives  appearing  in  equations  (28).  The  partial  derivatives  are 
generally  referred  to  as  sensitivity  coefficients. 

The  sensitivity  coefficients  are  obtained  by  use  of  equation  (24).  Taking  partial 
derivatives  with  respect  to  and  Qij  results  in 


+ + x +iL-^_  = o 
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Since  and  are  independent  of  time,  the  order  of  differentiation  can  be  changed 
equations  (29)  to  obtain 
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= -X 
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Equations  (30)  and  (31)  are  second  order  linear  differentia]  equations  and  can  be  solved 
numerically  to  obtain  the  sensitivity  coefficients  as  function  of  time.  In  these  equations, 
X and  x>  which  act  as  forcing  functions,  are  values  obtained  from  integrating  equa- 
tion (24)  with  the  first  estimates  of  and  Also  note  that  the  initial  values 


(at  t = 0)  of  ^ 


tions  (30)  and  (3 
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to  be  used  in  solving  equa- 


) are  equal  to  zero. 


The  sensitivity  coefficients,  which  are  functions  of  time,  are  used  in  equations  (28), 
which  can  then  be  solved  simultaneously  to  obtain  A (^j  and  aQ0. 


The  updated  parameters  are  then  simply 


(£M4  ♦*(£)] 
♦*(*)] 


(32) 


The  revised  parameters  are  used  with  equation  (24)  to  evaluate  xc  for  comparison  with 
Xm,  and  if  necessary  the  iteration  process  is  repeated. 

It  should  be  emphasized  that  the  discussion  presented  here  on  iteration  techniques 
is  a very  simple  introduction  to  the  subject.  The  process  becomes  quite  complicated  if 
there  are  several  degrees  of  freedom  and  numerous  parameters  are  to  be  extracted. 
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Figure  6.-  Extraction  of  derivatives  from  single- degree- of- freedom 

oscillation  tests. 


Figure  7.-  Vortex  distribution  for  representing  a wing. 
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3.  DESIGN  OF  BODIES  FOR  LOW  DRAG  AND  HIGH  PERFORMANCE 
IN  PRACTICAL  HYPERSONIC  FLIGHT* 

By  E.  S.  Love 
Langley  Research  Center 


ABSTRACT 

Some  topics  related  to  body  shaping  for  minimum  drag  and  improved  performance 
at  hypersonic  speed  are  presented.  Implications  of  the  most  frequently  assumed  pres- 
sure laws  are  reviewed  from  the  view  of  practical  flight  regimes,  and  solutions  expressed 
in  exponential  residuals  are  presented  for  inviscid  minimum -drag  power-law  bodies 
(simple  and  complex)  for  a wide  range  of  fineness  ratio.  Analytical  results  and  compar- 
isons with  experiment  are  given  for  constraints  of  length -and-diameter  and  length-and- 
volume.  Experimental  results  from  Mach  numbers  of  6 to  20  are  presented  for  a series 
of  trapezoidal  bodies;  the  cross  section  of  the  body  giving  best  lift-drag  ratio  differs  from 
that  indicated  in  earlier  work.  A simple  "sin2 -deficiency  method"  is  presented  for  pre- 
dicting pressures  on  blunt  shapes;  the  method  appears  to  yield  results  comparable  to 
more  elaborate  methods  requiring  machine  computation. 
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INTRODUCTION 


The  history  and  breadth  of  our  subject  necessitates  some  bounds  on  the  discussion. 
The  topics  and  approach  outlined  in  figure  1 have  therefore  been  chosen.**  In  recent  years 
increased  interest  in  advanced  reusable  concepts  of  transportation  systems  to  and  from 
earth  orbit  has  been  a major  factor  in  the  revival  of  studies  in  hypersonic  body  shaping. 
For  many  of  these  concepts,  bodies  of  moderate  to  large  fineness  ratio  appear  to  offer 
system  compatability  advantages.  This  feature  also  suggests  the  possibility  for  signif- 
icant hypersonic  performance.  Accordingly,  gains  in  performance  that  might  be  achieved 
through  body  shaping  without  overly  penalizing  the  total  system  and  mission  goals  are 
receiving  attention.  This  in  turn  has  led  to  a critical  examination  of  methods  for  mini- 
mizing drag  and  increasing  performance  and  a reassessment  of  the  validity  and  practical 
value  of  past  solutions  for  optimum  shapes. 


A portion  of  this  material  was  presented  at  the  AIAA  7th  Aerospace  Sciences 
Meeting,  New  York,  N.Y.,  Jan.  20-22,  1969,  in  a paper  by  E.  S.  Love,  W.  C Woods 
R.  W.  Riiney,  and  G.  C.  Ashby,  Jr.  ’ 

*T°  expedite  publication,  figures  prepared  for  the  original  lectures  have  been 
used  herein.  This  accounts  for  repetition  between  the  content  of  some  figures  and  the 
text. 
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The  mid-1950's  saw  notable  original  contributions  and  improvements  in  earlier 
minimum -drag  solutions  and  optimization  theory,  such  as  the  work  of  Eggers,  Resnikoff, 
and  Dennis  (ref.  1,  referred  to  hereinafter  as  the  ERD  solution),  Hayes  and  Probstein 
(ref.  2),  Cole  (ref.  3),  and  Gonor  and  Chernyi  (ref.  4).  More  recently  additional  analyses 
and  refinements  have  been  presented  (e.g.,  refs.  5 to  10).  With  no  less  appreciation  for 
the  considerable  contribution  that  these  and  other  studies  represent,  observe  that  for 
practical  application  the  shapes  concluded  to  be  optimum  in  much  of  this  work  rest  on 
insecure  ground,  primarily  because  of  the  pressure  laws  employed.  It  is  commonly 
accepted  that  some  comparisons  of  experimental  pressure  distributions  with  the  assumed 
pressure  law  do  not  show  the  satisfactory  agreement  claimed,  for  example,  as  concluded 
in  reference  5 from  comparison  of  Gonor's  data  (for  a free-stream  Mach  number  of  4 and 
a ratio  of  specific  heats  of  7/5)  with  the  Newton-Busemann  law.  Concerns  for  similar 
questionable  and/or  fortuitous  confirmations  were  frequently  voiced  in  the  late  1950’s. 

At  that  time  work  focusing  on  these  points  was  underway,  but  with  the  advent  of  the  "space 
age"  this  effort  was  deemphasized.  The  purpose  of  this  paper  is  to  document  a few 
results  of  this  effort  cf  a decade  ago  not  heretofore  published  and  to  present  some 
selected  results  of  recent  and  current  hypersonic  research  conducted  in  related  fields. 

SYMBOLS 


a = 


A local  cross-sectional  area  of  body 


b = 


10  13f-4/5 

33  8 f 


C 


L 


ratio  of  lift  coefficient  at  (L/D)max  for  given  N to  that  for  N - 8 with 
positive  camber 


'D 


min 


'D,C 


min 


ratio  of  minimum -drag  coefficient  of  body  to  that  of  pointed  cone 


(CD,£2) 


min 


min 


J 


minimum-drag  coefficient  based  on  length  squared,  planform  area, 
and  base  area,  respectively 
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pressure  coefficient, 


2(P  - Poo) 

rPooM2 


ratio  of  local  pressure  coefficient  to  pressure  coefficient  at  stagnation 
point 

base  diameter  (equals  maximum  diameter) 


f = f(i+  F2) 


fineness  ratio,  1/ d 
-1/2 


g = 1 or  1 + If**  (see  text) 
y 


k = ^(f20/61  + 85)"1/2 

l body  length 

(L/D)max  maximum  lift -drag  ratio 

(L/D)max  ratio  of  (L/D)max  for  given  N to  that  for  N = 8 with  positive  camber 


m = 1 + 


9 „k 


M 

n 


OO 


nl»n2,n3’' 


free -stream  Mach  number 

exponent  in  shape  equation  for  power -law  bodies,  — = 

R 

. optimum  values  of  n for  specified  constraints 


U — 7T ( — an  ^ tronOTHT Hi]  fqmili 

VHeight/’  — —j 


P’Ps’Poo  local,  stagnation-point,  and  free -stream  pressures,  respectively 
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P>P*>PfD  ratio  of  local  pressure  to  pressure  at  stagnation  point,  value  of  this  ratio  at 
sonic  point,  and  values  on  flat  disk,  respectively 


<- !♦}*“(}!) 


R 


base  radius  (equals  maximum  radius) 


Re  ,,Re  j Reynolds  numbers  based  on  free-stream  conditions  and  length  and 
°°,cl  47 

diameter,  respectively 


r,x 


r45,x45 


coordinates  of  point  on  meridian  curve  of  body  (origin  of  coordinate  system 
coincides  with  nose  of  body,  and  x-axis  coincides  with  axis  of  symmetry) 

radius  of  body  at  point  where  5 = 45°  and  axial  length  of  conical  tip  with  45° 
half-angle,  respectively 


s,s+ 


distance  measured  along  body  surface  from  stagnation  point,  and  value  to 
sonic  point,  respectively 


volume  of  body 


a 


angle  of  attack 


ratio  of  specific  heats 


half -angle  of  cone 


6, 5^,6^ 


Ax^AXg 


e,e. 


A = 4 


’-fr) 


inclination  of  body  surface  with  respect  to  free  stream,  value  at  sonic  point, 
and  value  at  sonic  point  for  = °°,  respectively 

axial  distance  between  points  1 or  2 and  point  for  which  6 = 0°,  all  on  same 
streamline  (or  on  conformal  extension  thereto  if  6 > 0°  at  base) 

nose  radius  and  maximum  nose  radius,  respectively,  of  spherically  blunted 
cone  for  given  6C,  radius  being  tangent  to  cone  surface  (see  fig.  35) 

n1/2 
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<p 


constant  in  sin^  pressure  law 


Subscripts: 
eff  effective 

geom  geometric 

max  maximum 


DISCUSSION 
Bodies  of  Revolution 

Body  types.  - The  bodies  to  be  considered  are  limited  to  smoothly  contoured  convex 
types  with  maximum  diameter  at  the  base,  unless  otherwise  noted.  Bodies  referred  to  as 
power -law  types  conform  to 


(1) 


Figure  2 illustrates  the  body  shapes  and  basic  parameters.  The  practical  significance  of 
accurately  defining  the  optimum  value  of  n is  demonstrated  in  figure  3.  The  ability  to 
package  equipment  internally  so  as  to  move  the  center  of  gravity  forward  directs  interest 
toward  the  lower  values  of  n;  for  large  vehicles  the  difference  in  shape  between  n = 2/3 
and  3/4  suggests  more  than  academic  motivation  for  resolution  of  debates  over  opti- 
mum n.  Minimum-drag  examinations  are  limited  to  two  isoperimetric  constraint  pairs: 
length -and-diameter  and  length -and -volume.  Shapes  dependent  upon  the  existence  of  free 
layers  are  excluded.  Here  reference  is  to  Newtonian  free  layers  of  inviscid  flow  con- 
cepts. As  depicted  by  the  sketches  in  figure  4,  the  Newtonian  free  layer  is  a Newtonian 
shock  layer  the  position  of  which  is  determined,  not  by  the  geometry  of  the  body,  but  by 
the  fact  that  the  pressure  must  be  zero  beneath  the  layer  (see  right-hand  sketch). 

Pressure  laws.-  With  rare  exception,  optimization  analyses  to  determine  minimum - 
drag  bodies  at  hypersonic  speeds  have  employed  either  of  two  Newton-type  inviscid  pres- 
oui  c laws  (or  approxxm  atior.  thereto),  a brief  review  of  which  follows.  One  of  these  laws 
may  be  expressed  as 


Cp  = 2 sin^  5 + 2 


sin  5 — 
dA 


cos  6 dA 


(2) 
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where  the  second  term  accounts  for  centrifugal  effects.  In  effect,  it  states  that  the  pres- 
sure coefficient  is  determined  not  only  by  the  slope  of  the  surface  but  also  by  the  upstream 
shape.  This  law  is  variously  referred  to  as  the  complete  Newton,  limiting  Newton,  cor- 
rected Newton,  or  Newton-Busemann  and  has  been  much  publicized  in  optimization  studies 
of  recent  years.  Solutions  based  upon  it  are  prominently  described  in  the  literature  as 
the  "correct  solutions,"  the  inference  being  at  the  expense  of  analyses  based  upon  the 
Newton  law  that  omits  centrifugal  effects.  In  the  context  of  exactness  at  = °°,  low  y, 
and  application  to  bodies  not  restricted  to  small  curvature,  the  "correct"  claim  poses 
little  difficulty  as  illustrated  at  the  right  in  figure  5.  However,  for  larger  values  of 
y at  Mm  = 00  (at  the  left  in  fig.  5)  and  particularly  when  the  usual  evaluations  of  hyper- 
sonic pressure -prediction  methods  are  applied,  such  as  for  1 « « 00  and  values 

of  y likely  to  occur  in  practical  flight  regimes  (typical  examples  shown  in  fig.  6),  the 
pressure  distributions  predicted  by  the  Newton-Busemann  law  are  found  to  be  grossly 
inadequate.*  Accordingly,  use  of  this  law  in  deriving  optimum  shapes  can  be  expected 
a priori  to  provide  only  limiting  solutions,  albeit  a possibility  that  some  fortuitous  com- 
bination of  factors  not  anticipated  in  the  choice  of  the  law  could,  in  the  light  of  examina- 
tion of  the  results,  suggest  broader  application. 

Recognition  of  this  situation  has  led  many  investigators  to  abandon  the  Newton- 
Busemann  law  for  one  more  adequate  for  predicting  pressures  on  smoothly  contoured 
bodies  under  conditions  of  practical  hypersonic  flight,  for  example,  as  in  the  ERD  solu- 
tions (ref.  1).  Almost  invariably  the  choice  has  been  the  simple  Newton  or  impact  pres- 
sure law 


Cp  - 2 sin2  5 (3) 

From  the  preceding  discussion,  it  is  perhaps  obvious  that  this  law  has  often  been  chosen, 
not  because  the  conditions  needed  for  it  to  be  applicable  via  Newton  concepts  (see  ref.  11) 
are  more  closely  realized,  but  because  of  the  considerable  empirical  evidence  that  it 
offers  better  pressure  predictions  for  the  bodies  and  flow  conditions  of  interest  than  given 
by  the  Newton-Busemann  law.  Thus,  viewed  only  from  the  degree  of  Newton  compliance, 
the  general  success  of  equation  (3)  must  be  regarded  as  fortuitous  and  empirically  justi- 
fied. But  there  must  be  reason  for  this  success,  restricted  though  it  may  be.  In  pursuit 


*This  long-recognized  deficiency  is  no  reflection  upon  the  validity  of  Busemann's 
conclusion  (ref.  11)  that  centrifugal  effects  should  be  included  whenever  (1)  the  body 
curvature  is  not  small,  and  (2)  the  necessary  conditions  prevail  that  otherwise  admit  the 
use  of  Newtonian  concepts.  The  confusion  continues  because  conclusions  derived  through 
use  of  the  Newton-Busemann  law  continue  to  be  suggested  for  regimes  in  which  this  law 
is  inappropriate  by  either  analytical  or  empirical  evaluation  and  for  which  Busemann 
never  advocated  its  use. 
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of  this,  and  following  a brief  examination  of  the  merits  of  a generalized  form  of  the 
Newton  law  (ref.  12),  the  flow  fields  and  pressure  distributions  for  a number  of  smoothly 
contoured  bodies  of  revolution  with  attached  shock  and  with  maximum  diameter  at  the 
base  were  obtained  through  the  method  of  characteristics  (including  rotational  effects). 
The  scope  of  the  parametric  coverage  of  these  calculations  is  shown  in  figure  7 along 
with  amplifying  details  of  the  flow  field.  Examination  of  the  pressures  in  the  flow  fields 
indicated  that  for  M^/F  > 2 and  bodies  having  constant  radius  of  curvature,  the  ratio 
of  the  values  of  Cp  for  any  two  points  on  the  same  streamline,  say  1 and  2,  converges 
closely  toward  as  the  observer  proceeds  from  the  field  streamlines 

toward  the  body  surface.  This  observation  held  up  to  the  maximum  nose  angles  of  the 
study  (near  that  for  sonic  flow  on  the  body  surface  in  close  vicinity  of  the  tip).  Some 
minor  exceptions  occurred  at  the  lower  values  of  y,  and  significant  exceptions  occurred 
when  6 closely  approached  zero.  Provided  these  limitations  are  recognized, 

CP2/Cpl=  (^/^l) 2 <4> 

may  generally  be  applied,  and  by  noting  that  for  bodies  of  constant  curvature 


jjc 

it  may  be  concluded  that 


/si, 


sin'5  60/sim'  6 


(5) 


For  the  bodies  having  varying  radius  of  curvature  (increasing  from  nose  to  base) 
the  relation  given  by  equation  (4)  was  generally  evident  over  the  forward  portion  of  the 
body  and,  in  fact,  over  most  of  the  body;  however,  over  the  rearmost  portion  significant 
departure  frequently  occurred  and  was  greatest  when  high  curvature  was  concentrated 
near  the  nose.  This  observation  is  similar  to  that  reported  by  Stocker  (ref.  13)  for  shock- 
expansion  theory  in  his  analysis  of  two-dimensional  hypersonic  flows. 

While  this  examination  by  the  method  of  characteristics  was  somewhat  pedestrian, 
it  shows  that  without  any  resort  to  Newton  principles,  exact  solutions  indicate  that  for 
certain  classes  of  bodies  and  flow  conditions  a pressure  law  of  the  form  of  equation  (6) 
should  give  reasonable  prediction  of  pressure  distributions  if  an  exact  value  of 

*This  conclusion  may  be  reached  directly  via  shock -expansion,  tangent -wedge,  or 
tangent -cone  approximations,  but  the  reasons  for  the  success  of  these  approximations 
hinge  upon  a similar  examination;  for  example,  see  reference  2. 
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Cp^ysin^  5^  is  employed.  Evidence  of  this  is  shown  in  reference  12.  Thus  if  equa- 
tion (6)  is  expressed  as  simply 


Cp  = cp  sin^  5 (7) 

referred  to  hereafter  as  the  sin^  law,  with  the  constant  cp  determined  exactly  and  in 
accordance  with  application,  then  by  analogy  the  success  of  the  Newton  law,  equation  (3), 
is  not  always  fortuitous.  The  point  to  be  emphasized  is  that  if  optimization  conclusions 
are  derived  through  proper  use  of  the  sin^  law  plus  a subsequent  examination  to  insure 
that  the  derived  shape  still  conforms  to  reasonable  use  of  this  law,  then  fair  confidence  is 
assured  in  the  conclusions  as  approximate  guides  for  practical  use.  On  the  other  hand, 
these  observations  offer  no  explanation  for  the  success  of  the  sin2  law  on  the  forward 
portion  of  certain  blunt  bodies,*  except  in  the  sense  that  the  shock  shape  may  be  similar 
to  the  body  shape.  Pressure  prediction  in  this  region  is  examined  in  more  detail  subse- 
quently herein. 

Certain  optimization  analyses  employing  variational  methods, such  as  the  ERD  solu- 
tions (ref.  1),  are  based  upon  the  Newton  law.  While  such  results  in  terms  of  drag  are 
affected  by  the  constant  2,  this  constant  need  not  appear  in  the  integral  to  be  minimized. 
(See  fig.  8.)  Accordingly,  the  shape  of  the  body  concluded  to  be  optimum  is,  in  terms  of 
the  sin^  law,  unaffected  by  the  value  of  cp  so  long  as  it  is  assumed  to  be  the  same  for 
the  entire  body  family.  In  some  respects,  this  feature  lends  more  weight  to  the  ERD 
solutions  and  others.  On  the  other  hand,  different  values  of  cp  in  a given  body  family, 
or  for  a given  shape,  may  be  chosen  to  improve  the  accuracy  of  the  results.  This  modi- 
fication is  of  interest  if  the  body  family  includes  pointed  and  blunted  bodies,  and  if  both 
small  and  large  fineness  ratio  are  treated.  Finally,  for  bodies  of  varying  radius  of  cur- 
vature, such  as  most  power-law  bodies,  the  value  of  cp  must  be  continually  changing. 

This  is  the  major  factor  casting  suspicion  upon  solutions  derived  through  use  of  the 
sin^  law  with  cp  constant. 

With  regard  to  modification  of  the  synoptic  pressure  laws,  it  may  be  possible  to 
weight  the  centrifugal  term  in  equation  (2),  but  this  has  not  been  explored  herein. 

Description  of  exponential  residual  solutions.  - The  following  discussion  presupposes 
some  familiarity  with  exponential  residual  mathematical  procedures.  Figure  9 briefly 
summarizes  the  purpose  and  utility  of  residual  procedures  and  notes  three  of  the  more 
prominent.  The  method  of  averages  generally  develops  values  for  the  constants  in  a 
series  expression,  but  different  values  of  the  constants  are  possible.  The  method  of 

*The  reader  is  also  referred  to  the  work  of  J.  C.  South,  Jr.  (see,  e.g.,  AIAA  J., 

Feb.  1969,  pp.  369-371).  South  calls  attention  to  the  importance  of  the  nose  region  and 
the  inadequacy  of  the  similarity  solutions  in  this  region. 
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least  squares  has  wide  utility  and  the  advantage  of  giving  a unique  set  of  values  to  the 
constants;  it  is  assumed  that  the  residuals  follow  a Gaussian  law  of  error.  The  exponen- 
tial residual  solutions  admit  different  values  of  constants;  they  are  attractive  for  rela- 
tions that  must  handle  extensive  plateaus  in  the  dependent  variable  and  have  come  into 
prominent  use  with  the  advent  of  versatile  computers.  The  chosen  equation  is  always  of 
exponential  form.  These  factors,  combined  with  the  power-law  form  of  the  bodies  being 
considered,  and  other  objectives  described  subsequently  and  summarized  in  figure  10, 
led  to  the  choice  of  exponential  residuals  to  express  the  results  of  the  analytical  studies 
discussed  next. 

In  the  late  1950's  the  author  obtained  (for  y = 7/5)  several  minimum -drag  solutions 
restricted  to  simple  and  complex  power -law  bodies,  complex  denoting  that  the  power  is 
a function  of  x as  well  as  F.  This  restriction  was  deliberate  so  as  to  obtain  a smooth 
transition  from  the  blunt  nose  to  the  flanks  of  the  body,  in  contrast  to  the  sharp  corner 
that  occurs  at  the  flat  nose  of  the  shapes  given  by  the  variational  solutions  - a promi- 
nent feature  at  small  F and  undesirable  for  practical  application.  These  solutions 
covered  a broad  range  of  F,  and  the  results  were  transformed  to  power  expressions  by 
use  of  exponential  residuals  in  which  the  value  of  the  simple  or  complex  power  in  the 
optimum  shape  is  explicit  in  F.  This  had  the  additional  advantage  of  affording  direct 
comparisons  between  complex  power -law  shapes  resembling  the  ERD  shapes  (at  moderate 
to  large  F)  and  simple  power-law  shapes.  These  exponential  residual  solutions  were 
never  published  in  the  open  literature,  and  are  presented  here  and  compared  with  earlier 
and  more  recent  work.  Convergence  of  the  exponential  residual  expressions  was 
examined  for  0.1  < F < 100  and  was  found  satisfactory,  as  was  the  case  of  F — °°. 
Details  of  the  calculations  are  omitted  except  as  they  depart  noticeably  from  earlier  work. 

The  exponential  residual  solutions  for  the  length-and-diameter  constraint  were  con- 
fined to  simple  power -law  bodies.  The  two  solutions,  n^  and  ng,  for  the  value  of  n 
in  equation  (1)  that  give  minimum  drag  are 


"2  = f£m  (9) 

The  solution  n^  employed  the  sin^  pressure  law  at  large  F with  the  value  of  <p  taken 
as  2 (y  + l)(y  + 7 )/(y  + 3)^,  following  the  hypersonic  approximation  of  Lees  for  sharp 
cones  (ref.  14).  At  small  F,  the  deficiency  of  the  sin^  law  increases  as  the  nose  region 
bounded  by  the  sonic  circle  becomes  flatter  (as  for  power-law  bodies  with  low  n).  In 
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this  regime  the  approximation  of  Probstein  (ref.  15)  for  the  pressure  distribution  on  a 
flat  disk  close  to  the  stagnation  point 


Ssl.  i-M-I§-.\2 

cps  9n2  \s*  / 


(10) 


was  employed  ahead  of  the  point  for  which  it  gave  lower  values  of  Cp  than  the  sin^  law 
with  <p  = Cp  = (y  + 3)/(y  + 1),  this  value  of  <p  following  the  approximation  of  Lees 

(ref.  14)  for  the  stagnation  point  of  blunt  bodies.*  The  value  of  S*  was  approximated 
by  the  sin^  law,  as  were  the  pressures  over  the  remaining  portion  of  the  body. 

In  the  preceding  manner,  the  solution  n^  employed  values  of  Cp  at  the  nose  that 
closely  approximated  the  exact  values,  both  for  bodies  with  large  bluntness  and  bodies 
that  were  essentially  sharp.  In  the  intermediate  range  of  F,  the  point  of  transition  from 
one  value  of  cp  to  the  other  was  roughly  approximated  by  assuming  that  induced  pres- 
sures from  blunting  became  insignificant  beyond  a point  on  the  body  40  nose  radii  down- 
stream of  the  sonic  point,  the  nose  radius  being  taken  as  the  body  radius  at  the  sonic 
point.  This  limit  of  40  radii  was  chosen  after  evaluating  the  decay  of  induced  pressures 
at  Mm  2 20  by  an  approximation  (ref.  17)  for  spherical  blunting  based  upon  blast -wave 
pressure  decay  laws.**  Thus,  for  certain  combinations  of  n and  F,  the  solution  n^ 
involves  pressure  distributions  with  discontinuities,  but  the  variation  of  drag  with  F 
or  n is  orderly.  These  discontinuities  in  pressure  distribution  are  clearly  in  no  way 
related  to  the  discontinuities  in  pressure  distribution  that  occur  on  bodies  derived  via 
free -layer  concepts  and  the  Newton-Busemann  pressure  law. 

The  solution  ^ used  the  same  approach  as  the  solution  n^,  except  that  at 
large  F the  prediction  of  the  pressure  decay  over  the  body  employed  the  unmodified 
shock-expansion  method  of  Eggers,  Savin,  and  Syvertson  (ref.  19).  In  applying  this 
method,  the  small,  blunt  tip  of  the  body  was  replaced  with  a conical  tip  tangent  at  the 
point  where  6 = 45°. 

Figure  12  summarizes  the  calculations  for  the  length -and -diameter  constraint 
and  simple  power -law  bodies. 


"This  blunt-nose  modification  for  cp  may  have  been  recognized  prior  to  1945. 

A 1945  document  (ref.  16,  p.  10),  hints  of  this,  and  a recent  survey  by  the  author  of 
related  documents  of  that  period  appears  to  confirm  this.  Lee's  result,  however,  was 
derived  independently. 

**An  evaluation  of  this  approximation  appearing  in  literature  subject  to  dissemina- 
tion controls  (brought  to  the  author’s  attention  via  ref.  18)  is  misleading  since  the  approx- 
imation was  applied  to  shapes  for  which  it  was  not  proposed,  and  incorrect  shoulder  pres- 
sure ratios  were  employed  in  some  examples.  Properly  used,  the  approximation  gives  a 
reasonable  prediction  as  illustrated  in  figure  11. 
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The  solutions  for  the  length-and-volume  constraint  were  also  confined  to  power - 
law  bodies  defined  by  equation  (1).  For  this  constraint,  however,  the  value  of  n is 
complex  (as  defined  previously).  The  solutions  obtained  were 

n3=!fmgH)a  <n) 


n4  = 


(12) 


and  three  pseudo -slender -body  forms  of  equations  (11)  and  (12),  including  a trigonometric 
transformation,  that  apply  from  5 £ F £ 100;  that  is, 


where 


(g  = 1)  (13) 

(g  = 1 + |f3)  (14) 


— * sinl/E 

R \2l 


“=!+jtan(l!) 


(g  = 1)  (15) 


The  solution  ng  employed  planform  area  in  the  drag  coefficient.  With  g = 1,  the 
solution  ng  used  the  sin3  pressure  law  throughout.  With  g = 1 + ^.f3,  the  solution  ng 

combined  the  sin2  law  at  small  F with  the  second-order  shock-expansion  method 
(ref.  20)  at  large  F,  with  intermediate  F handled  as  described  earlier.  With  regard 
to  shock-expansion  predictions,  the  unmodified  method  assumes  that  two-dimensional 
techniques  apply  to  a three-dimensional  field.  Thus,  the  continuity  law  is  only  roughly 
approximated.  With  the  second-order  or  modified  shock -expansion  method,  a correction 
is  applied  to  the  stream  tube  to  satisfy  the  continuity  relation.  The  typical  improvement 
given  by  the  second-order  method  is  demonstrated  in  figure  13. 

The  solution  n4  employed  £2  as  the  reference  area  in  the  drag  coefficient.  With 
g = 1,  the  solution  n4  used  the  approach  of  n,  to  the  pressure  distribution,  and  with 

g = 1 + gf3,  it  employed  the  approach  of  n2,  but  with  second-order  shock -expansion  at 
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large  F.  The  solutions  and  n^  with  g = 1 + ^f^  were  thus  regarded  to  be  more 

y 

accurate  at  large  F,  and  the  solutions  n^  to  be  more  accurate  at  small  F. 

The  different  reference  areas  in  these  calculations  were  selected  to  demonstrate 
the  significance  of  a proper  choice  of  reference  area,  inasmuch  as  some  of  the  conflicting 
results  in  the  published  literature  can  be  traced  to  this  factor. 

Figures  14  and  15  summarize  the  calculations  for  the  length -and-volume  constraint 
and  complex  power -law  bodies. 

The  shape  factor  ^1  - j ^ was  chosen  so  that  when  the  sin^  law  was  employed, 

the  derived  shape  would  agree  essentially  with  the  optimum  shapes  for  large  F as 
derived  through  variational  methods  (e.g.,  ERD  shapes  (ref.  1)).  As  mentioned  earlier, 
this  provided  both  a basis  for  relating  the  effects  of  other  pressure  laws  to  earlier  work, 
and  a body  family  free  of  the  flat  nose  and  sharp  corners  that  become  so  prominent  at 
small  F for  the  variational  shapes.  The  variation  of  this  shape  factor  with  x/l  is 
shown  in  figure  16. 

Method-of -characteristics  solutions. - Although  it  was  felt  that  the  exercise  with  the 
exponential  residual  solutions  gave  values  of  optimum  n that  were  fair  approximations 
of  the  correct  values,  it  also  strengthened  the  conviction  that  the  correct  value  of  inviscid 
optimum  n for  practical  flight  regimes  was  not  likely  to  be  conclusively  settled  either 
by  experiment*  or  by  analyses  that  employ  approximate  pressure  laws,  and  the  work  of 
the  past  decade  has  not  altered  that  view.  Therefore  the  method  of  characteristics 
(including  rotational  effects)  is  now  being  applied  to  the  problem  by  others  at  the  Langley 
Research  Center.  The  first  phase  of  these  calculations  is  confined  to  simple  power-law 
bodies.  While  an  accurate  treatment  of  the  blunt-nose  region  will  be  included,  a study  is 
first  being  made  of  bodies  with  F sufficiently  large  such  that  in  the  region  of  n-values 
where  the  optimum  will  fall  (the  exponential  residual  solutions  provide  a guide  in  this 
respect),  a pointed  cone  tangent  at  the  point  where  6 = 45°  may  be  substituted  for  the 
blunt  tip,  with  reasonable  confidence  that  the  resulting  change  in  drag  will  be  minor,  if 
not  negligible.  Figure  17  illustrates  the  minute  portions  of  bodies  of  moderate  F that 
are  changed  in  terms  of  the  ratio  of  body  radius  at  the  45°  point  to  the  base  radius,  and 
the  ratio  of  axial  length  of  the  conical  tip  to  the  length  of  the  unmodified  body.  The 
change  in  downstream  induced  pressures  must  also  be  considered,  but  here  too  the  per- 
centage of  the  body  that  would  be  significantly  affected  is  small.  The  values  of  opti- 
mum n derived  through  the  characteristics  calculations  will  be  shown  subsequently  for 
these  two  examples. 

*The  value  of  experimental  work  as  a rough  confirmation  is  undisputed;  it  is  essen- 
tial, particularly  in  establishing  viscous  effects  and  practical  guides. 
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Comparison  of  exponential  residual  solutions  with  other  solutions  and  experiment.  - 
The  results  of  the  exponential  residual  solutions  for  the  Z-and-d  constraint  are  shown  in 
figure  18  and  compared  with  other  solutions.  The  horizontal  ticks  at  the  right  are 
slender-body  solutions  for  simple  power -law  bodies  obtained  independently  by  several 
authors  (e.g.,  refs.  1 to  8)  using  the  Newton  and/or  Newton-Busemann  pressure  laws. 

The  agreement  of  the  solution  n^  at  large  F with  the  slender-body  Newton  solution 
should  be  expected.  To  date  no  satisfactory  explanation  for  the  agreement  of  the  slender- 
body  Newton-Busemann  solution  with  the  solution  ri2  at  large  F exists;  the  pressure 
distributions  for  these  solutions  are  quite  dissimilar.  Since  the  unmodified*  shock- 
expansion  method  (ref.  19)  was  employed  at  large  F in  the  solution  n£,  the  pressures 
on  the  body  are  significantly  less  than  the  exact  toward  the  rear  of  the  body;  the  Newton- 
Busemann  pressures  exhibit  even  greater  disparity  and  marked  difference  in  gradient. 
Also  shown  is  a solution  obtained  by  using  the  sin2  law  with  <p  constant.  The  marked 
departure  of  the  solution  n2  (and  the  solution  n^  at  small  F)  from  this  solution  indi- 
cates that  the  optimum  bodies  are  likely  blunter  than  the  sin2  law  predicts. 


The  several  points  obtained  from  the  characteristics  solutions  cast  further  doubt 
upon  solutions  based  upon  either  the  Newton  or  Newton-Busemann  laws.  While  further 
output  must  be  awaited  to  place  these  points  in  proper  perspective,  it  is  tentatively  con- 
cluded that  the  correct  solution  (in  the  moderate  to  large  range  of  F)  is  neither  the  oft 
quoted  2/3-  and  3/4-power  bodies  but  somewhere  between  the  solutions  nj  and  ^ 
presented  herein.  The  characteristic  solutions  and  the  solutions  n^  and  ^ indicate 
that  the  decay  in  the  value  of  n with  decreasing  F will  take  place  at  a significantly 
higher  value  of  F than  given  by  the  sin2  law. 


Some  comparisons  of  these  predictions  with  experimental  data  (refs.  21  and  22  and 
unpublished  results)  are  shown  in  figure  19.  Figure  19(a)  presents  a compilation  of 
experimental  data  for  F 1 5 and  3.5  £ M < 24.5.  The  values  of  Re  7 for  these 
data  ranged  between  about  1/4  to  3 million.  The  data  for  Mm  = 24.5  were  obtained  in 
helium  (y  = 5/3);  all  other  data  were  obtained  in  air  (y  = 7/5).  The  n^,  n2,  and  sin2  law 
predictions  are  indicated  by  the  vertical  ticks.  The  primary  interest  here  is  in  the  data 
for  F = 1/2  and  1,  for  which  viscous  effects  are  less  likely  to  affect  the  identification 
of  optimum  inviscid  n because  of  the  predominant  role  of  inviscid  drag  in  the  total  drag. 
There  is  considerable  latitude  in  fairing  curves  through  the  data;  nevertheless,  it  would 
appear  that  for  F = 1/2  and  1 the  solutions  ^ and  n^  agree  more  closely  with  the 
probable  minimum s than  the  sin2  law  predictions.  The  data  for  F - 3 and  5 are  too 
sparse  to  be  used  as  criteria  for  closely  evaluating  the  predictions,  and  the  shapes  in 
the  optimum  range  are  becoming  slender  enough  to  require  an  evaluation  of  viscous 
effects.  Accordingly,  it  seems  reasonable  to  conclude  only  that  all  of  the  predictions  fall 
within  the  general  area  of  the  experimental  minimum. 

*Without  the  Syvertson -Dennis  second-order  modification  (ref.  20). 
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Figures  19(b)  and  19(c)  present  recent  results  at  = 6.0  and  10.4,  respectively, 
for  a series  of  simple  power -law  bodies  with  the  i-and-d  constraint  and  F = 6.63. 

While  the  analysis  of  the  results  at  Mm  = 6.0  is  incomplete,  it  is  reasonably  certain 
that  major  viscous  effects  are  reflected  in  the  data;  preliminary  study  suggests  that 
transition  occurs  on  the  bodies  for  Re^  ^ > 5 x 10®,  and  that  the  location  of  transition 
differs  from  body  to  body  at  constant  Re  , . The  drag  data  for  Re  , = 2 x 10® 
exhibit  a peculiar  trend  that  analyses  to  date  have  not  explained  satisfactorily.  The 
value  of  n in  the  vicinity  of  the  prominent  minimum  in  the  drag  curves  for  the  higher 
Reynolds  numbers  is  considerably  less  than  that  given  by  the  inviscid  predictions. 

Values  of  (L/D)max  are  shown  at  the  top.  The  peak  value  of  (L/D)max  for 
5 x 10^  < Re  , 5 10  x 10®  occurs  at  a value  of  n larger  than  that  for  minimum  drag. 
Additional  analyses  have  given  no  reason  to  expect  these  values  of  n to  coincide,  and 
it  has  been  concluded  that  values  of  n for  minimum  drag  are  not  reliable  indicators  of 
peak  (L/D)max. 

The  variation  of  (L/D)max  for  Re^  l = 2 x 10®  at  Moo=6.0  is  noticeably  less 
than  that  for  the  higher  Reynolds  numbers.  This  lower  sensitivity  to  n also  occurs  for 
the  data  at  = 10.4  (fig.  19(c))  at  comparable  Reynolds  numbers,  for  which  the  flow 
over  the  bodies  is  laminar  at  all  test  values  of  Re^  7 . The  drag  curves  for  = 10.4 
are  accordingly  more  orderly  than  at  = 6.0.  The  difference  between  the  Newton  law 
estimate  of  inviscid  drag  and  the  experimental  data  roughly  indicates  the  major  role  that 
friction  drag  is  playing  in  the  total  drag.  Here  again  it  can  only  be  said  that  the  predic- 
tions of  optimum  n are  in  the  vicinity  of  the  experimental  minimums,  and  that  for  these 
all -laminar  results  the  experimental  value  of  optimum  n may  be  lower  at  the  higher 
Reynolds  numbers,  or  a lower  n may  be  admitted  with  negligible  drag  penalty.  In  any 
event,  the  overall  results  call  for  caution  in  using  experimental  results  to  evaluate  invis- 
cid optimum  n and  point  up  the  need  for  additional  study  of  the  effect  of  viscosity. 

While  past  analytical  studies  of  viscous  effects  have  given  significant  insight  (e.g.,  ref.  10), 
future  studies  in  this  area  should  be  based  upon  more  accurate  pressure  laws  for  prac- 
tical regimes  than  the  Newton  or  Newton -Busemann  laws. 

The  results  of  the  exponential  residual  solutions  for  the  l -and-V  constraint  are 
shown  in  figure  20  and  compared  with  other  solutions.  Note  that  the  value  of  n shown 
for  the  complex  power -law  bodies  of  the  exponential  residual  solutions  is  for  x/l  = 0 
only.  The  ticks  at  the  right  are  slender -body  solutions  for  simple  power -law  bodies  as 
derived  by  several  authors  (e.g.,  ref.  8).  To  date,  no  satisfactory  explanation  has  been 
found  for  the  general  level  of  agreement  of  the  exponential  residual  solutions  for  the 
shape  of  complex  power -law  bodies  in  close  proximity  of  the  stagnation  point  only,  and 
the  shape  of  simple  power -law  bodies.  This  might  be  associated  with  the  prominent  role 
that  nose  shape  plays  in  defining  the  optimum  shape.  In  this  regard,  studies  such  as  those 
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of  Rossow  (ref.  23)  have  indicated  that  the  nose  vertex  is  a critical  point  for  hypersonic 
similarity.  (See  also  South's  work  mentioned  earlier.)  Note  the  agreement  of  the  points 
obtained  herein  to  date  by  characteristics  solutions  for  simple  power -law  bodies  with  the 
exponential  residual  solutions  for  complex  power-law  bodies  and  g = 1 + ^-f3. 

Also  shown  in  figure  20  are  the  results  of  recent  solutions  for  simple  power -law 
bodies  obtained  by  using  the  sin2  law  with  <p  constant.  The  difference  between  the 
results  that  can  occur  when  using  a reference  area  that  differs  for  each  body  in  the 
family  and  one  that  is  the  same  for  all  bodies  in  the  family  - the  proper  approach  - is 
illustrated  by  the  two  curves,  one  employing  base  area,  the  other  employing  £2  (one  of 
several  proper  reference  indices  within  this  family).  While  the  percentage  changes  in 
planform  area  between  bodies  in  a given  f-and-V  constraint  family  are  much  less  than  the 
percentage  changes  in  base  area,  it  may  yet  be  enough  to  affect  the  value  of  optimum  n; 
this  should  be  recognized  in  employing  the  solutions  ng. 

While  the  exponential  residual  expressions  generally  conformed  to  the  calculated 
optimum  values  of  n within  less  than  ±0.01,  the  solutions  n4  exceeded  this  slightly 
at  F = 100.  The  degree  of  upward  trend  in  the  solutions  n4  at  large  F may  there- 
fore be  unrealistic.  It  is  important  to  recall  that  the  exponential  residual  solutions  were 
based  on  calculations  for  F 1 100,  and  thus  may  not  apply  for  100  < F < °°.  However, 
as  f — oo  the  exponential  residual  expressions  give  n = 3/4  (as  do  the  ERD  variational 
solutions);  the  values  of  n must  therefore  eventually  increase  above  those  indicated  at 
F = 100.  The  difference  between  the  solutions  n3  and  n4  for  F < 0.8  perhaps  poses 
an  unresolved  question,  although  it  is  felt  that  the  solution  n4  is  more  realistic  in  view 
of  the  pressure  laws  employed.  No  experimental  data  of  sufficient  scope  could  be  found 
for  comparison.  A simple  method  for  accurately  predicting  pressure  distributions  on 
blunt  bodies  is  currently  being  applied  to  this  regime  of  small  F . A brief  description 
of  this  sin2 -deficiency  method  is  given  subsequently. 

At  moderate  F,  the  experimental  results  of  Spencer  and  Fox  (ref.  24)  are  available. 
These  results  were  obtained  at  Mw  = 10.03  and  Re^  ^ of  1.4  x 10®  for  a family  of 
simple  power-law  shapes  conforming  to  an  l -and-V  constraint.  The  left  portion  of  fig- 
ure 21(a)  presents,  as  a function  of  n,  the  values  of  minimum-drag  coefficient  (including 
base  drag)  based  on  planform  area  and  on  £2  (to  give  the  bodies  a common  reference) 
and  values  of  (L/D)max.  The  solid-line  curves  are  the  fairings  reproduced  from  ref- 
erence 24:  the  dashed-line  curves  are  the  present  fairings  added  to  illustrate  the  diffi- 
culty in  resolving  by  experimental  measurements  the  questions  relating  to  the  confirma- 
tion of  optimum  n.  At  the  bottom  right  of  figure  21(a)  the  zero-base -drag  data  are 
shown;  the  fairing  is  original  herein  since  these  data  were  not  presented  in  this  format 
in  reference  24.  It  is  well  known  that  the  Newton  law  gives  much  better  prediction  of 
pressure  distribution  for  these  bodies  and  test  conditions  than  the  Newton -Busemann  law, 
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but  within  the  latitude  of  data  fairing,  it  is  not  possible  to  conclude  which  law  yields 
better  prediction  of  the  n for  minimum  drag  (see  vertical  ticks).  The  value  of 
n3  ~ n4  S = 1 + f°r  F = 6 (the  midrange  F of  this  family)  is  also  indicated; 

this  might  be  a reasonable  index  in  the  sense  noted  earlier  with  respect  to  nose  region 
similarity,  but  recall  that  it  is  derived  on  the  basis  of  complex  power -law  shapes.  From 
these  results,  it  is  tentatively  concluded  that  optimum  n for  minimum  drag  is  in  the 
neighborhood  of  0.6,  recognizing  that  the  values  of  F in  this  family  and  the  test  condi- 
tions are  such  that  viscous  effects  might  be  present  that  would  alter  this  observation. 

The  values  of  (L/D)max  shown  at  the  top  left  of  figure  21(a)  indicate  a peak  value 
in  the  vicinity  of  n = 2/3.  The  ticks  for  the  theoretical  values  of  optimum  n for  min- 
imum drag  are  shown  for  reference  only.  As  observed  for  the  1-and-d  results,  without 
further  analysis,  there  is  no  reason  to  expect  the  optimum  n for  (L/D)max  and  that 
for  minimum  drag  to  be  the  same.  Moreover,  it  is  now  suggested  that  these  data  may 
indicate  that  the  former  lies  to  the  right  of  the  latter,  although  the  evidence  is  not  suffi- 
ciently convincing  to  negate  the  conclusion  for  correspondence  in  reference  25. 

Recently  additional  experimental  data  have  been  obtained  on  the  similar  series  of 
simple  power-law  bodies  tested  in  helium  at  ~ 20  with  varying  Reynolds  number, 
which  also  changes  Mm  since  Re^  was  varied  by  changing  the  stagnation  pressure  of 
the  tunnel.  The  results  (zero  base  drag)  shown  in  figure  21(b)  indicate  that  the  opti- 
mum n for  (L/D)max  *s  much  greater  than  that  for  minimum  drag,  in  contrast  to  the 
results  for  = 10.03  in  figure  21(a).  Increasing  the  Reynolds  number  (laminar  flow 
existed  on  the  bodies  for  all  test  conditions),  aside  from  decreasing  the  drag  coefficient 
and  increasing  the  (L/D)max,  appears  to  increase  the  optimum  n for  (L/D)max  and 
to  flatten  the  drag  curves  in  the  region  of  optimum  n.  The  latter  precludes  precise 
identification  of  optimum  n;  however,  for  practical  applications  in  which  it  may  be 
desirable  to  distribute  the  volume  more  toward  the  front  of  the  body,  the  possibility  that 
values  of  n as  low  as  0.5  may  be  used  with  negligible  drag  penalty  is  attractive.  The 
reference  ticks  shown  in  figure  21(a)  for  the  theoretical  solutions  are  repeated  here.* 
Recall  that  the  ng  ~ n^  solutions  and  the  point  derived  from  the  characteristics  solu- 
tions are  for  y = 7/5,  whereas  the  experimental  results  are  for  y = 5/3. 

Shape  comparisons.-  The  results  of  the  exponential  residual  solutions  and  their 
relation  to  other  predictions  can  be  placed  in  better  perspective  if  the  effect  of  differences 

*There  is  a possibility  that  the  agreement  of  the  ng  and  n^  solutions 

(g  = 1 + with  the  point  from  the  characteristics  solutions  is  partly  due  to  the  common 

use  of  the  45°  tip.  While  it  is  felt  that  this  possibility  is  remote  for  reasons  given  earlier, 
the  ongoing  calculations  should  resolve  this  question.  At  large  F,  use  of  the  45°  tip 
should  arouse  no  concern.  Also,  comparison  of  the  ng  and  characteristics  solutions 

for  the  i-and-d  constraint  reveals  differences  that  reflect  other  than  the  tip  question. 


118 


in  the  value  of  n upon  body  shape  can  be  visualized.  Toward  this  end,  figure  22  pre- 
sents in  normalized  dimensions  some  comparisons  of  shapes  for  selected  values  of  F 
and  for  both  Z-and-d  and  Z-and-V  constraints.  In  figures  22(a)  and  22(b)  the  prominent 
flat  nose  and  sharp  corner  for  the  ERD  solutions  (ref.  1)  are  illustrated  for  F = 1/2 
and  1,  respectively,  and  compared  with  the  power -law  shapes  (simple  and  complex). 
According  to  the  exponential  residual  solutions,  a significantly  larger  volume  is  permis- 
sible for  the  Z-and-d  constraint  at  small  F than  is  predicted  for  the  same  class  of 
bodies  through  the  use  of  the  sin^  law  only,  or  for  the  bodies  given  by  the  ERD  variational 
solution  employing  the  same  pressure  law  (designated  "impact"  in  ref.  1 since  <p  = 2 
was  used).  For  the  Z-and-V  constraint  and  F = 1/2,  the  solutions  n^  also  indicate 
that  larger  volume  is  available  than  that  realized  by  the  sin^  law  referenced  to  here 
recall  that  complex  power-law  shapes  are  being  compared  with  simple  power -law  shapes. 
For  F = 1 and  the  Z-and-V  constraint,  note  that  the  simple  power -law  body  based  upon 
the  sin 2 iaw  referenced  to  Z^  gives  greater  bluntness  near  the  nose  than  that  given  by 
what  are  believed  to  be  the  more  accurate  of  the  exponential  residual  bodies  at  this  F, 
that  is,  n4  ng)  with  g = 1 + ^f^;  note  also  the  agreement  of  these  bodies  with  the 
ERD  body  at  the  downstream  stations.  As  expected,  the  profiles  of  these  complex  power  - 
law  bodies  exceed  that  of  the  simple  power -law  body  (referenced  to  Z^)  at  downstream 
stations.  Overall,  these  comparisons  (particularly  of  the  profiles  near  the  nose)  may 
hint  of  a deficiency  in  the  better  of  our  exponential  residual  solutions  for  the  Z-and-V 
constraint  in  the  vicinity  of  F = 1. 

Figure  22(c)  presents  comparisons  at  moderate  and  large  F of  available  ERD 
variational  solutions  (refs.  1 and  24)  and  the  exponential  residual  solutions.  For 
5 £ F ~ 100,  only  the  pseudo -slender -body  approximations  (eqs.  (13)  to  (15))  to  the  expo- 
nential residual  solutions  for  the  Z-and-V  constraint  are  shown.  Whether  or  not  these 
approximations  hold  for  F substantially  greater  than  100  is  not  known;  but  for  reasons 
already  indicated,  the  values  n4  and  ng  for  F > 100  are  not  recommended  without 
further  examination.  These  examples  illustrate  the  typical  accuracy  with  which  the 

selected  shape  factor  [l  - — \ of  the  exponential  residual  solutions  (that  are  based 

0 \ l ' 

upon  the  sin'2  law  at  large  F)  affords  a power-law  duplication  of  the  ERD  profiles  at 
large  F.  The  ERD  "modified  impact"  shape  refers  to  the  variational  solution  in  which 
an  approximation  was  made  of  centrifugal  effects  (ref.  1);  its  agreement  with  the 
n2  shape  is  not  fully  understood.  The  pseudo -slender -body  profiles,  n^  and  sin^^^, 
agree  closely;  however,  this  may  prove  to  be  of  secondary  interest  in  the  light  of  the 
n0  profile  which  is  believed  to  be  based  upon  better  pressure  laws.  Here  too  is  illus- 
trated the  volumetric  advantage*  (as  exhibited  in  the  original  ERD  analysis  (ref.  1)  for 

*At  no  expense  in  inviscid  drag. 
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the  variational  shapes)  of  the  complex  power -law  shapes  over  the  simple  power -law 
shapes,  the  blunter  of  the  latter  exemplified  by  the  slender -body  solution  for  simple 
power -law  shapes  based  on  the  Newton-Busemann  law. 

Trapezoidal  Bodies 

Interest  in  the  hypersonic  aerodynamics  of  bodies  with  polygonal  cross  sections 
extends  back  a number  of  years,  one  of  the  foremost  stimulants  being  the  work  of  Sanger 
and  Bredt  in  the  early  1940's,*  who  also  suggested  possible  performance  advantages  for 
flat-bottom  bodies.  In  the  United  States  widespread  interest  in  this  area  began  in  the 
late  1940’s  with  the  flood  of  documents  reporting  research  conducted  in  European 
countries  in  the  late  1930’s  to  mid  1940’s.  Among  these  documents  were  fragmentary 
reports  of  experimental  research  at  supersonic  speeds  on  bodies  of  revolution,  polygonal 
bodies,  and  half -bodies,  the  last  being  halves  of  a few  of  the  former.  Some  of  the  data 
for  the  complete  bodies  have  been  published  elsewhere;  for  example,  see  references  26 
and  27.  To  the  present  author's  knowledge,  no  reliable  authorship  was  ever  determined 
for  a portion  of  the  remaining  data  and  several  other  documents,  and  as  some  will  recall, 
most  of  the  polygonal  and  half -body  data  became  referred  to  as  the  GUS  data  (see 
appendix).  The  test  conditions  of  the  GUS  data  were  never  confidently  determined,  vari- 
ously indicated  to  be  between  Mm  = 3 and  5,  but  more  likely  near  3,  and  if  so,  probably 
at  j near  10®.  This  lack  of  definitive  test  conditions,  combined  with  the  growing 

output  from  new  facilities,  soon  caused  interest  in  these  data  to  wane.  Nevertheless,  it 
is  felt  that  the  GUS  data  for  one  series  of  polygonal  half -bodies  deserve  one  more  expo- 
sure and  a comparison  with  recent  results  for  a series  of  trapezoidal  bodies  because  of 
the  close  similarity  in  geometric  features. 

The  GUS  half -bodies,  or  trapezoidal  family  of  interest  here,  consisted  of  seven 
bodies  all  having  the  same  length,  volume,  planform  area,  longitudinal  distribution  of 
cross-sectional  area,  and  width  (or  span).  The  longitudinal  distribution  of  cross- 
sectional  area  corresponded  to  half  of  an  ogival  body  of  revolution  of  F = 3.5.  The  ratio 
of  span  to  height  at  the  base  was  equated  to  N /tt,  this  form  apparently  chosen  for  conven- 
ience, since  4 £ N 5 8 embraces  the  series,  and  the  value  of  N = 2n  represents  the 
reference  ogival  half -body  and  its  trapezoidal  equivalent.  This  use  of  N is  adopted 
herein. 

In  recent  years  Spencer  (refs.  25  and  28)  has  tested  a similar  series  of  five  bodies 
at  Mcx>  = 10.03  and  Re^  ^ of  1.4  x 10®.  These  bodies  had  a longitudinal  cross- 
sectional-area distribution  conforming  to  the  ERD  variational  solution  for  a body  of 
revolution  with  the  i-and-V  constraint,  as  derived  via  Newton's  pressure  law.  Each  of 

*See,  for  example,  reference  16,  pages  103-106. 
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the  bodies  had  an  equivalent  fineness  ratio  (i.e.,  ratio  of  length  to  equivalent  circular  base 
diameter)  of  5.  This  value  corresponds  to  half  of  a body  of  revolution  of  F = 3.54,  and 
thus  is  close  to  the  F = 3.5  of  the  GUS  bodies.  Figure  23  depicts  the  trapezoidal  body 
family,  lists  their  identical  features,  and  notes  the  reference  bodies  of  past  studies  now 
to  be  compared. 


Figure  24(a)  presents  a comparison  of  the  GUS  data  and  Spencer's  data  in  terms 
of  (L7D)max.  A similar  comparison  is  shown  in  figure  24(b)  for  CL.  The  trends  and 
values  of  Spencer’s  data  and  the  GUS  data  for  (l7D)max  generally  agree;  some  sec- 
ondary differences  occur  for  CL,  dependent  upon  whether  the  data  is  read  directly  from 
figure  4 of  reference  28*  or  from  figure  8 of  reference  25.  The  general  agreement  may 
indicate  that  the  small  difference  between  the  shape  of  the  ogival  reference  body  for  the 
GUS  data  and  Z-and-V  constraint  ERD  body  of  Spencer’s  data  has  little  effect  upon  the 
parameter  ratios  shown;  however,  more  effect  would  be  expected  than  indicated  from 
increasing  from  about  3 to  10.  It  is  possible  that  compensating  effects  of  shape 

and  could  result  in  the  agreement  shown,  although  this  seems  unlikely.  Camber 

appears  to  have  only  small  effect  upon  (L/D)max  within  the  N-overlap  of  these  data,  as 
contrasted  to  the  advantage  exhibited  for  positive  camber  for  C^.  Discussion  of  pitching- 
moment  characteristics  will  be  omitted  herein  except  to  note  that  the  general  character- 


istics for  positive  and  negative  camber  for  the  two  sets  of  data  were  similar,  and  negative 


camber  may  be  more  attractive  from  the  view  of  trim,  as  has  long  been  observed  in 
numerous  studies  of  hypersonic  configurations.  From  a performance  view  only,  these 
data  draw  attention  to  the  triangular  shape  (N  = 4)  at  the  left  end  of  the  curves  for  which 
the  peak  (L/D)max  and  CL  is  indicated  to  occur. 

Recently  tests  have  been  conducted  at  « 6,  10,  and  20  (M^  « 20  in  helium)  of 
a series  of  bodies  similar  to  Spencer’s  and  the  effects  of  Reynolds  number  in  a limited 
range  have  been  examined.  Spencer’s  body  series  was  chosen  in  preference  to  the 
GUS  series  since  the  basic  data  for  the  former  are  available,  and  a direct  comparison 
could  be  made  of  results  from  two  different  facilities  at  essentially  the  same  Mach  number 
(Moo  = 10)  and  Reynolds  number  = 1.4  = 106).  The  series  consisted  of  seven 

models,  however,  so  as  to  obtain  camber  coverage  over  the  full  i*ange  of  N.  The  tests 
required  two  sets  of  models  because  of  tunnel  test  conditions  and  Reynolds  number  objec- 


tives, composite  wood-and-plastic  models  for  the  tests  in  helium  at  high  M^,  and  metal 
models  for  the  tests  at  = 6 and  10.  Postconstruction  measurements  indicated  that 
both  sets  closely  conformed  to  the  shape  specificaliuns.  At  the  time  of  this  writing  the 

° only  because  of  a model 


tests  at  M,^  = 6 


had  carried  the  negative  camber  to  a = 4 


*Values  as  read  by  four  observers.  There  is  some  latitude  in  arriving  at  CL 

since  the  tests  were  conducted  at  4°  increments  in  o'.  Whether  data- smoothing  tech- 
niques have  been  applied  to  the  GUS  data  is  not  known. 
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support  problem.  However,  since  this  a is  approximately  that  for  (L/D)max  for  the 
case  of  negative  camber,  the  data  have  been  included  herein  and  are  so  designated. 

The  results  for  (L/D)max  and  Cj^  are  presented  in  figures  25  to  27.  No  data- 
smoothing  technique  has  been  applied  to  the  basic  data  in  arriving  at  the  values  shown; 
some  of  the  data  for  = 6.0  involve  4°  increments  in  a,  twice  that  of  the  data  for 
« 10  and  20.  Comparison  of  three  tentative  points  for  Re^  ^ = 1.4  x 10®  at 
= 6.0  (fig.  25)  with  the  data  for  Re^  ^ = 6 x 10®  indicates  that  significant  viscous 
effects  can  occur  with  fairly  modest  changes  in  Reynolds  number,  if  the  values  of 
and  Re^  ^ are  such  as  to  introduce  transition.  For  the  data  at  ~ 10  and  20 
(figs.  26  and  27),  the  flow  over  the  bodies  is  primarily  (if  not  all)  laminar,  and  the  effects 
of  Reynolds  number  within  the  range  indicated  are  small.  (For  Mw  = 10.4,  Re^  ^ was 
varied  between  0.6  and  1.8  x 10®;  preliminary  checks  indicate  that  the  data  for 
RCoo  i = 1*4  * 10®  are  representative.)  The  trends  in  (L/D)max  with  N are  signifi- 
cantly consistent  at  all  three  Mach  numbers  in  indicating  an  advantage  for  placing  the 
maximum  span  at  the  bottom,  and  in  showing  that  the  span-height  ratio  for  peak  (L/D)max 
is  greater  than  that  for  the  triangular  shape  (N  = 4).  The  latter  result  is  in  opposition  to 
the  results  of  figure  24,  which  indicate  the  triangular  shape  to  give  peak  (L/D)max.* 

This  is  of  special  interest  inasmuch  as  the  departure  from  the  triangular  shape  toward 
N ~ 5 to  6 (with  maximum  span  on  bottom)  that  has  been  frequently  advocated  in  recent 
design  studies  of  advanced  spacecraft  configurations  apparently  does  not  involve  the  sac- 
rifice in  (L/D)max  previously  thought  to  accompany  this  departure.  Rather,  a gain  may 
well  be  the  result,  and  there  appears  to  be  a fairly  wide  choice  of  N open  to  the 
designer  in  which  this  gain  can  be  realized.  In  general,  positive  camber  gives  better 
(L/D)max  although  there  are  exceptions  when  the  maximum  span  is  at  the  top. 

The  variation  in  with  N is  generally  similar  at  the  three  Mach  numbers 
(figs.  25(b),  26(b),  and  27(b)),  a prominent  decay  usually  occurring  as  the  maximum  span 
shifts  from  bottom  to  top.  With  positive  camber  and  maximum  span  at  the  bottom,  the 
peak  Cl  occurs  for  the  triangular  shape  (N  = 4).  In  this  latter  respect  the  present 
data  agree  with  the  results  of  figure  24(b);  however,  the  present  data  consistently  dis- 
agree with  those  results  in  the  magnitude  of  Cl  for  this  shape,  except  as  is  read  from 
the  value  of  figure  4 in  reference  28.  (Again,  there  is  considerable  latitude  in  arriving 
at  Cl-)  The  present  data  indicate  that  the  topmost  area  of  this  triangular  shape  (N  = 4) 
may  be  a major  source  of  its  loss  in  performance,  but  this  bears  further  study. 

Lest  the  foregoing  discussion  has  overly  emphasized  the  advantages  of  positive 
chamber,  attention  is  called  to  the  earlier  remarks  on  the  merits  of  negative  camber  for 

*The  present  results  are  also  in  opposition  to  recent  analyses  of  Huang  and  Miele 
(e.g.,  see  J.  Optimization  Theory  and  Appl.,  vol.  2,  no.  5,  Sept.  1968);  however,  this  is 
of  less  concern  since  it  may  be  shown  that  the  Newton  law  used  in  Huang's  analysis 
introduces  greater  error  than  the  effect  of  shape  for  shapes  in  the  vicinity  of  the  optimum. 
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trim.  With  negative  camber,  distinct  advantage  is  found  in  (L/D)max  in  moving  away 
from  the  triangular  shape  (N  = 4)  toward  larger  values  of  N and,  thereby  as  before, 
gaining  performance  with  considerable  freedom  to  the  designer  as  to  choice  of  N 
(reference  is  to  the  case  of  maximum  span  at  bottom). 


The  Sin2  -Deficiency  Method 

In  the  discussion  of  the  optimum  bodies  of  revolution,  several  areas  were  noted  in 
which  the  sin2  law  can  introduce  significant  deficiencies  in  the  prediction  of  pressures, 
one  being  on  the  blunt  noses  of  power -law  bodies  of  small  F.  The  following  is  a sum- 
mary of  a simple  method  developed  to  alleviate  this  deficiency  for  that  portion  of 
smoothly  contoured  blunt  shapes  between  the  stagnation  point  and  sonic  point.  In  num- 
erous comparisons  with  experiment  made  to  date,  the  method  has  given  good  results, 
comparable  to  those  achieved  by  numerical  procedures  generally  requiring  programed 
machine  computing;  for  examples  of  the  latter,  see  reference  29. 

If  the  deficiency  of  the  sin^  law  can  be  identified  and  expressed  simply  but  accu- 
rately for  some  basic  blunt  shapes,  such  as  those  shown  in  figure  28,  then  application  of 
it  to  various  blunt  shapes  by  an  approximation  routine  should  be  possible.  A logical 
candidate  shape  for  identifying  this  deficiency  is  the  flat  disk  normal  to  the  flow,  for 
which  of  course  6 = 90°.  As  depicted  in  figure  29  the  value  of  the  deficiency  of  the 
sin2  law  in  this  case  is  simply  ^1  - Ppj^,  where  p^.^  is  the  ratio  of  the  local  pressure 
to  the  pressure  at  the  stagnation  point  on  a flat  disk.  Assume,  therefore,  that  an  approx- 
imation for  the  pressure  distribution  in  terms  of  the  sin^  law  and  its  deficiency  may,  as 
the  shape  approaches  a flat  disk,  be  expressed  as 


p = sin2  6 - (l  - pFD)  (16) 

Q 

This  relation  recognizes  that  for  » 1,  —2-  « £-  = p. 

Cps  Ps 

For  blunt  bodies  having  local  slopes  such  that  the  flow  everywhere  adjacent  to  the 
surface  is  subsonic  ahead  of  a convex  sharp  corner  sufficient  to  expand  the  flow  to  super- 
sonic conditions,  the  sonic  point  is  located  at  this  corner,  and  the  value  of  p there  is 


P = 


/ 


/ •*  rt  \ 


For  smoothly  contoured  blunt  bodies  with  sonic  corners  as  described  (for  example, 
varying  from  a flat  disk  to  spherical  caps,  or  roughly  so),  the  pressure  distribution  can 
be  approximated  by  assuming  that  values  of  the  sin2 -deficiency  term  /l  - apply  to 
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the  curved-body  surface  between  the  stagnation  point  and  sonic  point  at  corresponding 
values  of  S/S*,  but  in  proportion  to  the  ratio  A sin^  s/(a  sin^  6)max  or  Ap/Apmax- 
For  such  bodies,  equation  (16)  becomes  as  shown  in  figure  30 


P = 


sin^6 


(18) 


The  key  to  this  approximation  thus  becomes  a solution  for  Pp^,  the  pressure  on 
the  flat  disk.  In  searching  for  a simple  but  adequate  analytical  solution,  the  author  per- 
formed both  variable -stream -tube -area  approximations  and  Garabedian-Lieber stein 
calculations  for  y = 7/5,  and  guided  by  equation  (18)  to  look  for  an  expression  in  terms 
of  the  ratio  ^1  - Pppy  (l  - observed  from  both  approaches  that  at  least  to  first 

order  this  ratio  equals  e-^.  However,  no  direct  solution  could  be  found  for  X.  Never- 
theless, this  observation  promised  solution  through  numerical  calculations,  and  these 
were  performed  for  a flat  disk  for  several  values  of  y.  The  results  expressed  in 
the  ratio  ^1  - 
conclusive  effe 

solution  and  proceed  to  evaluate  X as  a function  of  S/S*.  By  plotting  the  results  in 
this  form  (fig.  32)  the  relation  is  observed  to  be  similar  to  an  error  function  curve,  and 
by  adopting  this  type  of  expression,  the  following  equation  can  be  derived  through  graph- 
ical or  exponential  residual  solution 


^Fd)/\  ” P*)  sh°wn  figure  31  as  a function  of  S/S+  exhibited  no 
its  of  y.  Accordingly,  let  ^1  - Pp^/fl  - iO  = be  the  general 


pfd=  i -e-x(i -p.) 


(19) 


where 


For  y = 7/5 


Ppjj  = 1 - 0.472e"x 


(20) 


(21) 


The  prediction  given  by  equation  (21)  is  compared  in  figure  33  with  a prediction  by 
Belotserkovskii's  method  (ref.  30)  and  a compilation  of  experimental  data  (ref.  18);  it 
appears  adequate  for  engineering  purposes.  (A  tabulation  of  values  of  pFD  in  fine 
increments  of  S/S+  facilitates  rapid  calculations  for  other  shapes.)  Use  of  equation  (21) 
with  equation  (18)  gives  good  results  for  smoothly  contoured  blunt  bodies  with  sonic  cor- 
ners, as  illustrated  by  the  comparison  with  experiment  (ref.  31)  in  figure  34,  and  appears 
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to  at  least  equal  the  prediction  accuracy  of  the  method  of  integral  relations,  as  machine 
computed  by  the  program  in  reference  29. 

Cones  with  half -angles  exceeding  that  for  sonic  flow  at  the  nose  have  received  atten- 
tion in  recent  years  as  candidate  shapes  for  planetary  entry  probes.  Consider  first  the 
application  of  equation  (18)  to  sharp  cones  with  6C  < 90°  but  greater  than  that  for  sonic 
flow  at  the  tip  (6C  ~ 55°  for  y = 7/5) . By  inspection,  equation  (18)  would  give  a value 
of  p at  the  cone  tip  that  is  deficient  by  the  amount  (l  - sin^  s).  As  a first  step  then 
equation  (18)  can  be  modified  by  the  addition  of  (l  - sin^  g)  in  proportion  to  (l  - S/S+). 
The  correct  stagnation- and  sonic -point  values  of  p are  thus-retained,  but  the  resulting 
pressure  decay  is  inadmissible  for  some  conditions  (e.g.,  consider  large  S/S,  and 
low  6C).  To  resolve  this  difficulty,  it  may  be  reasoned  that  at  large  S/S,  an  admis- 
sible decay  should  lie  roughly  midway  between  the  sin^ -deficiency  decay  of  the  flat  disk 
and  that  resulting  from  the  modification  (l  - sin^  5)  to  equation  (18);  therefore  a term  is 
added  that  in  effect  averages  the  two  as  S/S*  — 1.  The  resulting  more  complete  form  of 
equation  (18)  follows 


p = sin'4  6 


S/S, 


FD 


1 - sinz  6 


■)(■-« 


Pfd  - 1 + H1  ' sin2  6)  + t1  ■ Pfd) 


fsin^  6 - p 
i-P* 


(22) 


The  term  ^1  - is  simply  a linear  approximation  of  the  effect  of  tangential  spherical 
blunting  of  the  tip  of  the  cone  (see  fig.  35). 

Figure  36(a)  compares  the  present  method  with  the  machine -computed  numerical 
solutions  of  South  (ref.  29)  and  the  experimental  data  of  Stallings  and  others  (see  ref.  29) 
for  blunted  cones.  Figure  36(b)  gives  further  comparisons  with  South's  calculations. 
Figure  36(c)  compares  the  present  method  with  the  modified  Newtonian  estimate  and  test 
results  of  Kurz  (ref.  32).  (Note  that  p closely  approximates  for  » 1.  A 
value  of  (y  + 3)/(y  + 1)  was  used  in  the  present  method  for  Cp  at  the  stagnation  point. 
Reference  32  quotes  e/R  as  0.46,  but  the  model  drawings  and  the  Newtonian  calculation 
therein  conform  to  e/R  of  0.412,  which  was  used  herein.)  In  these  and  other  compari- 


sons wiui  uaia  lOi-  iv± 


> 20,  the  present  method  is  found  to  be  adequate  for  predicting  the 


pressure  on  sharp  and  blunted  cones  with  sonic  corners.  For  sharp  cones,  the  method 
cannot  be  expected  to  give  reliable  results  for  6C  close  to  or  less  than  that  for  which 
sonic  flow  occurs  at  the  tip  or  to  predict  the  cusp  in  the  pressure  distribution  that  occurs 
at  the  tangency  point  under  these  conditions.  For  spherically  blunted  cones  the  method 
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may  be  expected  to  hold  to  slightly  lower  values  of  5C.  In  this  regard  the  author  found 
in  early  analyses  for  y - 7/5  that  the  following  hypersonic  approximation  for  the  surface 
inclination  at  the  sonic  point  6*  on  a sphere 


is  a reasonable  guide,  where  5*  is  the  surface  inclination  at  the  sonic  point  for  infinite 

o 

Mach  number,  taken  as  49.3°. 

The  calculation  of  the  pressure  distribution  over  the  entire  surface  of  a hemisphere 
(and  other  smoothly  contoured  blunt  bodies)  can  be  made  by  applying  the  present  method 
from  the  stagnation  point  to  the  sonic  point,  the  sin^  law  matched  at  sonic  point  by  equa- 
tion (6)  for  6 - 6*,  and  the  Prandtl -Meyer  approximation  matched  to  the  sin^  law  by  the 
usual  procedure,  for  example,  Wagner's  results  (ref.  33).  The  results  of  a combined  cal- 
culation of  this  type  are  shown  in  figure  37;  ahead  of  the  sonic  point  the  sin^ -deficiency 
method  compares  favorably  with  Van  Dyke's  numerical  solutions  (ref.  34)  at  Mm  = 5.8 
and  and  with  experimental  results  (ref.  18).  The  matched  sin^  law  plus  matched 
Prandtl-Meyer  gives  equally  satisfactory  results  over  the  remainder  of  the  body. 

Good  agreement  has  also  been  found  between  this  combined  approach  and  experi- 
mental distributions  over  bodies  of  the  type  reported  by  Ashby  and  Goldberg  (ref.  35), 
others  by  Stallings  (ref.  31),  and  for  bodies  with  gross  changes  in  curvature  ahead  of  the 
sonic  point,  such  as  those  having  sizable  flat  regions  in  the  vicinity  of  the  stagnation 
point,  followed  by  rounded  shoulders  (see  fig.  38).  The  last  require  an  iterative  approx- 
imation for  the  location  of  the  sonic  point  S*/R.  This  iteration  is  necessary  since  for 
such  shapes  the  surface  pressure  has  decreased  significantly  at  stations  near  the  outer 
periphery  of  the  flat  region,  even  in  the  absence  of  the  upstream  relieving  effect  of  the 
rounded  shoulder.  Accordingly,  less  expansion  of  the  flow  is  required  beyond  the  tangency 
point  on  the  flat  face  to  reach  the  sonic  point.  By  use  of  equation  (23)  and  the  flat-disk 
solution,  equation  (19),  and  by  interpreting  the  value  of  p^^  at  the  tangency  point  on  the 
face  as  the  sin^  of  an  effective  6 at  the  tangency  point,  an  approximation  for  syR  can 
be  determined  by  iteration.  For  the  type  of  body  shown  in  figure  38,  and  dependent  upon 
the  ratio  of  shoulder  radius  to  R,  one  iteration  may  give  a fair  estimate  of  the  geometric 
value  of  6t  that  is  obtained  by  the  number  of  iterations  necessary  to  yield  negligible 
change  as  illustrated  by  the  following  tabulation  for  M^  » 20: 
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Ratio  of  shoulder 
radius  to  R 

Geometric  6*, 
deg 

One 

iteration 

Full 

iteration 

0.10 

72.2 

80.6 

.25 

65.0 

69.6 

.50 

57.5 

59.3 

.90 

50.5 

50.5 

1.00 

49.0 

49.0 

As  the  ratio  of  shoulder  radius  to  R becomes  small  (but  nonzero),  use  of  only  one  itera- 
tion gives  large  error  in  6*,  but  in  terms  of  S*/R  this  error  is  subdued. 

Two  approaches  have  been  examined  for  applying  the  value  of  S*/R  thus  deter- 
mined with  the  present  method  (eq.  (18)).  The  first  uses  the  geometric  values  of  6,  the 
values  of  S/S*  being  determined  simply  by  (S/R) (R/S*).  The  second  employs  the  same 
approach  to  S/S*,  but  uses  the  effective  value  of  6 at  the  tangency  point  on  the  flat 
face  (determined  in  the  iterative  calculation).  The  effective  values  of  6 ahead  of  the 
tangency  point  are  varied  between  90°  and  the  value  at  the  tangency  point,  and  the  corre- 
sponding values  of  the  effective  A6  are  used  with  the  shoulder  radius  to  obtain  A(S/R). 
The  results  of  these  two  approaches  are  shown  in  figure  38.  Either  is  a considerable 
improvement  over  the  modified  Newton  method,  the  second  giving  a greater  relieving 
effect  from  the  rounded  shoulder  on  the  pressures  ahead  of  the  tangency  point  (S/R  = 0.75). 
The  sonic  point  appears  to  be  adequately  predicted,  and  the  matched  sin2  law  and  the 
matched  Prandtl-Meyer  give  good  prediction  over  the  remainder  of  the  nose. 

CONCLUDING  REMARKS 

In  these  selected  topics  on  body  shaping  for  minimum  drag  and  improved  perfor- 
mance at  hypersonic  speeds,  the  emphasis  has  been  from  the  view  of  practical  flight 
regimes.  For  both  simple  and  complex  power-law  bodies  of  revolution,  the  optimum 
value  of  the  exponent  for  inviscid  minimum  drag  derived  through  the  synoptic  pressure 
laws  (Newton  type)  appears  to  be  no  more  exactly  defined  today  than  approximately  a 
decade  ago.  The  major  source  of  uncertainty  stems  from  the  use  of  the  synoptic  and 
other  approximate  pressure  laws  having  significant  deficiencies.  Experimental  results 
roughly  confirm  several  inviscid  predictions,  but  the  experimental  approach  is  not  likely 
to  indicate  a preferred  prediction  without  exceptionally  accurate  measurement  of  viscous 
effects  which,  as  shown  by  experimental  results,  can  be  major.  Ongoing  exact  calcula- 
tions are  clarifying  the  issue  on  inviscid  optimums.  The  present  experimental  results 
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indicate  that  the  value  of  the  exponent  for  minimum  drag  is  not  a reliable  indicator  of  the 
value  for  maximum  lift-drag  ratio. 

Since  recent  analytical  attempts  at  defining  optimum  shapes  with  viscous  effects 
included  are  based  upon  the  same  approximate  pressure  laws  that  have  led  to  the  uncer- 
tainty in  the  inviscid  solutions,  the  quantitative  predictions  for  the  viscous  optimums  are 
equally  suspect,  if  not  more  so,  particularly  when  the  assumed  inviscid  pressure  law 
introduces  pressure  gradients  markedly  different  from  the  correct.  This  emphasizes 
the  need  for  accurate  inviscid  solutions  as  the  essential  base  for  accurate  boundary -layer 
solutions. 

Recent  experimental  results  for  Mach  numbers  of  6 to  20  for  a family  of  trapezoidal 
bodies  reinforces  the  substantial  case  already  established  for  orienting  the  body  such 
that  the  maximum  width  is  at  the  bottom.  Contrary  to  earlier  results,  the  present  results 
indicate  that  the  maximum  lift-drag  ratio  is  obtained  for  bodies  with  some  width  at  the 
top,  rather  than  for  a triangular  cross  section;  this  occurred  for  both  positive  and  nega- 
tive camber.  These  and  similar  experimental  studies  need  to  be  extended  to  the  case  of 
transitional  and  turbulent  boundary  layers. 

A simple  method  developed  for  predicting  the  pressure  distribution  ahead  of  the 
sonic  point  on  smoothly  contoured  blunt  shapes,  the  "sin^ -deficiency  method,"  appears 
to  yield  results  comparable  in  accuracy  to  those  of  more  elaborate  methods  requiring 
machine  computation.  It  thus  offers  a simple  means  for  more  accurate  calculation  of 
optimum  shapes  of  small  fineness  ratio  and  of  the  drag  contribution  of  a blunt  nose  on 
bodies  of  large  fineness  ratio.  The  method  hinges  upon  a solution  derived  for  the  pres- 
sure distribution  on  a flat  disk,  for  which  related  work  showed  no  conclusive  effects  of 
the  ratio  of  specific  heats.  However,  the  latter  does  not  assure  that  the  normalized  pres- 
sure distributions  for  other  shapes  are  equally  insensitive  to  the  ratio  of  specific  heats 
and  suggests  the  need  for  further  study  of  these  effects. 

Several  areas  in  need  of  improvement  are  summarized  as  follows: 

Inviscid  predictions: 

(1)  Nonlifting 

(2)  Lifting 

(3)  Arbitrary  longitudinal  and  transversal  contours 

Optimization  analyses  based  upon  reliable  pressure  laws  (0  < F < °°): 

(1)  Inviscid 

(2)  Viscous  with  sound  inviscid  base 

(3)  Items  of  inviscid  predictions 
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Impact  of  practical  factors: 

(1)  Shape,  volume  distribution,  and  so  forth 

(2)  Environment 

Innovation  (analytical) 

The  last  noted,  analytical  innovation,  applies  to  all  the  preceding  items  and  more.  Over 
the  past  decade  increasing  concern  has  been  expressed  for  the  lack  of  a satisfactory 
method  for  predicting  the  aerodynamic  characteristics  of  asymmetric  lifting  shapes  in 
the  portion  of  the  hypersonic  entry  environment  where  viscous  effects  are  prominent. 
This  deficiency  still  exists. 
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APPENDIX 


ADDITIONAL  REMARKS  ON  GUS  DATA 

For  those  unfamiliar  with  GUS  data,  the  incomplete  source  documents  displayed 
little  clue  to  authorship  or  origin  except  the  letters  G.U.S.  on  each  page,  bottom  right, 
hence,  the  epithet.  When  the  author  first  saw  the  documents  containing  the  polygonal  and 
half -body  data,  they  were  packaged  with  others  relating  to  A4  and  A5  missile  research, 
alongside  reports  by  Erdmann.  (See  refs.  1 and  3 of  ref.  36.)  In  a recent  second  effort 
to  shed  light  on  the  GUS  data,  it  has  been  reasonably  established  that  the  GUS  data  shown 
in  the  present  paper  are  not  part  of  the  A4  or  A5  history,  nor  products  of  Erdmann.  The 
author  wishes  to  acknowledge  the  aid  of  A.  Busemann,  H.  H.  Kurzweg,  C.  E.  Coleman, 

L.  T.  Bright,  and  others  in  this  effort.  It  now  appears  that  the  original  documents  are 
either  filed  under  some  as  yet  unidentified  listing  at  the  Washington  National  Records 
Center,  Suitland,  Maryland,  or  were  possibly  destroyed  several  years  ago  with  quantities 
of  old  documents  rated  as  nonarchival.  The  GUS  data  herein  are  taken  from  notes 
recorded  in  1949. 
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REVIVAL  OF  INTEREST  - STIMULUS 


HISTORY  OF  MINIMUM-DRAG  SOLUTIONS  (INVISCID) 

• PRESSURE  LAWS  (SYNOPTIC, OTHER) 

• PRIOR  TO  MIDH950's 

• MID  AND  LATE  I950's 

• THE  I960's 

EXPERIMENTAL  EVIDENCE  (NONLIFTING,  LIFTING) 
RATIONALISTIC  METHOD  (E.G.,  SIN- DEFICIENCY  METHOD) 
AREAS  NEEDING  IMPROVEMENT 

Figure  1.-  Design  of  bodies  for  low  drag  and  high  performance  in  practical 

hypersonic  flight. 


PROBLEM:  SHAPE  FOR  MINIMUM  WAVE  DRAG 

SIMPLE,  n = f (F) 


X-fX\n 

R_(l) 


COMPLEX,  n=f(F,^) 


SIMPLE  POWER-LAW  BODIES 


Figure  2.-  Bodies  of  revolution;  power- law  types. 


DIAMETER, 


PRESSURE  LAWS 

• NEWTON:  Cp=2SIN28  A 

• NEWTON -BUSEMANN:  Cp=  2 SIN2  8 + 2 SIN  8 *j|  / COS  SdA 

% 
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x/i  x/l 


Figure  5.-  Effect  of  7 on  evaluation  of  Newton  and  Newton-Busemann 

pressure  laws  at  M = 


(CHERNYI.SHUL'GIN)  (GRIMMINGER,  WILLIAMS, YOUNG) 


t 


I 
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9/7  < / ^ 5/3 
6 < 30 

1/4  < F < 12 

BODY  PROFILES:  CONSTANT  AND  VARYING 
RADIUS  OF  CURVATURE 


Cp2/Cp,  = (AX2/AX,)2  FOR  Mco  / F > 2 
FOR  CONSTANT  CURVATURE:  (AX2/AX,)2  = SIN2  &2/ SIN2 8, 

Cp2/cPl  = sin2s2/sin2s, 

Figure  7.-  Flow-field  examination  hy  method  of  characteristics. 


Cp=  <P  SIN2  8 


VARIATIONAL  CALCULUS  — - MINIMUM-DRAG  BODIES 
E.G.,  EGGERS.RESNIKOFF,  DENNIS  SOLUTIONS  - ERD 
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ERD  ' <fi  = 2 ( NEWTON  LAW  ) 

Figure  8.-  The  sin2  law  and  optimization  analyses. 
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(I)  RESTRICTED  TO  SIMPLE  AND  COMPLEX  POWER- LAW  BODIES 
(COMPLEX:  n IS  A FUNCTION  OF  x AS  WELL  AS  F) 
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LAWS  TO  EARLIER  WORK,  AND  ACHIEVES  ITEM  (2) 

Figure  10.-  Exponential  residual  solutions  for  minimum- drag  power- law  todies 
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Figure  12.-  Exponential  residual  solutions;  Z-and-d  constraint;  simple  power-lav  todies 


(Cp  EXACT)  x/l  = 0 


x/i 

Figure  13- - Comparison  of  pressure-prediction  methods. 


_ 3 ,mg  /.  x a\ 
n3-Tf  v T ) 

REF  AREA:  PLANFORM 

REF.  AREA:  l2 

CONSTANTS: 

CONSTANTS: 

g = l:SIN2LAW  THROUGHOUT 

g=|:  n,  APPROACH 

g = 1+  Z-  f3;  n2  APPROACH  BUT 
WITH  2“ ORDER 

SIN2  LAW  AT  SMALL  F 

SHOCK- EXPANSION 

2—  ORDER  SHOCK  - 

AT  LARGE  F 

EXPANSION  AT  LARGE  F 

.A  -1 

b=  + -£-F  5 

INTERMEDIATE  F HANDLED 
AS  IN  n, 

33  8 r 

Figure  Ik-.-  Exponential  residual  solutions;  Z-and-V  constraint; 
complex  power- lav  todies. 
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LIMITS:  5<F<  100 


WHERE:  q = ^ + i-  TAN  (||) 

Figure  15 . - Pseudo-s lender-body  exponential  residual  solutions; 
Z-and-V  constraint;  complex  power-law  todies. 


Figure  l6.-  Variation  of  shape  factor  with  x/Z;  Z-and-V  constraint 
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CONSTRAINT 

F 

r45 

R 

*45 

l 

l - AND  - d 

3.00 

0.0123 

0.002 

l -AND  - V 

5.84 

0.0116 

0.001 

r45  RADIUS  AT  POINT  ON  BODY  WHERE  2 = 45° 
X45  AXIAL  LENGTH  OF  CONICAL  TIP  WITH  8 = 45° 

Figure  17.-  Portion  of  tody  affected  by  substitution  of  conical  tip. 
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Figure  18 *-  Variation  of  optimum  value  of  exponent  with  fineness  ratio; 

Z-and-d  constraint. 
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COMPLEX  POWER -LAW  BODIES  EXCEPT  AS  NOTED; 
n FOR  THESE  BODIES  IS  FOR  x/i  = 0 ONLY 


LU 

_J 

CL 

5; 

CO 


I 

_J 

I 

cr 

LU 


CO  O 
T CL 


to 

LJ 

O 

O 

CD 


148 


Figure  20.-  Variation  of  optimum  value  of  exponent  with  fineness  ratio,  Z-and-V  constraint. 
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Figure  21.-  Comparison  of  predictions  of  optimum  exponent  with  experiment;  Z-and-V  constraint. 


Figure  22.-  Continued 
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FEATURES  IDENTICAL  FOR  ALL  BODIES: 
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Figure  23--  Trapezoidal  "body  family. 


Effect  of  span-height  ratio  and  camber  upon 
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Concluded. 


(b)  Effect  of  span-height  ratio  and  camber  upon 


PFD  = p ON  FLAT  DISK 

Figure  28.-  Illustrative  "basic  blunt  shapes  and  pressure  parameters 

(o  < s < s,). 


S/S*=  S/R 


BASIS  OF 

APPROXIMATION  : p = SIN 2 8 - DEFICIENCY 

p = SIN 2 8 -(I- pF[)) 

Figure  29.-  Sin2  deficiency  for  flat  disk. 
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APPROACH:  APPLY  DEFICIENCY  TERM  AT  CORRESPONDING  S/S* 

IN  PROPORTION  TO  Ap/Ap^AX 


WHERE 


Ap  = p - P*  = SIN28  - p* 
Apmax  = PS  ” P*  = 1 " P* 

p = SIN2S-(l-pFD)  (S'f-Sp~P*) 


P* * <771  > 


2 ,r-i 


Figure  30.-  Sin2-def iciency  method  for  smoothly  contoured  convex  blunt  bodies. 
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NUMERICAL  SOLUTION  FOR  ppD,  SEVERAL  VALUES  OF  y 

a)  VARIABLE  STREAM-TUBE- AREA  APPROXIMATION  FOR 
SHOCK  SHAPE -(DIRECT  METHOD) 

b)  DEPARTURE  POINT  FOR  GARABEDIAN - LIEBERSTEIN 
CALCULATIONS- (INVERSE  METHOD) 

c)  ITERATIONS 

NUMERICAL  RESULTS 
lr 


(l 

(l-W 


LET 


(I"PFD}  _ -X 

C-R-r) 


EVALUATE  X vs  S/S* 


* *,*•*  ‘ 


S/S* 

Figure  31. - Development  of  solution  for  p 

FD 
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- C0  X4 


ERROR  FUNCTION  TYPE  * y s c e"  2 
APPLIED:  S/S*= 


l 

,2 


0 I 

s/s* 


X=4[L(f*)]l/2 


SINCE  n = l-e~X  ( I-  P*) 
PFD  * 


FOR  7 = 7/5  , 


n = I-  0.472 e 
PFD 

Figure  32.-  The  p_  solution  via  error  function. 
rU 
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SPHERICAL  BLUNTING  TANGENT 
TO  CONE  SURFACE 

e,  €0  : NOSE  RAD.  & MAX.  NOSE  RAD. 


Figure  35.-  Sin2-deficiency  method  for  sharp  and  blunted  cones  ( > 5„ 

V c c* 
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EXR 

CAL 


€/R  = .4l2 


Comparison  of  present  method  and  modified  Newtonian  with  experiment. 
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Figure  37*-  Pressure  distribution  on  hemisphere. 
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4.  PROBLEMS  OF  ATMOSPHERIC  ENTRY 


By  Percy  J.  Bobbitt 
Langley  Research  Center 

ABSTRACT 


Aerodynamic  and  heating  problems  of  planetary  entry  are  discussed  with  particular 
emphasis  on  Mars  and  Venus.  Real-gas  and  atmospheric-composition  effects  on  the  drag 
and  radiative  and  convective  heating  of  entry  spacecraft  are  illustrated.  Considerations 
involved  in  the  selection  of  an  ablation  material  are  reviewed  and  typical  heat  protection 
weights  given.  Aerodynamic  data  for  blunt  cones  from  a number  of  different  facilities 
are  shown  and  some  of  the  shortcomings  of  various  test  techniques  pointed  out. 

INTRODUCTION 


4 


An  engineer  who  concerns  himself  with  the  problems  of  atmospheric  entry,  whether 
he  be  a specialist  or  project  manager,  must,  of  necessity,  become  knowledgeable  in  a 
whole  variety  of  subjects  to  be  effective.  The  reason  for  this  is  that  the  various  phases 
of  an  entry  mission  and  the  major  systems  of  an  entry  vehicle  are  so  interdependent  that 
a change  in  any  one  can  have  a substantial  impact  on  many  others.  Some  of  the  more 
important  subjects  and  systems  of  interest  are  as  follows: 

Space  mechanics 
Communications 
Power 

Deboost  and  spin  rockets 
Flight  mechanics 
Aerodynamic  forces  and  moments 
Aerodynamic  and  reaction  controls 
Instrumentation 
Atmospheric  physics 
High-temperature  gas  physics 
Radiative  and  convective  heating 
Aerodynamic  heat  protection  systems 
Fluid  mechanics  (pressure  loads) 

Structural  mechanics 
Aerodynamic  decelerators 
Terminal  retro-rockets 
Landing  systems 
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These  subjects  are  listed  roughly  in  the  order  in  which  they  become  important  during  an  { 
entry,  starting  from  space  and  ending  up  on  the  ground.  This  is  not  the  order,  however, 
in  which  they  are  considered  in  the  course  of  laying  out  a mission  plan  or  designing  an 
entry  vehicle.  Since  every  mission  has  a different  set  of  constraints  and  objectives,  the  i 
relative  importance  of  the  various  technologies  changes.  More  importantly,  when  complex 
interactions  exist  between  various  phases  of  an  entry  mission,  iterations  to  satisfy  all 
(or  most)  of  the  constraints  may  involve  the  technologies  in  a variety  of  combinations. 

The  purpose  of  the  present  paper  is  to  discuss  primarily  those  topics  which  are 
of  concern  during  entry,  with  particular  emphasis  on  those  subjects  related  to  aerody- 
namics. Some  of  the  interactions  and  options  will  be  pointed  out  as  they  arise;  many 
others  will  be  evident.  Even  with  these  restrictions,  it  is  not  possible  in  a paper  of  this 
type  to  discuss  all  of  the  selected  topics  in  detail;  some  will  be  given  only  fleeting  notice. 
The  choice  of  which  subjects  to  emphasize  has  been  influenced  to  a certain  extent  by  a 
desire  to  emphasize  those  aspects  in  a Mars  or  Venus  entry  that  differ  from  an  Earth 
entry  owing  to  such  things  as  atmospheric  composition,  atmospheric  density,  and  entry 
velocity  differences. 

The  discussion  will  be  given  within  the  context  of  two  specific  space-entry  missions  ' 
which  have  received  substantial  attention  in  the  past  few  years.  One  is  the  delivery  of  a 
payload  to  the  surface  of  Mars  and  the  other  is  the  placing  of  a buoyant  probe  in  the  lower 
atmosphere  of  Venus.  These  two  missions  together  provide  most  of  the  complications, 
utilize  most  of  the  systems,  and  involve  all  of  the  technology  disciplines  that  can  be  envi- 
sioned in  an  unmanned  entry  mission.  While  these  missions  may  not  be  flown  in  the  years 
for  which  data  are  given,  similar  considerations  must  be  made  whenever  they  are  seriousl; 
undertaken. 

SYMBOLS 

a speed  of  sound,  ft /sec  (m/sec) 

l 

A reference  area,  usually  maximum  cross-sectional  area,  ft^  (m2) 

cp  specific  heat  at  constant  pressure,  ftVsec2-°R  (joules/kg-°K) 

Cc  constant  in  convective  heating  rate  equation  (see  eq.  (1)) 

Cr  constant  in  radiative  heating  rate  equation  (see  fig.  27) 

Cj)  drag  coefficient,  _Pra§  force 

9oo 
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Axial  force 


CA 

CL 

Cm 

CD,F 

CN 

D 


axial-force  coefficient, 


g 

h 

hx 

HP 

Ho 


H 


w 


lift  coefficient, 


Lift  force 


pitching-moment  coefficient,  Pitching  moment 


forebody  drag  coefficient,  Porebody  drag  force 

” oo 


normal-force  coefficient, 


diameter,  ft  (m) 


Normal  force 


internal  energy  per  unit  mass,  ft2/sec2  (m2/sec2)  or  Napierian  base  (2.718) 
gravitational  constant,  ft/sec2  (cm/sec2) 

altitude  above  surface,  ft  (km);  static  enthalpy,  ft2/sec2  or  Btu/lbm 
(joules/kg) 

terrain  height  above  mean  surface,  ft  (km) 

density  scale  height,  attitude  change  required  to  change  density  by  a fac- 
tor e,  ft  (km) 

stagnation  enthalpy  at  edge  of  boundary  layer,  ft2/sec2  or  Btu/lbm 
(joule  s/kg) 

enthalpy  at  wall,  ft2/sec2  or  Btu/lbm  (joules/kg) 
conductivity,  lbf/sec-°R  or  Btu/ft-sec-°R  (joules/cm-sec-°K) 


K = 


cdap£ 


/3m  sin  (p-g 

k^  absorption  coefficient,  ft"'*'  (cm'*) 

L lift  force,  lb  (kg) 


m 


vehicle  mass,  slugs  (kg) 
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m,n 


exponents 


M Mach  number,  V/a 

Nc  shape  factor  (see  eq.  (7)) 

Nur  Nusselt  number  (see  eq.  (B6)) 

p pressure,  lbf/ft2  or  lbf/in2  (mb) 

pQ  reference  pressure,  2.09  x 10"3  lbf/ft2  (1.013  X 106  dynes/cm2) 

*7Cn 

Pr  Prandtl  number,  — 1- 

k 

q pitching  velocity,  rad/sec 

qc  convective  heating  rate,  ft-lbf/ft2-sec  or  Btu/ft2-sec 

qr  radiative  heating  rate,  ft-lbf/ft2-sec  or  Btu/ft2-sec 

q^  free-stream  dynamic  pressure,  lbf/ft2  (g/cm2) 

qc  total  convective  heat  input  during  entry,  ft-lbf/ft2  or  Btu/ft2 

qr  total  radiative  heat  input  during  entry,  ft-lbf/ft2  or  Btu/ft2 

Qr  total  radiative  heat  input  to  entire  body  during  entry,  Btu  (joule) 

Qc  total  convective  heat  input  to  entire  body  during  entry,  Btu  (joule) 

r distance  from  planet  center  or  radial  coordinate,  ft  (km  or  cm) 

R gas  constant,  ft2/sec2  -°R  (J/kg-°K) 

Rn  nose  radius,  ft  (cm) 

Re  Reynolds  number  (see  eq.  (B7)) 

Rk  base  radius,  ft  (m) 
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s distance  measured  along  body  surface,  ft  (m) 

t time,  sec 

T temperature,  °R  (°K) 

T0  reference  temperature,  492°  R (273.2°  K) 

u velocity  at  edge  of  boundary  layer,  ft/sec  (m/sec)  or  component  of  entry 

vehicle's  velocity  perpendicular  to  radius  vector  from  center  of  planet, 
ft/sec  (km/sec) 

v component  of  entry  vehicle's  velocity  along  radius  vector  from  center  of 

planet,  ft/sec  (km/sec) 

vw  wind  speed,  ft/sec  (m/sec) 

flight  velocity,  ft/sec  (m/sec) 

AV  incremental  velocity  given  spacecraft  to  put  it  on  collision  course  with 

planet,  ft/sec  (m/sec) 

xCp  longitudinal  location  of  center  of  pressure  measured  from  base  of  body 

y distance  measured  normal  to  axes  of  body 
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CN 


= (K&) 

a \da  /qi_c 


a 


angle  of  attack,  deg 

inverse  density  scale  height,  — , 1/ft  (1/km) 


H, 


ratio  of  specific  heats 


y 

T 

6 

V 

7]* 

Vo 

e 

X 

P 

Po 

<P 


ratio  of  static  enthalpy  to  internal  energy,  h/e 
adiabatic  lapse  rate,  dT/dh,  °R/ft  (°K/m) 
shock-layer  thickness 
viscosity,  lbm/ft-sec  (g/cm-sec) 
nondimensional  viscosity,  V/V0 

reference  viscosity  1.61  x 10"6\/T,oR,  lbm/ft-sec  ^3.2095  x 10"5\/t,oK, 
g/cm-secj 

angular  coordinate,  deg 
cone  half-angle,  deg 
wavelength,  A 

free-stream  density,  slugs/ft3  (g/cm3) 

reference  density,  2.51  x 10~3  slugs/ft3  (l.292  kg/m3) 

flight -path  angle,  deg 


Subscripts: 


D 


value  at  parachute  deployment 
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e value  at  edge  of  boundary  layer 

E value  at  entry,  800  000  ft  for  Mars  and  200  km  for  Venus 

L value  just  prior  to  landing 

max  maximum  value  during  entry 

0 stagnation-point  value  or  reference  value 

r value  at  recovery  temperature 

s value  at  planet  surface 

T value  at  tropopause 

w value  at  body  surface  (wall  value) 

1 value  behind  shock 

°°  value  immediately  ahead  of  shock  in  free  stream 

A dot  over  a symbol  indicates  a time  derivative. 

ABBREVIATIONS 


BVS 

buoyant  Venus  station 

HARA 

high-altitude  radar  altimeter 

MV 

Mariner  V spacecraft 

RTG 

radioisotope  thermoelectric  generator 

S/C 

spacecraft/'capsuie 

TDLR 

terminal  descent  and  landing  radar 
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VM  Voyager  Mars 

VTV  USSR  Venus  IV  spacecraft 

SPACE  MECHANICS,  MISSION  PROFILES,  AND  SPACECRAFT 

The  term  Ttspace  mechanics”  is  used  here  to  differentiate  the  type  of  analysis  used 
for  that  part  of  a mission  which  takes  place  in  space,  where  the  perturbing  forces  are 
gravitational  in  nature  or  due  to  rocket  thrusters,  from  that  used  for  the  part  which  takes 
place  in  an  atmosphere  where  aerodynamic  effects  must  also  be  considered.  Space 
mechanics  will  be  used  for  many  purposes  during  the  course  of  a Mars  or  Venus  mission 
(see  fig.  1)  including  the  determination  of  the  spacecraft’s  Earth  orbit,  interplanetary  tra- 
jectory, midcourse  corrections,  planet  approach  trajectories,  planet  orbits,  and  planet 
fly-by  trajectories.  Also,  space -mechanics  must  be  used  in  determining  the  trajectory  of 
the  entry  capsule  from  the  point  where  it  separates  from  the  parent  spacecraft  down  to 
where  it  enters  the  planet’s  atmosphere.  The  approach  and  fly-by  (or  orbit)  trajectories 
provide  the  initial  position  and  velocity  of  the  entry  spacecraft  at  the  time  of  separation. 
Immediately  following  separation,  the  entry  spacecraft  is  given  an  incremental  velocity  to 
put  it  on  a collision  course  with  the  planet  or,  expressed  in  another  way,  to  put  it  in  its 
entry  corridor.  As  is  seen  later,  entry  from  orbit  and  from  the  approach  trajectory 
impose  different  requirements  on  the  entry  vehicle  design.  The  choice  of  entry  mode  may 
also  have  an  impact  on  the  mission  objectives  as  well  since  it  can  affect  the  payload  weight 
available  and  the  ability  to  reach  a prescribed  surface  location.  Determining  the  deboost 
parameters,  that  is,  position,  magnitude,  and  direction  of  AV  (the  incremental  velocity 
given  the  entry  spacecraft)  to  satisfy  all  the  mission  constraints  is  a major  task  in  either 
mode.  A good  summary  of  the  space-mechanic  considerations  for  a Mars  mission  is 
given  in  references  1 and  2.  References  3 to  5 contain  similar  material  but  in  much 
greater  detail. 

Before  proceeding  with  a discussion  of  some  of  the  entry  problems,  it  may  be  of 
interest  to  look  briefly  at  the  kinds  of  systems  and  missions  which  have  been  considered. 
Figure  1 gives  the  various  phases  of  a Mars  mission  culminating  in  the  entry  and  landing 
of  a capsule.  The  mission  mode  in  which  the  entry  spacecraft  is  separated  from  its  par- 
ent spacecraft  in  orbit  (lower  right-hand  corner  of  fig.  1)  is  the  one  currently  being  used 
in  Viking-Mars  project  studies.  Other  options  which  have  been  studied  are  the  release 
of  the  entry  capsule  on  the  approach  trajectory  with  the  parent  spacecraft  subsequently 
following  the  fly-by  trajectory  or  being  injected  into  a Mars  orbit.  The  former  is 
depicted  in  the  upper  right-hand  corner  of  figure  1. 

A sketch  of  a proposed  Viking-Mars  spacecraft  configuration  mounted  in  the 
Titan  Ill-Centaur  launch  vehicle  is  given  in  figure  2.  This  figure  shows  the  clearance 
between  the  spacecraft  and  shroud  required  because  of  structural  deflections  during 
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launch,  the  orbiter,  the  bioshield  enclosing  the  lander  (labeled  "Viking  lander  capsule"), 
and  the  air-conditioning  connections.  The  latter  are  necessary  to  keep  the  capsule  from 
overheating  on  the  launch  pad  owing  to  the  heat  emitted  by  the  RTG's  (radioisotope  ther- 
monuclear generator)  located  on  the  lander  vehicle.  A drawing  of  the  lander  situated 
inside  the  entry  capsule  which,  in  turn,  is  inside  the  bioshield  is  shown  in  figure  3.  Some 
of  the  more  prominent  features  of  the  entry  capsule  and  lander  are  the  deorbit  and  termi- 
nal propulsion  systems,  the  parachute  container,  the  RTG's,  the  landing  legs  (in  retracted 
position),  and  the  blunt,  140°  conical  aeroshell.  The  entry  capsule  pictured,  not  including 
the  biocanister  and  the  deorbit  engine,  has  been  estimated  to  weigh  between  1600  and 
1700  lbm. 

A time  sequence  of  events  during  entry  is  depicted  in  figure  4 starting  with  the  sepa- 
ration of  the  capsule  from  the  orbiter.  This  is  followed  by  a retro-rocket  firing  to  put 
the  entry  capsule  on  its  proper  entry  trajectory.  It  subsequently  may  be  pitched  (alined) 
to  facilitate  communication  with  the  orbiter  during  coast  and  again  just  before  entry  to 
minimize  the  angle  of  attack  of  the  aeroshell.  Obviously  these  maneuvers  require  an 
altitude  control  system  on  the  capsule  to  maintain  a desired  orientation  in  space.  For 
capsules  which  are  spun  to  maintain  orientation,  changes  in  alinement  are  not  usually 
attempted  and  compromises  in  the  communications  geometry  and  entry  angle  of  attack 
may  then  result.  It  should  be  noted  here  that  spin  stabilization  has  most  often  been  con- 
sidered for  entry  spacecraft  that  are  separated  on  the  approach  trajectory.  One  of  the 
reasons  for  this  is  that  an  active  control  system  might  require  a large  amount  of  pro- 
pellant if  the  coast  time  from  deboost  to  entry  were  on  the  order  of  several  days. 

Entry  is  defined  as  commencing  at  800  000  feet  (244  km)  where  the  velocity,  for 
the  orbital  case,  is  in  the  range  of  12  800  to  16  100  ft/sec  (3.9  to  4.9  km/sec).  For  a 
direct  entry,  that  is,  capsule  separation  on  the  approach  trajectory,  the  velocity  range  is 
18  000  to  21  000  ft/sec  (5.5  to  6.4  km/sec).  (These  numbers  are  for  a 1973  launch  from 
Earth.)  The  aeroshell  and  its  heat  protective  coating  of  ablation  material  have  the 
responsibility  of  reducing  these  large  initial  velocities,  and  hence  energies,  to  values 
that  will  permit  a safe  decelerator  deployment.  Most  of  this  energy  goes  into  heating  the 
air  just  ahead  of  the  capsule;  some  is  disposed  of  in  the  wake  and  some  is  conducted  into 
the  ablation  shield  where  it  is  expended  through  pyrolysis  of  the  ablation  material.  If 
the  air  is  heated  to  a sufficiently  high  temperature,  as  in  a high-velocity  Venus  entry,  it 
will  also  radiate.  Some  of  the  radiant  energy  will  reach  the  surface  of  the  aeroshell  and 
some  will  be  radiated  to  space. 

Shortly  after  the  maximum  heating  rate  has  been  incurred,  the  aeroshell  will  be 
subjected  to  the  maximum  pressure  load  (hence  maximum  deceleration).  The  magnitude 
will  be  dependent  upon  the  entry  velocity  and  flight-path  angle,  the  density  scale  height  of 
the  atmosphere,  and  the  ballistic  coefficient  my/C^A  of  the  entry  vehicle. 


183 


In  the  altitude  range  of  15  000  to  20  000  feet,  a parachute  is  deployed  at  an  expected 
Mach  number  of  2.5  or  less.  A few  seconds  later,  the  aeroshell  will  be  released  and  the 
payload-parachute  combination  continued  to  decelerate  until  about  an  altitude  of  6000  feet 
where,  in  the  case  of  a soft  lander,  the  terminal  propulsion  engines  ignited.  With  ignition 
assured,  the  parachute  is  released  (at  about  4000  feet  above  the  terrain)  and  the  terminal 
guidance  and  control  system  takes  over  to  place  the  capsule  15  to  20  feet  (4.57  to  6.1  km) 
above  the  surface  with  a near-zero  velocity.  The  engines  are  then  turned  off  and  the 
lander  drops  to  the  surface. 

The  hard-lander  terminal  decelerator  system  shown  in  figure  4 is  much  simpler. 
The  payload,  which  is  encapsulated  in  a ball  of  crushup  or  shock  absorbing  material,  is 
extracted  from  the  aeroshell  at  parachute  inflation.  The  parachute  remains  attached 
until  near  the  surface  at  which  time  the  payload  is  released  and  the  parachute  is  propelled 
off  to  the  side. 

At  the  bottom  left-hand  corner  of  figure  4,  note  that  the  terrain  height  has  been  set 
equal  to  two  values,  0 and  6000  feet  (1.83  km).  This  has  been  done  to  signify  the  fact 
that  in  many  of  the  Mars  terminal  decelerator  systems  studies  the  effect  of  a terrain 
height  6000  feet  (1.83  km)  above  Mars  "sea  level"  has  been  studied. 

The  Venus  missions  studied  are  similar  to  those  for  Mars  in  that  capsule  deploy- 
ments from  both  fly-by  and  orbiting  spacecraft  have  been  considered.  Fly-by  missions 
include  an  April  1972  launch  and  an  October  1973  launch,  with  the  latter  providing  the 
parent  spacecraft  an  opportunity  for  a Mercury  swing-by.  The  orbit  mission  assumes  a 
November  1973  launch.  Figure  5 shows  schematically  the  flight  profile  of  the  first  of 
these  missions  starting  at  booster  spacecraft  separation.  As  in  the  Mars  mission,  mid- 
course corrections  are  applied  to  put  the  spacecraft  on  the  desired  approach  trajectory. 
After  about  121  days  into  the  mission  and  2 days  from  encounter,  the  capsule  is  deployed 
and  given  a velocity  increment  in  the  direction  of  the  planet.  It  can  be  seen  that  the  probe 
will  land  near  the  terminator  and  be  in  view  of  both  the  spacecraft  and  Earth  at  entry. 

A sketch  of  a Venus  fly-by  spacecraft-capsule  combination  enshrouded  by  a 
Titan  IIIC  payload  fairing  is  given  in  figure  6.  The  spacecraft  in  this  case  is  a 1969 
Mariner  modified  to  account  for  the  larger  angular  inertia  of  the  spacecraft -capsule  com- 
bination, the  sun  shadow  of  the  aeroshell,  and  to  act  as  a communications  relay  for  the 
capsule  during  entry.  Note  that  the  capsule,  like  that  of  Mars,  is  surrounded  by  a bio- 
canister; note  also  that  the  capsule  is  not  as  blunt  as  the  Mars  capsule.  The  total  apex 
angle  of  the  Venus  aeroshell  has  been  chosen  to  be  110°,  whereas  that  for  Mars  was  140°. 

A closer  look  at  the  Venus  entry  capsule  is  provided  by  figure  7.  Indicated  in  this 
figure  are  some  typical  dimensions  and  weights  of  the  aeroshell,  parachute  canisters, 
balloon  gondola,  inflation  module,  and  subsonic  probe.  The  location  of  the  roll  rockets 
on  the  afterbody  are  also  shown.  These  are  required  to  spin  up  the  capsule  following 
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separation  from  the  spacecraft  so  as  to  minimize  the  effects  of  thrust  asymmetric  during 
the  firing  of  the  rocket  engine  (see  top  right-hand  corner  of  fig.  7)  which  puts  the  capsule 
on  the  desired  entry  trajectory.  In  addition,  the  spin  (=2.2  rad/sec)  maintains  the  atti- 
tude (as  mentioned  earlier)  of  the  capsule  during  the  2-day  coast  period  so  that  it  will  not 
enter  the  atmosphere  backwards. 

Before  looking  at  the  mission  profile  subsequent  to  entry,  it  is  of  interest  to  make 
a comparison  of  the  1972  fly-by  mission  depicted  in  figure  5 with  the  1973  orbital  and 
1973  fly-by  missions  from  the  standpoint  of  entry  velocity  and  communications  geometry. 
Figure  8 shows  the  1972  fly-by  geometry  again  but  from  a different  viewing  angle  and  also 
indicates  that  the  entry  velocity  is  37  400  ft/sec  (14  km/sec).  The  orbital  mission  shown 
in  the  center  of  figure  8 yields  a 32  000-ft/sec  (9.76  km/sec)  entry  velocity,  whereas  the 
1973  fly-by  on  the  right  gives  43  500  ft/sec  (13.26  km/sec).  An  alternate,  direct-entry 
option  for  the  1973  orbital  mission  is  noted  as  providing  a 36  500-ft/sec  (11.6  km/sec) 
entry  velocity.  The  spread  in  initial  energy  from  the  orbit  entry  to  the  1973  swing-by 
mode  is  nearly  a factor  of  2;  therefore,  substantial  differences  would  be  expected  in  the 
heating  loads  and  decelerations  and,  hence,  the  aeroshell  and  heat-protection  (ablation 
material  and  insulation)  weights. 

Communication  differences  for  the  three  missions  are  shown  schematically  and 
tabled  in  figure  9.  For  the  1973  orbital  mission,  all  communications  from  the  capsule  or 
buoyant  station  are  relayed  by  the  orbiting  spacecraft.  In  the  1972  fly-by  mission,  com- 
munications follow  the  same  format,  except  when  the  buoyant  station  becomes  operative, 
it  communicates  directly  with  Earth.  The  1973  Venus  and  Mercury  swing-by  mission 
requires  all  communications  to  be  directly  with  Earth.  Since  the  entry  is  made  out  of 
sight  of  the  spacecraft,  the  data  obtained  during  this  period  must  be  stored  and  trans- 
mitted to  Earth  by  the  buoyant  Venus  station  (BVS).  The  communications  requirements, 
then,  are  different  for  each  mission.  As  a result,  the  power  requirements  of  the  space- 
craft, capsule,  and  BVS  would  also  be  expected  to  be  different.  Similar  communication 
differences  occur  for  the  various  possible  modes  of  Mars  entry. 

Entry  into  the  Venus  atmosphere  is  assumed  to  start  at  656  000  ft  (200  km)  with  a 
flight -path  angle  of  30°  ± 5°.  Approximately  19  seconds  later  (see  fig.  10),  the  maximum 
aerodynamic  heating  rate  will  be  incurred  followed  almost  immediately  by  the  maximum 
deceleration.  At  70  seconds,  the  capsule  will  have  been  slowed  to  subsonic  speeds  and  a 
parachute  is  deployed  to  extract  the  payload.  A probe  weighing  up  to  80  or  90  pounds  is 
then  dropped  to  make  measurements  in  the  atmosphere  all  the  way  to  the  ground.  This 
probe  would  measure  such  things  as  pressure,  temperature,  composition,  and  radiation 
at  selected  frequencies.  It  might  even  contain  a television  camera  to  take  pictures  of 
the  surface. 
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When  the  parachute -payload  combination  has  been  slowed  to  about  30  ft/sec,  a bal- 
loon is  deployed  and  inflated  with  hydrogen  (see  fig.  7)  and  the  parachute  released.  The 
balloon  will  continue  to  drop  until  the  hydrogen  is  warmed  sufficiently  for  the  balloon  to 
reach  an  equilibrium  state.  As  it  continues  to  heat  up,  the  balloon  will  rise  and  it  is 
likely  that  some  venting  will  be  required  for  it  to  stabilize  at  an  altitude  of  190  000  ft 
(58  km).  Winds  will  then  carry  the  balloon  over  the  surface  so  that  scientific  measure- 
ments can  be  made  at  widely  scattered  points.  In  the  BVS  study  of  reference  4,  provision 
was  made  for  two  drop  sondes.  These  sondes  are  very  much  simpler  than  the  subsonic 
probe.  They  weigh  only  5.0  pounds  and  make  pressure,  temperature,  and  water-vapor 
measurements. 

The  effect  of  winds  on  possible  regions  of  exploration  by  the  BVS  for  the  mission 
options  of  1973  are  indicated  in  figure  11.  On  the  left  of  this  figure,  a 1973  fly-by  mis- 
sion is  shown  in  which  the  entry  occurs  near  the  evening  terminator.  With  the  spectrum 
of  possible  wind  speeds  and  directions  assumed,  the  BVS  will  reach  the  dark  side  in 
anywhere  from  40  to  350  hours.  A similar  time  range  exists  for  the  orbital  case,  although 
the  directions  of  drift  are  different.  For  the  Mercury-Venus  fly-by,  the  entry  occurs  on 
the  dark  side  and  it  is  not  expected  that  the  winds  would  carry  the  BVS  across  the  termina- 
tor. Type  II  and  Type  I notations  in  figure  11  simply  indicate  heliocentric  transfer  angles 
from  Earth  to  Mars  of  greater  than  or  less  than  180°,  respectively.  Type  II  trajectories 
are  used  when  the  initial  energy  requirements  for  a Type  I trajectory  are  excessive. 

PHYSICAL  PROPERTIES  AND  ATMOSPHERES  OF  MARS  AND  VENUS 

Once  the  entry  spacecraft  enters  the  atmosphere,  it  will  begin  to  slow  down  and 
heat  up.  The  rate  at  which  the  velocity  decreases  and  the  heating  rate  increases  will 
depend  primarily  on  the  atmospheric  density  and  composition,  the  gravitational  constant, 
and  the  spacecraft’s  velocity,  flight-path  angle  and  ballistic  coefficient  m/CpA.  The 
spacecraft  velocity  will,  in  addition,  depend  on  the  rate  at  which  the  density  increases. 
There  are  other  dependencies  but  these  are  sufficient  to  indicate  the  need  for  accurate 
physical-property  and  atmospheric  data.  Where  uncertainties  exist  in  these  quantities, 
they  must  be  accounted  for  in  attempting  to  satisfy  the  mission  constraints  and  in  the 
aeroshell  design. 

Table  I gives  some  of  the  physical  properties  and  atmospheric  data  for  Mars  and 
Venus.  Comparable  values  for  Earth  are  also  included  to  point  up  the  differences  and 
similarities  of  the  three  planets.  It  is  evident  from  this  table  that  the  surface  tempera- 
ture, pressure,  and  density  of  Venus  are  much  higher  than  those  of  Earth,  whereas  these 
same  quantities  for  Mars  are  much  lower.  The  size  and  gravitational  constant  of  Venus 
and  Earth,  listed  in  the  table,  are  nearly  the  same;  the  values  for  Mars  are  much  lower. 
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Mars  rotational  period  however  is  nearly  identical  with  that  of  Earth.  Recent  radar 
observations  of  Venus  indicate  that  it  also  rotates  but  there  is  considerable  uncertainty 
as  to  its  precise  rate. 

Another  fact  apparent  from  table  I is  that  there  is  considerable  uncertainty  in  the 
surface  density  and  pressure  of  the  Mars  and  Venus  atmospheres.  This  uncertainty  can 
have  a major  impact  on  the  terminal  decelerator  systems,  especially  for  Mars,  but  very 
little  on  the  entry  heating  and  pressure  loads.  It  will  be  shown  later  that  the  primary 
atmospheric  quantity  affecting  the  level  of  entry  heating  and  loads  is  the  density  scale 
height.  The  uncertainty  in  its  value  for  Mars  (see  table  I),  therefore,  causes  consider- 
able aggravation. 

Some  insight  into  the  cause  of  the  uncertainties  in  the  atmospheric  data  of  Venus 
is  provided  by  figures  12  and  13  (developed  by  George  P.  Wood  of  the  Langley  Research 
Center).  Figure  12  gives  a plot  of  various  temperature  measurements  and  calculations 
as  a function  of  the  distance  from  the  planet's  center.  At  high  altitudes,  data  shown  are 
those  from  Mariner  V;  at  low  altitudes  both  Mariner  V and  the  USSR’s  Venus  IV  probe  data 
are  given.  In  between,  that  is,  from  r = 6110  km  to  6190  km,  several  discrete  data  points 
have  been  obtained  with  a resulting  uncertainty  of  about  100°  K.  There  is  general  agree- 
ment that  the  cloud  tops  are  in  the  r-range  of  6110  to  6120  km.  (Note  that  if  the  BVS  is 
in  equilibrium  flight  at  70°  F (300°  K),  it  will  float  in  the  clouds.) 

Good  agreement  seems  to  exist  between  the  Mariner  V and  Venus  IV  data  at  low 
altitudes.  The  major  uncertainty  then  is  the  location  of  the  surface  itself.  Venus  IV 
stopped  transmitting  at  roughly  6080  km,  which  was  explained  at  one  time  as  the  top  of  a 
10-km  mountain  or  plateau.  Accepting  this  explanation,  the  surface  would  be  at  6070  km, 
which  is  still  well  above  the  best  radar  measurement.  The  differences  in  surface  tem- 
perature given  in  table  I are  the  Venus  IV  10-km  peak  and  the  radar  surface  values. 

The  pressure  variations  associated  with  the  temperatures  of  figure  12  are  plotted 
in  figure  13.  There  is  an  overall  consistency  of  the  measurements  for  pressure;  however, 
the  surface  value  is  still  uncertain  for  the  same  reasons  as  cited  for  the  surface  tempera- 
ture. The  Venus  IV  10-km  peak  surface  pressure  is  40  atmospheres,  and  the  radar  sur- 
face value  is  100  atmospheres.  Most  recent  measurements  indicate  that  the  radar  value 
is  probably  the  most  accurate. 

Differences  similar  to  those  of  Venus  also  exist  in  the  properties  of  the  Mars  atmo- 
sphere; however 7 because  of  the  previously  mentioned  uncertainties  in  the  density  scale 
height,  they  are  of  more  concern  in  the  design  of  an  entry  capsule.  The  most  credible 
source  of  Mars  atmospheric  data  until  the  recent  Mariner  VI  and  VII  flights  has  been  the 
occupation  experiment  of  Mariner  IV.  Basically,  this  experiment  consists  of  the  mea- 
surement of  the  attenuation  of  the  radio  signal  as  it  goes  behind  and  re-emerges  from 


187 


behind  the  planet.  A summary  of  the  atmospheric  quantities  computed  from  immersion 
and  emersion  data  is  given  in  reference  6 and  repeated  in  table  II.  It  is  clear  from  this 
table  that  the  overall  uncertainty  in  the  surface  quantities  could  be  written  as  follows: 


Pressure,  mb 6.8  ± 2.7 

Temperature,  °K 205  ± 50 

Mars  density,  10"^  g/cm^ 1.67  ± 0.33 


This  "lumping"  together  of  emersion  and  immersion  data  may,  however,  be  an  unduly 
pessimistic  interpretation  of  the  accuracy  of  the  data.  Several  plausible  explanations  for 
the  difference  have  been  proposed.  One  centers  around  the  differences  in  elevation  of  the 
areas  where  immersion  and  emersion  took  place,  and  the  other  suggests  that  the  mean 
gravitational  equipotential  surface  may  be  shaped  in  such  a way  as  to  produce  the  mea- 
sured difference.  Elevation  differences  could  have  been  caused  by  local  features  and/or 
by  planet  ellipticity.  Obviously,  until  more  is  known  about  the  topography  and  ellipticity 
of  the  planet,  mission  planners  will  have  to  accommodate  uncertainties  of  the  magnitude 
listed. 

Some  hypothesized  atmospheric  temperature  profiles,  based  in  part  on  Mariner  IV 
data,  are  given  in  figure  14.  The  curves  labeled  VM-8  and  VM-9  are  the  lowest  and 
highest  density-scale-height  atmospheres  from  a set  used  in  the  Voyager  program.  (A 
program  involving  a Saturn  launched  Mars  spacecraft  with  a 19 -foot-diameter  entry  cap- 
sule. This  project  has  been  superseded  by  the  Viking  project.)  The  minimum,  maximum, 
and  most  probable  curves  are  those  used  in  early  Viking  project  studies.  The  minimum 
and  maximum  surface  temperatures  differ  by  100°  K,  whereas  at  high  altitudes,  the  dif- 
ferences are  in  the  hundreds  of  degrees.  Corresponding  density  profiles  are  plotted  in 
figure  15  and  show  that  down  to  densities  of  10"^  g/cm^  the  two  sets  of  atmospheres 
(solid-  and  dashed-line  curves)  have  about  the  same  density  bounds.  Tables  III  and  IV 
give  a complete  listing  of  the  important  variables  for  the  Voyager-Mars  and  minimum, 
maximum,  and  mean  atmospheres.  Appendix  A shows  how  the  atmospheric -quantity  pro- 
files are  derived  starting  with  the  equation  of  state  and  the  barometric  equation. 

Another  atmospheric  property  of  concern  is  the  wind,  including  gusts.  If  a 
parachute -payload  combination  is  subjected  for  a long  enough  time  to  the  wind,  it  will 
become  entrained.  This  added  velocity  component  imposes  an  additional  burden  on  the 
retropropulsion  system  of  a Mars  soft  lander  for  it  must  cancel  out  this  lateral  velocity 
component  to  achieve  a successful  landing.  A proposed  probability  distribution  for  the 
near-surface  wind  speed  is  shown  in  figure  16.  The  most  probable  wind  speed  is  on  the 
order  of  45  miles/hour  (20.1  m/sec);  the  maximum  speed  is  142  miles/hour  (63.6  m/sec). 
Winds  for  a Venus  buoyant  probe  are  important  also  since,  as  noted  earlier,  they  will 
determine  the  distances  over  which  the  probe  will  be  able  to  obtain  data  and  whether  or 
not  the  probe  will  cross  the  terminator. 
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HIGH-TEMPERATURE  GAS  PHYSICS 


Real-gas  effects  are  somtimes  not  fully  appreciated;  therefore,  the  added  emphasis 
provided  by  a special  section  seems  warranted.  The  principal  concern  here  is  the  depar- 
ture of  the  behavior  of  the  gas  from  that  at  low  temperatures.  A better  understanding  of 
these  phenomena  may  be  obtained  by  looking  at  a simplified  model  of  a gas  molecule  in 
various  states  of  excitation  (see  fig.  17).  At  low  temperatures,  for  example,  room  tem- 
perature, only  the  translational  and  rotational  modes  need  to  be  considered  to  provide  the 
ideal  gas  model.  However,  as  the  temperature  of  the  gas  increases,  other  internal 
degrees  of  freedom  come  into  play.  In  air  at  about  1500°  K,  the  vibrations  of  the  mole- 
cules become  important;  at  approximately  3000°  K,  the  collisions  become  so  violent  that 
dissociation  occurs;  and  above  6000°  K,  electronic  excitation  and  ionization  (loss  of 
electrons  from  atoms  and  molecules)  must  be  considered.  (Temperatures  for  the  excita- 
tion of  various  degrees  of  freedom  vary  with  pressure;  hence,  the  numbers  given  are 
typical  values.)  When  the  electrons  in  an  atom  have  sufficient  energy  to  shift  orbits, 
radiation  is  emitted.  The  loss  of  electrons  from  gas  atoms  and  molecules  (ionization) 
causes  free  electrons  to  be  distributed  in  the  gas  and  creates  problems  in  transmitting 
electronic  signals  through  the  hot  gas  layer  surrounding  entry  vehicles  (blackout). 

A mathematical  model  for  the  gas  chemistry  starts  with  an  assumption  of  the  com- 
position of  the  cold  gas  mixture  and  the  percentage  of  the  total  volume  or  mass  of  the  gas 
each  component  occupies.  For  example,  a model  for  everyday  air  might  be  78-percent 
nitrogen  and  22-percent  oxygen  by  volume.  Then  with  the  knowledge  of  the  characteristic 
energies  of  each  of  the  processes  for  each  chemical  species,  the  thermodynamic  proper- 
ties such  as  density,  enthalpy,  entropy,  and  the  chemical  composition  for  a given  tem- 
perature and  pressure  can  be  calculated. 

These  real-gas  effects  must  be  accounted  for  in  any  theoretical  prediction  of  radia- 
tive and  convective  heating  rates,  surface  pressures,  and  force  and  moment  coefficients 
for  entry  bodies.  In  the  case  of  experimental  data  for  these  quantities,  care  must  be  taken 
not  to  use  perfect-gas  tunnel  results  as  a substitute  for  real-gas  hypervelocity  data  with- 
out thoroughly  examining  the  validity  of  such  a procedure.  For  instance,  pressure- 
distribution  (hence  force  and  moment)  data  for  slender  bodies  with  flares  (or  control  sur- 
face deflections)  and  blunt  aeroshells  can  be  significantly  affected  by  real-gas  effects. 

Few  wind-tunnel  facilities  can  simulate  real-gas  flow  conditions  and  often  theory  must  be 
relied  on  in  whole,  or  in  part,  to  predict  adequately  the  performance  of  hypervelocity  flight 
vehicles.  This  point  will  be  discussed  in  more  detail  in  the  section  entitled  "Aerodynamic 
Forces  and  Moments." 

One  indicator  of  real-gas  effects  is  the  ratio  of  specific  heats  y.  At  low  tempera- 
tures in  air,  this  ratio  is  1.4  but  as  the  temperature  increases,  it  generally  decreases. 
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Figure  18(a)  (from  ref.  7)  shows  a plot  of  an  effective  ratio  of  specific  heats  y for  air 
in  thermodynamic  and  chemical  equilibrium  defined  as  the  ratio  of  h/e,  which  at  low 
temperatures  is  exactly  y.  Using  the  normal  shock  density,  pressure,  temperature,  and 
static-enthalpy  jump  conditions  for  = 34.66,  where  h = 200  000  feet  (given  in  ref.  8), 
the  calculation  of  y behind  a normal  shock  can  be  demonstrated.  The  following  table 
gives  the  shock  jump  conditions  in  column  1 and  the  values  behind  the  shock  in  column  2: 


Shock  jump 

Quantity  behind  shock 

15.84 

H oo 

Pj  = 9.69  X 10"6  slugs/ft2 

P1 

J-=1576 

r'oo 

Pj  = 743  lbf/ft2 

^1=  44.94 

Too 

Tj  = 20  200°  R 

hl 

— = 241.2 

hoo 

hj  = 6.48  X 108  ft2/sec2 

By  eliminating  e from  the  two  relations 


p = (y  - l)pe 
h = ye 


and  substituting  the  preceding  values  of  p^,  p^,  and  hj_,  a value  of  y of  1.135  is 
obtained.  From  the  equation  h = ye,  with  y = 1.135,  a value  of  675  for  the  nondimen- 
sional  energy  parameter  ej^/RT0  may  be  calculated.  Higher  Mach  numbers  for  the 
same  free-stream  quantities  (subscript  1 quantities)  will  result  in  even  higher  tem- 
peratures, pressures,  and  densities  behind  the  shock.  The  relationship  between  these 
quantities  at  high  temperatures  is  illustrated  by  the  plot  in  figure  18(b). 

The  speed  of  sound  for  the  preceding  conditions  may  be  determined  from  figure  19. 
The  ordinate  parameter  a^RTg  will  have  a value  of  1.4  for  air  at  low  temperature  as 
may  be  seen  by  dividing  the  equation  for  aQ2 

= rRT0 

by  RT0;  thus 


1.4 
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For  2^/wYq  =100,  which  is  roughly  the  value  obtained  by  using  the  values  previously 
computed  for  e^jKT0  and  Pj/P0,  the  speed  of  sound  a will  be  lo/'JlA  = 8.46  times 
its  low-temperature  value  for  y = 1.4. 

The  solid-line  curves  in  figures  18  and  19  are  curve  fits  used  in  reference  7 to  com- 
pute the  flow  field  about  bodies  traveling  at  planetary  return  velocities.  Since  the  com- 
putation of  the  thermodynamic  properties  of  a gas  requires  considerable  computer  time, 
the  use  of  curve  fits  is  almost  mandatory  in  flow-field  calculations.  Real-gas  effects  on 
the  thermodynamic  properties  of  planetary  gas  mixtures  are  similar  to  those  shown  for 
air. 

Real-gas  effects  also  play  an  important  part  in  the  transport  properties  of  a gas, 
that  is,  viscosity  tj,  conductivity  k,  and  the  diffusion  coefficient.  From  a convective- 
heating  standpoint,  viscosity  and  Prandtl  number  ?7Cp/k  are  the  most  important  of  the 
transport-property  parameters.  This  can  be  seen  from  the  following  approximate  expres- 
sion for  the  axisymmetric  stagnation-point  heating  rate  (see  ref.  9): 

4C,°  - - H^dUeHo 

where  Pr  is  an  average  value  for  the  Prandtl  number  in  the  boundary  layer.  As  pre- 
viously indicated,  real-gas  effects  have  a substantial  influence  on  the  density  behind  the 
shock  and  hence  on  pg  Q;  also,  (due/ds)Q  is  affected  but  to  a lesser  extent. 

Real-gas  effects  on  r}e,Q  and  Pr  for  several  different  gases  including  air  can  be 
shown  with  the  aid  of  figures  20  to  25  (ref.  10).  Figures  20  and  21  give  the  variations  of 
a viscosity  parameter  and  Prandtl  number  with  temperature  for  a range  of  pressures 
from  0.001  to  10  atmospheres  in  air.  Note  in  figure  20  that  real-gas  effects  do  not 
noticeably  affect  the  viscosity  parameter  until  a temperature  of  2500°  K and  have  only  a 
small  influence  up  to  4000°  K.  Pressure  independent  equations  of  the  type  used  at  low 
speed  may  then  be  useful  up  to  this  temperature.  Real-gas  effects  are  seen  to  affect  the 
Prandtl  number  (fig.  21)  at  a much  lower  temperature  and  have  an  increasing  effect  as 
the  temperature  is  increased.  Similar  observations  can  be  made  concerning  figures  22 
and  23  which  give  these  two  properties  for  CC>2.  Comparisons  of  the  viscosity  varia- 
tions from  figures  20  and  22  for  a pressure  of  0.1  atmosphere  along  with  similar  curves 
for  100-percent  N2  and  a mixture  of  50-percent  N2  and  50-percent  CO2  are  given  in  fig- 
ure 24.  It  is  evident  from  this  figure  that  real-gas  effects  on  viscosity  are  similar  for 
the  various  atmospheres  considered  so  that  composition  is  almost  a second-order  effect. 

A comparable  plot  for  Prandtl  number  is  given  in  figure  25.  Clearly,  composition 
effects  are  more  important  for  this  quantity.  Maximum  changes  in  heating  rates  due  to 
real-gas  and  composition  effects  for  the  atmospheres  (and  temperature  range)  considered 
here  on  the  order  of  20  and  15  percent,  respectively. 
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CONVECTIVE  AND  RADIATIVE  HEATING 


Convective  heating,  which  has  already  been  discussed  briefly  in  connection  with  the 
real-gas  effects,  is  due  to  the  viscous  nature  of  the  flow  adjacent  to  the  surface  of  a body, 
that  is,  in  the  boundary  layer.  The  flow  velocity  at  the  surface  is  zero  and,  therefore, 
has  the  same  temperature  as  the  surface.  (This  is  not  true  in  free  molecule  or  slip  flow, 
but  usually  in  these  flow  regimes  convective  heating  rates  are  low  and  do  not  influence  the 
design  of  the  heat  shield.)  Going  away  from  the  boundary  layer,  the  temperature  and 
velocity  increase.  Since  heat  will  be  conducted  where  a temperature  gradient  exists,  the 
body  surface  will  receive  heat  from  the  gas.  On  entry  bodies  traveling  at  high  speed, 
these  gradients  can  become  quite  large,  therefore,  the  heat  transferred  to  the  body  is  a 
major  concern  in  entry  vehicle  design. 


Several  authors  have  shown,  references  9 and  11  for  example,  that  the  stagnation- 
point  convective  heating  rate  can  be  approximated  by  equations  similar  in  form  to 


q 


c,o 


CcpmVcon 


(1) 


where  for  laminar  flow,  m = 0.5.  Values  of  n from  3.0  to  3.22  have  been  proposed 
along  with  a range  of  values  for  the  constant  Cc.  In  appendix  B,  an  equation  for  qC)0 
is  derived,  following  the  analysis  of  reference  12,  in  which  n*3  and  Cc  = 15.25  X 10“®; 
that  is 


1c,o 


mtxio-VSr.* 


sec 


(2) 


While  some  of  the  assumptions  made  to  obtain  equation  (2)  are  subject  to  question,  it  helps 
to  understand  why  equations  in  the  form  of  equation  (1)  are  capable  of  correlating  experi- 
mental data  as  well  as  numerical  solutions  of  the  boundary-layer  equations.  (The  objec- 
tive of  the  heating  analysis  of  ref.  12  was  to  obtain  the  correct  form  of  qco  and  not 
necessarily  the  magnitude.)  In  any  case,  the  important  fact  about  equation  (2)  is  that  it 
shows  that  the  convective  heating  rate  varies  roughly  with  the  cube  of  the  velocity,  the 
square  root  of  the  density,  and  inversely  with  the  square  root  of  the  nose  radius.  Conse- 
quently, the  more  blunt  a body,  the  lower  will  be  the  convective  heating  rate  in  the  nose 
region.  This  fact  was  first  discovered  by  H.  Julian  Allen,  one  of  the  authors  of 
reference  12. 


Appendix  B also  shows  that  when  a straight-line  trajectory  is  assumed,  the  maximum 
convective  heating  rate  during  entry  is  given  by 
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max 


15.25  X 10 


■6,P  sin 


3eR 


•n 


m 

cda 


VE3  ft-lbf/ft2-sec 


(3) 


The  maximum  rate  occurs  at  an  altitude  of 

h = I In  3K 

r 

and  a velocity  of 

= VEe~1/6  = 0.85Ve 


(4) 

(5) 


Obviously,  the  maximum  heating  rate  will  vary  directly  as  the  square  root  of  the  ballistic 
coefficient,  the  inverse  scale  height  and  the  entry  flight-path  angle.  If  the  Mars  atmo- 
spheres of  table  m were  used,  then  the  VM-8  and  VM-2  atmospheres  would  be  expected 
to  yield  the  maximum  heating  rate  by  virtue  of  their  large  inverse  density  scale  heights. 
Note  also  that  the  maximum  heating  rate  is  proportional  to  VE3.  With  Venus  entry 
velocities  on  the  order  of  two  to  three  times  larger  than  those  of  a Mars  orbit  entry,  the 
maximum  Venus  heating  rates  will  be  substantially  larger  than  those  of  Mars. 


The  total  heat  input  to  the  stagnation  point  during  entry  is  shown  in  appendix  B 
(also  ref.  13)  to  be 


qc,o 


15.25  X lQ-y  , m q/2  2 

(Rrfsin  0e)1/2 E 


ft-lbf/ft2 


(6) 


A comparison  of  this  equation  with  equation  (3)  shows  that  the  dependence  on  0 sin  0 of 
the  total  heat  input  is  just  the  inverse  of  that  for  the  maximum  rate.  Consequently,  steep 
entry  angles  and  large  inverse  scale  heights  which  give  rise  to  large  heating  rates  pro- 
vide low  total  heat  inputs.  The  Voyager-Mars  set  of  Mars  atmospheres,  VM-1,  VM-3, 
VM-7,  and  VM-9,  have  the  same  low  value  of  0 and  yield  the  same  maximum  total  heat 
input  during  entry. 


The  preceding  discussion  of  Mars  and  Venus  convective  heating  rates  and  heat 
inputs  in  terms  of  equations  (3)  and  (6)  may  seem  unwarranted  if  it  is  realized  that  these 
two  equations,  though  approximate,  were  derived  with  an  air  atmosphere  in  mind.  Some 
indication  of  the  validity  of  using  air  heating-rate  expressions  for  CC>2-N2-Ar  gas  mix- 
tures was  given  in  the  previous  section,  where  in  figures  24  and  25  the  viscosity  and 
Prandtl  number  for  several  planetary  gas  mixtures  were  compared  with  those  for  air. 

The  differences  in  the  calculated  values  of  these  quantities  were  postulated  to  have  a 
maximum  effect  on  the  convective  heating  rate  on  the  order  of  15  percent. 

Experimental  data  on  the  effect  of  composition  on  convective  heating  have  been 
obtained  by  a number  of  investigators.  Figure  26  contains  two  plots  from  a paper  by 
Horton  and  Babineaux  (ref.  14),  one  of  which  compares  heating  rates  for  three  CC>2-N2-Ar 
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gas  mixtures  with  air.  Generally,  it  can  be  concluded  from  this  data  that  composition 
has  a small  effect  on  heating  rate  except  for  the  gas  mixture  with  65-percent  CO2 
and  35-percent  Ar  and  even  this  effect  is  greatly  reduced  for  flight  velocities  below 
25  000  ft/sec.  The  left-hand  plot  of  figure  26  shows  the  experimental  data  upon  which 
the  air  curve  in  the  right-hand  plot  is  based  (includes  data  from  ref.  15)  along  with  pre- 
dications based  on  the  methods  of  Fay  and  Kemp  and  Hoshizaki  (refs.  16  and  17). 

The  discussion  to  this  point  has  not  considered  the  interaction  of  the  gases  emitted 
by  the  ablation  material  with  the  boundary  layer.  The  equations  and  experimental  data 
discussed  are  for  a clean,  smooth  surface  which  acts  as  a heat  sink.  If  the  surface  is 
covered  with  ablation  material,  the  heat  absorbed  during  entry  causes  the  material  to 
pyrolize  and  emit  gases  into  the  boundary  layer.  This  process  has  the  effect  of  reducing 
the  heating  rate  to  the  surface  by  a factor,  determined  in  reference  18,  of  approximately 

1 

1 + const  x V^^/Ey 

The  constant  in  the  denominator  depends  on  the  type  of  ablation  material  and  whether  the 
flow  is  laminar  or  turbulent.  (Values  of  this  constant  will  range  from  zero  (for  very  low 
heating  rates)  up  to  about  a maximum  of  0.4.)  The  quantity  Ey  is  the  heat  energy 
required  to  vaporize  a unit  mass  of  the  ablator.  For  sufficiently  high  velocities,  the  flux 
of  emitted  ablation  gases  will  lift  the  boundary  layer  off  the  surface.  The  flow  adjacent 
to  the  surface  under  these  conditions  is  (depicted  in  the  following  sketch) 
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quite  different  from  that  for  which  ordinary  boundary-layer  solutions  are  applicable.  One 
attempt  at  a solution  to  this  problem  is  given  in  reference  19.  Additional  discussion  of 
ablation  material  behavior  is  given  in  the  next  section. 

Stagnation-point  convective  heating  rates  are  useful  in  entry  studies  in  which  con- 
vective heating  is  the  major  source  of  heat  input  to  the  surface.  With  some  knowledge  of 
the  distribution  of  convective  heating  rates  around  a given  shape,  a judgement  can  be  made 
of  the  relative  amount  of  heat  protection  material  that  will  be  required  for  different  tra- 
jectories or  entry  bodies.  However,  when  both  convective  and  radiative  heating  are 
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important  contributors  to  the  heat  received  by  the  surface,  stagnation-point  heating  rates 
are  no  longer  sufficient  (ref.  13).  Since  the  distribution  of  heating  rate  is  quite  different 
for  radiation  and  convection,  it  is  necessary  to  calculate  the  time  variations  of  the  heat 
inputs  to  the  entire  body. 

In  reference  13  the  total  laminar  convective  heating  rate  for  a series  of  shapes 
with  the  same  volumes  and  diameters  was  calculated  by  using  Lee's  similarity  solution 
(ref.  9).  It  was  found  that  the  results  could  be  represented  by  the  following  equations 

. ttNc(D)3/2^ 

Qc  = 4 — (7a) 


Qc  = 


irNc(D)3/2 


^c>°)r=i 


(7b) 


The  symbol  Nc  is  a shape  factor  which  varied  from  1.04  for  a 26.5°  half-angle  blunted 
cone  to  0.96  for  an  Apollo-like  body.  With  the  constraint,  then,  of  equal  volume  and 
diameter,  shape  has  only  a minor  affect  on  the  total  (entire  body)  convective  heating  rate 
for  a given  velocity  and  altitude.  Shape  does  affect  the  drag  force,  however,  and  bodies 
with  different  drag  coefficients  will  be  subjected  to  a different  maximum  heating  rate  and 
total  heat  input  during  entry.  For  more  slender  bodies  than  those  of  reference  13,  the 
integration  of  heating  rates  over  the  surface  would  no  doubt  yield  values  of  Nc  larger 
than  those  mentioned  previously. 

Another  way  the  body  surface  receives  heat  is  by  radiation  from  the  hot  gases  in 
the  shock  layer.  The  air  passing  through  the  shock  is  slowed  down  and  a substantial  frac- 
tion of  the  kinetic  energy  of  the  flow  is  converted  to  heat  energy.  (It  may  be  recalled  in 
our  earlier  example,  normal-shock  calculations,  that  the  temperature  behind  the  shock 
was  20  200°  R.)  The  internal  degrees  of  freedom  will  become  excited  with  the  transla- 
tional, rotational,  and  vibrational  degrees  of  freedom  being  excited  in  that  order.  If  the 
vehicle  velocity  is  large  enough,  the  energy  behind  the  shock  will  be  sufficient  to  cause 
the  gas  to  dissociate  and  ionize.  These  highly  excited  molecules  and  atoms  give  off 
radiant  energy,  a part  of  which  will  reach  the  body. 

Immediately  after  the  flow  moves  across  the  shock,  the  pressure  and  temperature 
will  rise  abruptly  with  the  temperature  attempting  to  reach  its  perfect-gas  value.  -(See 
following  sketch  of  flow  behind  shock.)  However,  the  diversion  of  energy  to  the  excitation 
of  various  internal  degrees  of  freedom  and  to  the  dissociation  and  ionization  of  molecules 
and  atoms  causes  the  temperature  to  "peak  out”  and  decrease  to  its  equilibrium  value. 
During  the  time  when  the  temperature  changes  too  rapidly  for  the  various  degrees  of 
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Nonequilibrium  flow  region 


freedom  and  the  chemical  reactions  to  reach  their  equilibrium  state,  the  flow  is  termed 
nonequilibrium  flow.  In  the  earlier  shock  calculation,  the  density  behind  the  shock  was  too 
high  for  the  nonequilibrium  zone  to  be  significant,  hence,  the  gas  was  assumed  to  achieve 
its  equilibrium  state  immediately  upon  passing  through  the  shock.  As  density  decreases, 
the  nonequilibrium  zone  becomes  an  increasingly  larger  portion  of  the  shock  layer.  The 
condition  may  be  achieved  where  the  entire  shock  layer  is  in  a nonequilibrium  state. 

The  radiation  emitted  from  the  nonequilibrium  and  equilibrium  zones  behind  the 
shock  is,  naturally,  termed  nonequilibrium  and  equilibrium  radiation.  For  most  entry 
trajectories  where  radiative  heating  is  important  (i.e.,  relative  to  convective),  the  con- 
tribution of  nonequilibrium  radiation  is  not  a significant  factor.  Measurements  have  been 
made  of  nonequilibrium  radiative  intensities  (see  refs.  20  and  21)  for  planetary  gas  mix- 
tures, and  though  some  discrepancies  exist,  as  noted  in  reference  22,  these  data  indicate 
that,  for  the  Mars  mission  considered,  it  can  be  neglected.  Indeed  for  Mars  entry  veloci- 
ties less  than  20  000  ft/sec  and  entry  angles  below  25°,  even  equilibrium  radiative  heating 
is  negligible.  Therefore  the  remaining  discussion  will  be  restricted  to  equilibrium 
radiative  heating  incurred  during  Earth  and  Venus  entries. 

Radiation  from  the  gas  in  the  shock  layer  and  the  ability  of  the  gas  to  absorb  radia- 
tion is  dependent  on  the  temperature  and  density  of  the  gas  and  the  atmospheric  composi- 
tion. The  radiation  intensity  will  depend  on  wavelength,  and  the  gas  will  absorb  in  a 
wavelength  dependent  manner  as  well.  The  amount  of  radiant  energy  that  a point  on  a 


196 


body  will  absorb  from  an  elemental  radiating  volume  of  gas  in  the  shock  layer  will  depend 
on  the  intensity  of  radiation,  how  much  radiation  is  absorbed  by  the  gas  between  the  sur- 
face and  the  volume  element,  the  orientation  of  the  volume  element  with  respect  to  a sur- 
face element,  and  the  absorption  characteristics  of  the  surface  material.  An  analysis 
taking  into  account  all  of  the  known  variables  in  the  radiating  shock-layer  problem  has 
not  been  attempted;  however,  methods  do  exist  which  account  for  the  major  ones. 


To  begin  with,  it  will  be  convenient  to  discuss  radiative -heating  equations  which 
result  from  a number  of  simplyfing  assumptions  so  as  to  achieve  some  insight  into  the 
effects  of  ballistic  coefficient  and  entry  conditions.  If  it  is  assumed  that  the  shock  layer 
at  the  stagnation  point  is  an  infinite  slab  with  a thickness  equal  to  the  stagnation -point 
detachment  distance,  that  the  temperature  is  the  same  everywhere,  and  that  absorption 
of  radiant  energy  and  depletion  of  shock-layer  energy  due  to  radiation  can  be  neglected, 
then  simple  power-law  correlation  equations  of  the  type  derived  for  convective  heating 
rate  can  be  obtained.  Perrine  in  reference  23  has  derived  the  following  set  for  air  to 
cover  a velocity  range  up  to  hyperbolic 
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For  heating  equations  that  have  the  form  it  may  be  easily  verified  that  the 
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This  assumes  that  the  velocity  is  given  by 
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(see  appendix  C)  and  the  density  is  approximated  by  p = p e"£  , 
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with  the  exponents  of  equations  (8)  and  (9)  results  in 
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Using  equation  (11) 
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for  equations  (8)  and  (10)  and 
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for  equation  (9).  A comparison  of  equations  (13)  and  (14)  with  equation  (5)  shows  that  the 
maximum  radiative  heating  rate  will  occur  before  that  for  convection. 


Expressions  for  the  maximum  heating  rate  itself  are  easily  obtained  from  equa- 
tions (8)  to  (12).  They  are 
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Note  that  the  range  of  applicability  for  equations  (15)  to  (17)  is  given  in  terms  of  VE. 

Clearly,  the  dependence  of  the  radiative  heating  rate  on  the  entry  conditions,  the  density 

scale  height,  and  ballistic  coefficient  is  greatly  different  from  that  of  the  convective 

heating  rate.  It  should  be  pointed  out  that  the  dependency  of  pg  indicated  in  equations  (8) 

to  (10)  and  (15)  to  (17)  is  fictitious.  The  numerical  constant  in  these  equations  includes  a 

factor  p I-7**  where  p is  approximately  0.0027  slug/ft2, 
s s 

The  total  radiative  heat  input  to  the  stagnation  point  during  the  entire  flight  is 
obtained  with  the  aid  of  appendix  D and  is  given  by 
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Equations  (15)  to  (20)  show,  in  contrast  to  those  for  convective  heating,  that  increasing 
the  entry  angle  causes  both  the  maximum  radiative  heating  rate  and  heat  input  to  increase. 

Curves  enabling  the  determination  of  the  exponents  and  factors  in  radiative  heating 
rate  equations  similar  to  equations  (8)  to  (10)  for  mixtures  of  CO2  and  N2  are  given  in 
figure  27.  These  curves  are  based  on  the  data  of  reference  24  and  the  equation  given  in 
the  figure  is  derived  on  the  same  basis  as  equations  (8)  to  (10).  The  data  of  reference  24 
are  for  a range  of  free-stream  velocities  from  roughly  16  000  ft/sec  to  26  000  ft /sec  and 
free-stream  densities  from  0.004  to  0.08  times  sea-level  density.  These  data  show  that, 
except  for  high  percentages  of  N2,  radiation  intensity  levels  exceed  those  of  air  with  the 
difference  increasing  with  velocity.  Two  more  recent  papers  on  the  radiative  properties 
of  planetary  gases  are  references  25  and  26. 

As  mentioned  previously,  the  distribution  of  convective  and  radiative  heating  rates 
around  a body  are  quite  different.  For  example,  the  convective  heat  rate  on  a sphere 
varies  approximately  as  the  (cos  0)3/2  while  the  radiative  heating  rate  for  a transpar- 
ent, adiabatic  gas  cap  varies  as  (cos  9)n  where  n may  be  anywhere  between  6 and  8 
depending  on  the  velocity.  In  reference  13,  the  radiative  heating  rate  distributions  on  the 
shapes  at  the  top  of  figure  28  were  derived  and  integrated  over  the  surface  to  obtain  the 
total-body  radiative  heating  rates.  These  were  then  integrated  over  the  entire  trajectory 
along  with  the  total-body  convective  heating  rates  given  by  equation  (7).  Some  typical 
results  are  shown  at  the  bottom  of  figure  28  for  m/A  of  1.55,  an  entry  flight  path  angle 
of  10°,  and  entry  velocities  of  36  000,  40  000,  and  44  000  ft/sec. 


At  the  top  of  figure  28  are  the  total  heat  inputs  to  the  stagnation  point.  It  is  clear 
from  a comparison  of  the  stagnation  point  and  entire  body  heat  inputs  that  when  radiative 
heating  becomes  important,  stagnation-point  heating  rates  and  heat  inputs  are  no  longer 
accurate  indicators  of  the  relative  heat  load  incurred  by  bodies  of  different  shape. 

Another  fact  evident  from  figure  28  is  that  as  Earth  entry  velocities  increase  beyond  the 
40  000-ft/sec  level,  the  more  slender  bodies  will  be  subjected  to  a smaller  total,  convec- 
tive plus  radiative,  heat  input.  It  should  be  remembered  that  the  curves  in  this  figure  are 
based  on  the  transparent  adiabatic  shock-layer  assumption  and  any  conclusions  derived 
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from  it  may  require  modification  when  these  assumptions  are  removed.  In  the  remaining 
part  of  this  section  additional  discussion  of  this  matter  will  be  given. 

The  preceding  discussion  of  radiative  heating  has  been  for  a gas  which  is  trans- 
parent to  radiation  and  for  which  no  account  was  made  of  the  radiant  energy  given  up  by 
the  gas  to  radiation.  Removal  of  these  assumptions  will  lead,  clearly,  to  a more  exact 
solution. 

For  air,  nontransparent  radiation  generally  occurs  only  for  wavelengths  less  than 
1200  A and  results  from  the  recombination  of  N+  and  0+  ions  with  electrons  and  from 
bound-bound  atomic  electron  transitions.  In  reference  7,  the  absorption  coefficient  for 
air  was  approximated  by  the  two-step  model  shown  in  figure  29.  One  step  is  for  the  wave- 
length range  from  400  A to  1130  A and  accounts  for  the  optically  thick,  or  nontransparent, 
radiation  just  discussed.  The  second  step  is  for  wavelengths  from  1130  A to  infinity  and 
accounts  for  optically  thin,  or  transparent,  radiation  from  molecular  band  systems,  free- 
free  electron  transition,  and  the  photo-ionization  of  O,  as  well  as  the  electron  recombina- 
tion of  N+  and  0+  and  the  bound-bound  atomic  electron  transition  for  wavelengths  greater 
than  2000  A.  It  should  be  noted  that  the  radiation  spectrum  for  bound-bound  transitions 
of  atomic  electrons  consists  of  a very  thin  line  with  a large  absorption  coefficient  which 
is  bounded  by  wings  with  a smaller  absorption  coefficient.  In  reference  7,  it  was  assumed 
that  the  line  centers  were  self-absorbed  so  that  only  the  wings  of  the  lines  needed  to  be 
considered. 

Another  approximation  to  the  absorption  coefficient  for  a high -temperature  gas, 
which  is  frequently  used,  is  the  gray  absorption  coefficient.  This  is  a weighted  average 
of  the  frequency-dependent  absorption  coefficient  which  is  used  for  all  wavelengths.  The 
gray  absorption  coefficient  model  is  shown  in  figure  29  as  the  dashed  line.  In  general, 
the  gray  absorption  coefficient  is  transparent,  and  hence  it  does  not  properly  represent 
the  nontransparent  phenomenon. 

Calculations  using  the  two-step  absorption  coefficient  discussed  previously  have 
been  made  in  reference  7 for  the  flow  fields  about  spheres  of  various  sizes  traveling  at 
hyperbolic  speeds  in  the  Earth's  atmosphere.  A time-dependent  finite  difference  method 
is  used  to  perform  the  calculation.  The  radiation  which  is  absorbed  at  each  point  in  the 
flow  field  is  dependent  upon  the  radiation  which  is  emitted  elsewhere  and  which  passes 
through  the  point.  In  order  to  estimate  this  absorbed  radiation  at  each  point,  the  radiating 
shock  layer  is  approximated  by  an  infinite  one -dimensional  slab  as  shown  in  the  left  of 
figure  29.  The  width  of  the  slab  is  the  same  as  the  local  shock-layer  thickness  and  the 
profiles  of  the  gas  properties  across  the  slab  are  the  same  as  those  across  the  shock 
layer.  This  approximation  is  made  because  the  integration  over  a one-dimensional  slab 
can  be  performed  numerically  with  relative  ease,  whereas  the  integration  over  a multi- 
dimensional shock  layer  involves  a prohibitive  amount  of  work. 
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In  figure  30  results  are  shown  for  the  flow  of  radiating  air  over  3-inch  and  5-foot- 
radius  spheres  traveling  at  50  000  ft/sec  at  an  altitude  of  190  000  feet  in  the  Earth’s 
atmosphere.  Calculations  are  made  for  both  adiabatic  and  nonadiabatic  flow.  It  is  seen 
that  the  nondimensional  surface  heat  flux  distributions  for  both  spheres  are  essentially 
the  same  for  both  the  adiabatic  and  the  nonadiabatic  models.  This  similarity  in  the  non- 
dimensional  surface  heat  distributions  exists  although  the  shock  layers  about  the  two 
spheres  differ  appreciably.  For  example,  it  is  seen  in  the  left  of  figure  30  that  the 
enthalpy  along  the  stagnation  streamline  of  the  3 -inch  sphere  is  considerably  higher  than 
the  stagnation  streamline  enthalpy  of  the  5-foot  sphere  near  the  body  surface.  This 
depletion  of  the  enthalpy  in  the  shock  layer  results  because  the  high-temperature  gas  is 
releasing  energy  by  radiation.  It  should  be  noted  that  the  adiabatic  and  the  nonadiabatic 
models  are  in  fair  agreement  for  the  stagnation-point  heat  flux  for  the  3-inch  sphere. 
However,  for  the  5-foot  sphere  the  adiabatic  model  yields  a value  for  the  stagnation-point 
heat  flux  which  is  three  times  higher  than  the  nonadiabatic  model. 

It  is  shown  in  figure  31  that  the  relative  contributions  to  the  normalized  surface  heat 
flux  of  the  parts  of  the  spectrum  below  and  above  a wavelength  of  1130  A differ  for  the  two 
spheres  although  the  two  normalized  distributions  are  virtually  the  same.  For  the  3-inch 
sphere,  the  optically  thick  portion  of  the  spectrum  below  1130  A contributes  more  than 
half  of  the  radiation  which  impinges  on  the  body;  whereas  for  the  5-foot  sphere,  this  por- 
tion of  the  spectrum  contributes  about  10  percent  of  the  surface  radiation.  The  interpre- 
tation is  that  the  shock  layer  adjacent  to  the  body  has  been  cooled  by  radiation  for  the  case 
of  the  5-foot  body,  and  this  cooled  air  absorbs  much  of  the  optically  thick  radiation  being 
emitted  by  the  hot  air  near  the  shock.  Since  the  air  adjacent  to  the  3-inch  sphere  has  not 
been  cooled,  it  contributes  to  the  nontransparent  radiation  which  impinges  on  the  surface. 

It  has  been  shown  in  figures  30  and  31  that  the  nondimensional  surface  heat  flux  dis- 
tribution for  a sphere  traveling  at  50  000  ft/sec  and  an  altitude  of  190  000  feet  in  air  is 
not  affected  appreciably  by  the  size  of  the  sphere.  To  examine  the  possibility  that  changes 
in  these  free-stream  conditions  could  affect  the  shape  of  the  distribution,  calculations 
were  made  for  a 5-foot  sphere  traveling  at  speeds  of  50  000,  41  000,  and  34  000  ft/sec  at 
altitudes  of  220  000,  190  000,  and  140  000  feet.  The  nondimensional  surface  heat  flux 
distributions  for  these  cases  are  shown  in  figure  32.  It  is  seen  that  the  altitude  has  no 
appreciable  effect  on  the  shape  of  the  distribution  and  that  the  vehicle  speed  has  a very 
pronounced  effect.  It  should  be  noted  that  the  results  shown  in  this  figure  are  for  the 
nonadiabatic  model . _A  more  complete  discussion  of  the  radiative  properties  of  air  and 
stagnation -point  heating  rates  are  given  in  reference  27. 

An  analysis  similar  to  that  of  reference  7 has  been  carried  out  in  reference  28  for  a 
gas  mixture  appropriate  to  Venus.  With  the  results  of  this  analysis,  Norman  in  refer- 
ence 29  has  calculated  the  stagnation-point  and  cone-edge  heating  rates  for  a series  of 


201 


cones  with  various  nose  radii  and  half-angles.  Consistent  with  figure  30,  reference  29 
indicates  a much  less  rapid  increase  in  radiative  heating  with  increasing  bluntness  than 
evidenced  in  figure  28.  Figure  33  illustrates  the  type  of  results  obtained  in  reference  27 
and  shows  the  effect  on  radiative  and  convective  heating  of  increasing  nose  radii  for  two 
values  of  rn/Cj)A.  Increasing  the  nose  radius  from  1 foot  to  3 feet  causes  the  maximum 
radiative  heating  rates  to  increase  roughly  by  a factor  of  three  while  convective  rates  are 
reduced  by  one  third.  The  total  radiative  heat  input  to  the  stagnation  point  for  the  same 
increase  in  Rn  is  approximately  doubled  while  convective  heat  inputs  are  reduced  by 
40  percent.  Since  m/C^A  is  assumed  constant  as  the  nose  radius,  and  hence  drag, 
increases  the  variation  of  radiative  and  convective  heating  rates  and  heat  inputs  for  a 
constant  mass  entry  vehicle  cannot  be  obtained  from  figure  33.  If  drag  changes  were 
accounted  for,  then  the  rate  of  increase  of  radiative  heating  rate  and  heat  input  with 
increasing  nose  radius  would  be  smaller.  Results  similar  to  those  depicted  in  figure  33 
for  the  stagnation  point  are  given  for  the  cone  edge  and  also  for  various  cone  half-angles 
and  entry  velocities  in  reference  29. 

AERODYNAMIC  HEAT  PROTECTION  SYSTEMS 

The  three  most  practical  types  of  heat  shields  are:  a radiative  heat  shield,  a heat- 

sink heat  shield,  and  an  ablative  heat  shield.  The  latter  is  by  far  the  most  common  since 
it  has  become  possible  to  tailor  an  ablation  shield  for  a particular  maximum  heating  rate 
and  total  heat  load.  In  figure  34  (ref.  30)  the  capabilities  of  the  various  types  of  heat 
shields  in  terms  of  their  ability  to  withstand  heating  loads  (total  heat  input)  and  heating 
rates  are  shown.  A molybdenum  radiative  shield  can  accept  very  large  heat  loads  but 
heating  rates  beyond  40  Btu/ft^-sec  will  cause  excessive  surface  temperatures.  Copper 
is  an  extremely  good  heat  sink;  however,  when  the  heat  loads  exceed  10  000  Btu/ft^,  a heat 
shield  of  this  metal  becomes  too  heavy  to  be  practical.  Present-day  ablation-material 
technology  is  capable  of  handling  efficiently  almost  any  combination  of  heating  rate  and 
heat  input  including  many  combinations  where  metal  shields  are  adequate.  An  entry  from 
orbit  into  the  Mars  atmosphere  provides  maximum  heating  rates  on  the  order  of  20  to 
60  Btu/ft^-sec  and  a maximum  heat  input  on  the  order  of  2000  Btu/ft^.  While  these  inputs 
are  within  the  capabilities  of  a heat-sink  heat  shield,  aeroshells  with  ablative  coatings 
are  lighter.  Heat  loads  for  a Venus  entry  are  in  the  4000-  to  6000-Btu/ft2  range,  and  an 
ablative  heat  shield  is  required. 

Many  types  of  ablation  materials  have  been  devised;  the  basic  constituents  of  com- 
posite ablative  materials  are  listed  in  table  V.  Figure  35  (ref.  30)  depicts  the  manner  in 
which  these  materials  dispose  of  heat.  A ceramic  ablation  shield  is  illustrated  for  com- 
parison on  the  left  of  this  figure.  Aerodynamic  heating  of  the  virgin  material  will  cause 
it  to  melt  and  flow  as  a liquid  along  the  surface.  Some  of  this  liquid  at  the  liquid  gas 
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interface  may  vaporize  and  be  transported  away  by  the  airstream.  During  ablation,  heat 
is  dissipated  in  bringing  about  the  phase  change  and  is  also  transported  away  from  the 
surface  by  convection  in  the  liquid  and  gas  layers.  The  quartz  ablation  shield,  formerly 
used  on  ICBM  nose  cones  behaves  in  this  way. 

On  the  right  of  figure  35  is  illustrated  a charring  ablation  shield.  Pyrolysis  of  the 
virgin  material  produces  a carbonaceous  char  which  can  sustain  high  surface  tempera- 
tures. Heat  energy  is  disposed  by  radiation  from  the  surface,  by  convective  transport, 
and  by  pyrolysis  within  the  material.  It  should  be  noted  that  the  ability  of  an  ablator's 
char  to  withstand  viscous  shear  forces  varies  widely;  often  a honeycomb  reinforcement 
is  used  to  improve  the  shear  tolerance  of  an  ablator. 

The  capability  of  the  ablation  material  to  dispose  of  heat  cannot  be  defined  without 
reference  to  the  conditions  of  heating.  The  enthalpy  of  the  airstream  and  the  type  of 
heating  encountered  (whether  convective  or  radiative  heating)  may  play  an  important  part 
in  the  response  of  the  material  and  hence  in  the  selection  of  a material  for  a particular 
mission.  Clearly  a number  of  factors  must  be  considered  to  arrive  at  the  optimum  com- 
bination of  resin  and  filler:  first,  the  amount  of  heat  it  can  dispose  of  per  pound  of 
material;  second,  its  conduction  properties;  third,  the  ability  of  the  char  to  withstand  the 
viscous  shear  forces;  and  fourth,  its  ability  to  withstand  launch  vibration  and  acceleration 
loads.  For  a Mars  and  Venus  mission,  additional  criteria  are  the  ability  to  withstand 
space  vacuum,  cold  soak,  and  sterilization  effects.  Materials  most  efficient  in  disposing 
of  heat  (such  as  graphite  composites)  are  usually  good  conductors  (see  fig.  36);  hence, 
they  may  require  some  insulation  on  the  back  side  to  prevent  the  structure  from  becoming 
excessively  hot.  Low-temperature  low-density  ablators  are  much  better  insulators  but 
substantial  material  losses  over  long  heating  periods  may  require  much  thicker  ablation 
shields  and  cancel  out  any  weight  advantage.  Most  often  the  heat-shield  material  selected 
for  a given  application  is  a compromise  between  several  candidates.  Note  in  figure  36 
that  the  composite  charring  ablators  have  good  insulation  qualities  up  to  temperatures  of 
4000°  R. 

Table  VI  gives  a list  of  measured  characteristics  of  a number  of  ablators  and  shows 
again  that  the  heavy  ablators  with  high-energy-disposal  and  temperature -tolerance  ability 
are  also  the  best  conductors. 

The  ablation-material  weight  and  thickness  requirements  for  Mars  and  Venus  cap- 
sules are  given  in  table  VII  where  the  materials  shown  are  those  whose  properties  were 
listed  in  table  VI.  It  is  clear  from  the  weights  listed  for  the  Venus  direct  entry  mission 
that  the  proper  choice  of  heat-shield  ablation  material  can  effect  a substantial  weight 
saving.  Mars  heat-shield  requirements  are  given  for  a 10. 5-foot -diameter  aeroshell, 
whereas  the  present  Viking  configuration  is  11.5  feet.  Reference  31  contains  additional 
information  on  ablative  heat  shields  for  Mars  and  Venus  entry  vehicles. 
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AERODYNAMIC  FORCES  AND  MOMENTS 


Force  and  moment  data  are  usually  divided  into  two  types,  static  and  dynamic,  and 
within  these  types  they  are  further  subdivided  according  to  velocity  range.  As  indicated 
earlier,  there  is  another  distinction  required  when  flight  at  near-orbital  velocities  is 
considered,  that  is,  the  distinction  between  ideal  and  real-gas  data.  Few  ground-test 
facilities  are  available  to  simulate  more  than  two  of  the  environmental  factors  such  as 
Mach  number,  Reynolds  number,  and  real-gas  effects  at  the  same  time,  and  theory  must 
be  used  to  "extrapolate"  perfect-gas  data  to  real-gas  conditions  or  low  Reynolds  number 
data  to  high  Reynolds  number  conditions.  In  some  cases  the  uncertainties  may  not  affect 
the  attainment  of  mission  objectives  and  they  can  be  ignored  or  gradually  eliminated  by 
the  analysis  of  flight  data.  Most  of  the  time,  however,  a strenuous  effort  will  be  made  to 
obtain  the  most  accurate  data  possible  before  committing  a vehicle  to  flight. 

Static  force  and  moments  are  obtainable  in  most  all  speed  regimes  and  in  a variety 
of  ways.  To  illustrate  the  point,  static  data  have  been  obtained  for  the  120°  cone  in  the 
Langley  spin  tunnel,  Langley  high-speed  7-  by  10-foot  tunnel,  Ames  2-  by  2-foot  tran- 
sonic tunnel,  Langley  Unitary  Plan  wind  tunnel,  JPL  20-inch  supersonic  and  21 -inch 
hypersonic  tunnels,  NOL  pressurized  ballistic  and  1000-foot  hyperballistic  ranges  (at 
subsonic,  supersonic,  and  hypersonic  speeds  in  air),  NOL  pressurized  ballistic  range  in 
CF4  at  hypersonic  speeds  (to  simulate  real-gas  effects)  and  flight  tests.  Some  typical 
wind-tunnel  results  for  a series  of  cones  with  half-cone  angles  from  40°  to  90°  are  plotted 
in  figure  37.  Of  particular  interest  is  the  nonlinear  variation  of  Cp  and  Cl  with 
increasing  cone  angle.  This  points  up  the  dangers  inherent  in  using  interpolated  data 
without  a full  understanding  of  flow  phenomena.  The  flow  ahead  of  cones  in  the  shock 
layer  is  supersonic  until  half-cone  angles  slightly  in  excess  of  50°  are  reached  whereupon 
it  becomes  subsonic  and  the  trend  of  the  drag  and  lift  curves  with  increasing  cone  angle 
changes  abruptly. 

As  noted  previously  another  type  of  facility  in  which  blunt-body  static  aerodynamic 
data  has  been  obtained  is  the  ballistic  range.  Figure  38  shows  some  static  pitching- 
moment  derivatives  CmQ!  obtained  in  the  NOL  ballistic  ranges  along  with  other  types  of 
data  for  the  120°  cone  (refs.  32  to  34).  The  point  to  note  here  is  that  when  all  the  data  are 
transferred  to  the  moment  center  of  the  ballistic-range  models,  there  is  excellent  correla- 
tion. When  the  data  are  plotted  for  the  moment  center  at  the  nose,  the  ballistic-range  data 
are  substantially  more  negative.  The  reason  for  this  is  that  the  values  of  for  very 

blunt  cones  measured  in  the  ballistic  range  are  not  sufficiently  accurate  for  transferring 
the  pitching  moments;  as  the  bodies  become  more  slender,  the  accuracy  improves.  In 
any  case,  the  values  of  CmQf  for  the  center-of-gravity  location  of  the  model  are  accu- 
rately determined. 
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It  was  shown  in  figure  37  that  increasing  cone  angle  produced  significant  changes 
in  the  drag.  Another  way  of  increasing  bluntness  and  hence  drag  is  to  take  a cone  and 
round  off  its  apex.  The  effect  of  this  blunting  on  the  forebody  pressure  drag  of  a 120° 
cone  is  shown  in  figure  39  (from  ref.  35).  The  results  shown  here  are  for  Mach  numbers 
of  3,  5,  and  10  and  for  a range  of  nose-radius-to-base-radius  ratios  which  include  the 
pointed  cone  Rn/^b  = ® an<*  the  spherical  cap  Rn/Rb  = 2.0.  Of  particular  note  here  is 
the  rapid  increase  in  drag  that  occurs  as  the  blunting  causes  the  slopes  near  the  outer 
edge  to  become  steeper,  that  is,  as  Rn/Rb  — 2.0. 

Some  indication  of  the  influence  on  static  stability  of  spherical  blunting  can  be 
obtained  from  figure  40  (ref.  36).  The  pitching-moment  plot  at  the  top  of  this  figure 
shows  that  the  spherical  cap  has  greater  stability  than  the  120°  cone.  This  is  somewhat 
misleading  since  the  moment  center  for  both  bodies  is  at  the  base,  and  for  a given  pay- 
load  shape  and  volume  the  center  of  gravity  of  the  cone  would  be  expected  to  be  further 
ahead  of  the  base  than  on  a spherical  cap.  Even  accounting  for  differences  in  practical 
center-of-gravity  locations,  it  is  clear  that  the  stability  of  the  spherical  cap  will  be  com- 
parable to  the  120°  cone.  Another  point  of  interest  in  figure  40  is  the  large  difference  in 
the  location  of  the  center  of  pressure  of  the  two  bodies  (xCp  measured  from  base). 

Data  of  the  type  shown  in  figure  40  provided  some  of  the  impetus  for  investigating 
cones  with  apex  angles  greater  than  120°  for  a Mars  capsule  where  high  drag  is  essential 
for  the  most  rarefied  atmospheres  postulated.  Figure  41  shows  some  of  the  supersonic 
data  obtained  for  a 140°  cone  compared  with  data  for  a 120°  cone  (ref.  37).  It  can  be  seen 
that  the  140°  cone  has  roughly  5 percent  greater  drag  and  has  comparable  stability  for  the 
realistic  moment  centers  shown  on  the  right  of  the  figure.  Additional  comparisons  are 
afforded  by  the  drag-coefficient  data  plotted  in  figure  42.  These  results  were  obtained  in 
the  NOL  pressurized  ballistic  range  (ref.  34)  at  high  Mach  numbers  in  air  and  CF4.  The 
latter  was  used  since  it  has  a low  ratio  of  specific  heats  (-1.15)  similar  to  that  of  gases 
in  the  shock  layer  of  bodies  traveling  at  entry  speeds.  Clearly,  the  data  for  air  are  com- 
parable to  those  previously  presented;  the  data  for  CF4  indicate  a higher  level  of  drag, 
particularly  for  the  140°  cone  (note  value  of  1.76  for  Cd).  The  reason  that  the  140°  cone 
appreciates  more  in  drag  than  the  120°  cone  when  tested  at  low  values  of  y is  that  the 
flow  field  behind  the  shock  on  the  140°  cone  remains  subsonic  to  much  lower  values  of 
y than  that  of  the  120°  cone.  It  can  be  seen  in  figure  43  that  the  drag  of  a 140°  cone 
increases  for  values  of  y all  the  way  down  to  1.1  after  which  the  flow  becomes  super- 
sonic. The  drag  of  a 120°  cone,  on  the  other  hand,  will  diminish  after  a value  of  y ^ 1.2 
is  reached.  With  the  aid  of  figures  44  and  45  (ref.  38),  this  phenomenon  can  be  more 
easily  seen.  Figures  44  and  45  depict  the  shock  shape  and  pressure-distribution  calcula- 
tions for  120°  and  140°  cones  where  the  ratio  of  specific  heats  is  1.17.  In  figure  44  for 
the  120°  cone,  the  shock  is  supersonic-like,  that  is,  straight,  and  the  pressure  distribution 
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is  flat  as  that  for  supersonic  cone  flow.  Figure  45  on  the  other  hand  shows  that  the  140° 
cone  has  a shock  shape  and  pressure  distribution  typical  of  blunt-body  subsonic  shock 
layers. 

Dynamic  forces  and  moments  are  also  obtainable  in  many  facilities  using  various 
techniques.  In  contrast  to  the  measurement  of  static  force  and  moments,  where  all  tech- 
niques yield  accurate  data  (except  in  the  case  noted  earlier),  the  measurement  of  dynamic 
forces  and  moments  do  not  yield  uniformly  accurate  data  and  even  accurate  data  may  be 
difficult  to  interpret.  One  of  the  most  common  facilities  for  measuring  the  dynamic 
damping  derivative  is  the  ballistic  range.  In  a ballistic  test,  the  altitude  and  time  his- 
tories are  determined  by  taking  shadowgraphs  and  recording  the  time  that  the  model 
passes  each  station.  To  determine  the  damping  requires  three  to  four  oscillations  over 
the  distance  where  shadowgraphs  are  being  taken.  Blunt  cones  have  so  much  static  sta- 
bility that  in  order  to  get  the  three  to  four  cycles  for  a solid  metal  model,  the  dynamic 
pressures  must  be  extremely  low.  When  the  dynamic  pressure  is  reduced,  the  damping 
is  also  reduced,  and  it  becomes  very  difficult  to  measure  accurately  any  angle-of-attack 
amplitude  decay.  To  circumvent  this  problem,  a heavy  metal  base  extension  or  other 
ballasting  and  construction  features  are  used;  this  reduces  CmQ,  and  also  in  some  cases 
the  mass  inertia  ratio,  both  of  which  are  effective  in  reducing  the  frequency.  Typical 
homogeneous,  solid,  blunt-body  values  of  Cmq  + Cm^  given  in  figure  46  for  the  120° 
cone  indicate  the  problem  that  exists  when  unballasted  small  models  are  used.  The  uncer- 
tainty in  the  measurements  shown  by  the  line  on  either  side  of  the  symbol  is  so  large  as 
to  render  the  data  useless  except  as  a trend  indicator. 

Another  difficulty  with  free-flight  data  (both  ballistic  range  and  wind  tunnel)  is  that 
the  damping  (or  Cj),  CmQ!,  ^Na)  is  311  average  over  the  whole  angle-of-attack  range 
through  which  it  oscillates.  Unless  a large  number  of  tests  at  various  amplitudes  are 
made  at  the  same  flight  velocity,  the  variation  of  these  quantities  with  angle  of  attack  can- 
not be  ascertained.  Very  often  scatter  in  the  free-flight  data  can  be  ascribed  to  varia- 
tions with  angle  of  attack  of  the  quantity  being  measured. 

Some  insight  into  the  angle-of-attack  variation  of  the  damping  moments  can  be 
obtained  by  using  the  forced-oscillation  technique.  This  technique  measures  the  damping 
at  discrete  angles  of  attack  when  the  model  is  oscillated  with  a small  amplitude  typically 
1°  or  2°  about  the  desired  angle  of  attack.  This  type  of  testing  has  two  drawbacks:  First, 

a sting  is  required  which  alters  the  flow  in  the  base  region;  and  second,  the  motion  for 
which  the  damping  is  measured  is  not  a good  simulation  of  the  actual  free-flight  motion 
except  for  small  amplitude  motion  about  the  trim  angle  of  attack.  Nevertheless,  these 
data  do  a very  effective  job  of  explaining  free-flight  measurements  of  large  amplitude. 
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Figure  47  gives  a plot  of  Cm^  + Cm^  for  the  120°  and  140°  cones  at  Mach  num- 
bers of  3 and  5 obtained  by  the  forced-oscillation  method  in  the  von  Karman  gas  dynamics 
facility  40-inch  supersonic  tunnel  (A)  at  Arnold  Engineering  and  Development  Center 
(ref.  39).  These  data  indicate  that  the  120°  cone  is  slightly  more  stable  than  the  140° 
cone  and  that  both  yield  values  larger  than  Newtonian  predictions.  A plot  of  Cmq  + Cm^ 
for  the  120°  cone  at  a Mach  number  of  5.02  from  0°  to  34°  angle  of  attack  is  given  in 
figure  48.  The  nonlinearity  of  the  curve  shown  here  points  up  the  value  of  a forced- 
oscillation  test  and  at  the  same  time  indicates  the  difficulty  of  interpreting  free-flight 
data. 


TIME  HISTORIES  OF  HEATING  RATES,  DYNAMIC  PRESSURES, 

AND  DECELERATIONS 

In  carrying  out  trade-off  or  parametric  studies  for  atmospheric -entry  capsules, 
the  point-mass  equations  of  motion  are  usually  used  to  predict  the  trajectory  and  the 
trajectory-dependent  quantities  such  as  convective  and  radiative  heating  rates,  free- 
stream  dynamic  pressure,  and  impact  point.  It  should  also  be  noted  that  with  the  analy- 
sis of  reference  40  it  is  possible  to  do  parametric  studies  of  the  dynamical  behavior  of 
the  entry  vehicle.  From  this  paper  a "first  cut"  evaluation  of  its  dynamic  stability  as 
well  as  the  maximum  oscillatory  frequency  and  angular  acceleration  may  be  obtained. 
Once  the  capsule  system  becomes  well  defined,  the  six-degree-of-freedom  motion  equa- 
tions may  be  employed  to  assess  in  a more  exact  fashion  the  effects  of  the  entry  vehicles 
oscillatory  motion  on  the  trajectory  and  heating. 

Results  of  parametric  studies  for  the  Mars  and  Venus  missions  described  earlier 
are  given  in  references  3 to  5.  Curves  illustrating  the  type  of  data  obtained  in  these 
studies  are  shown  in  figures  49  and  50.  They  were  calculated  by  using  the  point-mass 
trajectory  equations  derived  in  appendix  E and  a convective  heating  rate  equation  similar 
to  equation  (2).  The  radiative  heating  calculations  shown  in  figure  50  were  obtained  from 
reference  29  and  based  in  part  on  the  analysis  of  reference  28.  Figure  49,  which  shows 
results  for  several  Mars  orbit  entries,  substantiates  the  heating  trends  discussed  pre- 
viously. Increasing  rn/Cj)A,  entry  angle,  entry  velocity,  and  inverse  density  scale 
height  /3  causes  the  maximum  convective  heating  rates  to  increase.  The  total  heat 
input  during  entry  is  decreased  when  entry  angle  and  inverse  scale  height  are  increased. 

Maximum  dynamic  pressures  arc  clearly  sensitive  to  entry  angle  and  increase 
with  increasing  m/C^A.  The  effect  of  decreasing  entry  velocity  from  16  000  to 
14  000  ft/sec  for  the  VM-8  atmosphere  and  = 15°  results  in  an  anomalous  increase 
in  maximum  dynamic  pressure  and  deceleration.  This  is  typical  of  the  kind  of  results 
obtained  for  entry  angles  which  are  near  the  skipout  boundary. 
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Table  VTII  lists  the  maximum  values  of  the  curves  shown  in  figure  49  plus  data  on 
several  12  000-ft/sec  entries.  For  m/CDA  = 0.3,  the  maximum  stagnation-point  heating 
rates  vary  from  16.8  to  65.5  Btu/ft2-sec.  Total  heat  inputs  to  the  stagnation  point  range 
from  719  to  2776  Btu/ft2.  (Note  that  for  nose  radii  greater  than  1.0  foot  these  values  will 
be  reduced  by  the  square  root  of  the  nose  radius.)  Clearly,  the  heat  shield  will  have  to 
be  designed  to  the  large  total  heat  input  of  the  VM-9  atmosphere  while  the  aeroshell  struc- 
ture must  be  designed  to  accommodate  the  large  dynamic  pressures  incurred  during 
entry  into  the  VM-8  atmosphere. 

Curves  for  Venus  entries  similar  to  those  just  discussed  for  Mars  are  shown  in 
figure  50  for  a 55°  half-angle  cone  (obtained  from  ref.  29).  The  ballistic  coefficient  for 
these  calculations  is  0.3  and  the  entry  angle  is  40°.  Results  for  three  entry  velocities 
typical  of  the  various  Venus  missions  discussed  previously  are  given.  It  can  be  seen  in 
figure  50  that  the  maximum  dynamic  pressures,  decelerations,  and  heating  rates  are  over 
an  order  of  magnitude  higher  than  they  are  for  Mars.  Also,  it  is  evident  that  the  duration 
of  the  dynamic  pressure,  deceleration  pulses,  and  heating  rate  is  much  shorter.  This  is 
due  primarily  to  the  steeper  entry  angle,  40°  versus  15°  or  20°. 

Figures  50(c)  and  50(d)  for  a 38  000-ft/sec  entry  show  that  both  the  radiative  and 
convective  heating  rates  are  significant.  Three  separate  contributions  to  the  radiative 
heating  rate  are  plotted,  the  equilibrium,  nonequilibrium,  and  ultraviolet.  At  the  stagna- 
tion point,  all  three  contribute  significantly  to  the  total  heat  input,  while  at  the  cone  edge 
the  shock  layer  is  not  as  hot  as  the  stagnation-point  region  and  ultraviolet  radiation  is  no 
longer  a factor.  As  the  entry  velocity  is  increased  beyond  38  000  ft/sec,  the  shock-layer 
temperatures  will  increase  and  ultraviolet  radiation  can  become  significant  in  the  cone- 
edge  region. 

The  abrupt  increase  in  the  convective  heating  rate  at  8.5  seconds  is  due  to  transi- 
tion to  turbulent  flow.  Obviously,  after  transition  occurs,  the  cone-edge  heating  rates 
become  comparable  to  those  at  the  stagnation  point.  Criteria  available  to  determine 
whether  the  flow  is  laminar  or  turbulent  are  empirical  and  unreliable.  One  procedure 
is  to  assume  that  the  flow  is  turbulent  when  the  local  Reynolds  number  exceeds  some 
arbitrary  value,  usually  on  the  order  of  300  000  to  400  000.  Another  criterion  is  based 
on  the  local  momentum  thickness  Reynolds  number.  The  latter  was  used  in  reference  29 
and  a value  of  250  was  assumed.  Increasing  the  cone  angle  will  probably  delay  transition 
to  a later  point  in  the  flight  and  thus  reduce  the  convective  heat  input,  but  this  advantage 
must  be  weighed  against  the  increase  in  radiative  heating  that  will  also  result.  Calcu- 
lations of  the  stagnation-point  and  cone-edge  heating  rates  for  a range  of  cone  angles  and 
nose  radii  are  given  in  reference  29. 
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CONCLUDING  REMARKS 


The  discussion  of  problems  associated  with  Mars  and  Venus  entry  vehicles  has 
been  directed  mainly  at  those  aspects  related  to  fluid  mechanics  and  gas  dynamics. 
Elementary  considerations  involved  in  the  calculation  of  convective  and  radiative  heating 
rates  and  in  the  selection  of  a heat-shield  material  are  reviewed.  Aerodynamic  force 
and  moment  data  for  blunt  cones  from  a number  of  different  facilities  are  illustrated  and 
some  of  the  shortcomings  of  various  test  techniques  are  pointed  out.  The  importance  of 
considering  real-gas  and  atmospheric-composition  effects  in  the  extrapolation  of  low 
Mach  number  (say  less  than  10)  aerodynamic  and  heating  data  to  high  Mach  numbers  is 
emphasized.  Mathematical  derivations  have  been  avoided  except  where  an  attempt  was 
made  to  illustrate  the  important  parameters  governing  aerodynamic  heating  and  free- 
stream  dynamic  pressure.  These  derivations  stem  mainly  from  references  12  and  13. 

Time  histories  of  aerodynamic  heating,  accelerations,  and  dynamic  pressure  were 
given  for  values  of  m/CjyA  and  entry  conditions  appropriate  to  Mars  and  Venus  entries. 
It  was  assumed  in  these  calculations  that  the  entry  vehicles  were  nonlifting,  had  no  motion, 
and  did  not  lose  mass  (from  the  ablation  shield,  for  example)  during  entry.  For  Venus, 
the  mass  loss  from  the  heat  shield  is  large  enough  for  the  highest  velocity  entries  that 
the  trajectory  prediction  could  be  improved  if  mass  loss  were  considered.  Ablation- 
material  losses  during  Mars  entry  are  trivial.  Motion  effects  are  very  much  configura- 
tion and  mission  dependent.  The  detail  variation  of  the  aerodynamic  forces  and  moments, 
the  aerodynamic  damping,  vehicle  mass  and  inertia,  entry  conditions  including  initial 
angle  of  attack,  rotational  rate  and  spin  rate,  and  the  properties  of  the  atmosphere  itself 
all  affect  the  entry  spacecraft  motion  and  hence  its  trajectory. 


Normally  when  precise  entry-vehicle  trajectories  and  motions  are  required,  com- 
puter programs  utilizing  the  six-degree-of-freedom  equations  of  motion  are  employed 
(see,  for  example,  ref.  41).  Little  insight  is  afforded  into  the  governing  parameters,  how- 
ever, by  six-degree-of-freedom  computations  except  through  a number  of  runs.  Insight 
is  most  easily  obtained  from  analyses  such  as  presented  in  references  40  and  42  to  44. 
Reference  40  treats  the  motion  of  nonspinning  entry  bodies  and  references  42  to  44  the 
spinning  case. 


As  noted  previously,  the  few  calculations  presented  in  the  present  paper  were  for 
nonlifting  vehicles.  Many  present-day  spacecraft  are  designed  as  lifting  vehicles  so  as 


to  minimize  accelerations  (manned  vehicles)  or  to  provide  a maneuver  capability. 


For  a 


Mars  entry  vehicle,  lift  enables  it  to  reach  a prescribed  velocity  at  a higher  altitude  or  a 
fixed  altitude  with  a lower  velocity  than  is  possible  with  no  lift.  In  addition,  a lifting 
spacecraft  permits  a higher  entry  weight  than  a nonlifting  one  for  fixed  terminal  conditions. 
Further  information  on  the  advantages  and  problems  of  lifting  entry  may  be  obtained  from 


references  45  to  47. 
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One  final  topic  of  importance  for  Mars  and  Venus  entries  which,  although  it  relates 
to  aerodynamics,  has  not  been  covered  in  the  present  paper  is  decelerators.  Much 
research  has  been  carried  out  in  the  past  few  years  to  provide  a reliable  high-drag  para- 
chute for  the  low-density  Mars  atmosphere.  References  48  to  50  discuss  results  of  some 
of  these  programs  and  also  some  of  the  decelerator  options  open  to  the  designer.  Para- 
chute technology  required  for  Venus  mission  of  the  type  described  previously  is  the  same 
as  that  for  low-velocity  low-altitude  Earth  applications.  A general  state-of-the-art  study 
is  given  in  reference  51. 

In  conclusion,  it  should  be  pointed  out  that  only  a general,  broad-brush  treatment  of 
a few  selected  technology  areas  has  been  attempted.  More  detailed  information  can  be 
obtained  on  most  of  the  subjects  in  the  referenced  documents. 
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DERIVATION  OF  ATMOSPHERIC  DENSITY  AND  PRESSURE  EQUATIONS 


The  purpose  of  this  appendix  is  to  show  how  the  pressure,  density,  temperature, 
and  composition  are  related  through  the  use  of  the  barometric  equation 

dp  = -pg  dh  (Al) 


and  the  equation  of  state 


p = pRT 


(A2) 


First  differentiate  equation  (A2)  to  obtain  dp  and  substitute  it  into  equation  (Al)  to 
arrive  at 

RT  dp  + Rp  dT  + pT  dR  = -pg  dh 
Dividing  by  pRT,  the  basic  differential  equation  is  obtained 


^P.dT  ,dR  = _gdh  (A3) 

p T R RT 


For  complicated  variations  of  temperature  and  composition  (variations  in  R)  equa- 
tion (A3)  must  be  integrated  numerically;  for  atmospheres  where  these  quantities  are 
constant  or  vary  in  a simple  manner  closed-form  expressions  can  be  derived.  For 
instance,  with  g,  R and  T constant  (g  = gs,  T = Ts j,  equation  (A3)  can  be  integrated 
by  inspection  to  yield 


-gsh/RT 

P = P se 

(A4) 

With  the  definition 

RTS  i 

«. - Hp - k 

(A5) 

equation  (A4)  becomes 

-Psh 

p = pse 

(A6) 

The  pressure  may  now 

be  determined  from  equations  (A6)  and  (A2)  as 

-/3sh 

p = pee  KS 

(A7) 

For  a temperature  profile  similar  to  that  of  the  VM-8  atmosphere,  the  density  and 
pressure  can  again  be  obtained  in  closed  form  (R  and  g assumed  constant).  See  fol- 
lowing sketch: 
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With  T now  given  by 


tT  ts 


T = Ts  + Ph 


T = Tn 


equation  (A3)  can  be  integrated  to  obtain 


P = pJ  1 + 


-■!§-- 1 

rh\  Rr 


sr  - T, 


(0  < h s h-p) 

(h  > h>p) 

(o  < h < hm'l 


Equations  (A8)  and  (A9)  are  then  substituted  in  equation  (A2)  to  determine  the  pressure  as 


P = Ps(1  + fe)  (0<h<hT)  (A10) 

Above  the  tropopause  where  T = T-p,  integration  of  equation  (A3)  results  in 

-/3(h-hT) 

P = PTe  ' 

> (h>hx)  (All) 


^hT  -gh  ' ' 

p = pTe  e H 

Note  that  prpe  T can  be  thought  of  as  an  effective  surface  density  (compare  with 
eq.  (A6)).  Setting  h = Ivp  in  equation  (A9)  determines  the  tropopause  density  p,p 
in  terms  of  surface  quantities  as 

Ss  , 


l rhT 
PT  = M1+  TT 


In  equation  (All)  j3  is  defined  by 


(A12) 


(A13) 


As  before,  substitution  of  p (eq.  (All))  and  T into  equation  (A2)  yields  the  pressure 


P = PTe 


-p(h-hr^j 
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where  prp  is  obtained  from  equation  (A10)  with  h = bp.  Thus 


Pt  = P«  1 + 


One  further  element  of  realism  may  be  added  to  the  solution  of  equation  (A3)  by 
allowing  for  the  variations  of  the  gravitational  constant.  With  the  same  temperature 
profile  as  in  the  preceding  sketch  and 


g = gs 


rQ  + h 

k O y 


the  integration  of  equation  (A3)  gives  the  density  as 

rgrs2 

-rfr  AEsIVj  _h}  RTs2(i-^2 

„„  V Ts/\1+rs;/1  + rh\  Ts 


and 


(h  > hT)  (A18) 


Expressions  for  p^,  p,  and  p,p  are  determined  as  in  equations  (A12),  (A14),  and  (A15), 
respectively. 
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STAGNATION -POINT  CONVECTIVE  HEAT  TRANSFER 


The  following  derivation  of  the  stagnation-point  convective  heating  rate  equation  is 
the  same,  except  for  minor  modifications  and  additions,  as  that  given  in  reference  12.  It 
is  repeated  here  because  of  the  insight  it  affords  into  the  basic  parameters  governing 
convective  heating  during  entry.  In  addition,  since  reference  12  may  not  be  readily  avail- 
able to  the  reader,  it  provides  a measure  of  completeness.  The  flow  situation  appropriate 
to  the  present  analysis  is  given  in  the  following  sketch: 


The  convective  heating  rate  can  be  expressed  as 


dVo  _ • _ Nurkr^Tw  - Tfj 

dt  -qc,o 


(Bl) 


where  Nur  is  the  Nusselt  number,  a form  of  heat-transfer  coefficient,  kr  is  the  con- 
ductivity of  the  gas  at  the  recovery  temperature  of  the  gas  Tr,  and  Tw  is  the  gas  tem- 
perature at  the  wall.  The  recovery  temperature  Tr  is  given  by 


Tr  = T0 


1 + f(Pr)-I 


- 1 


Mq 


and  with  the  approximation  Pr  ~ 1,  Tr  becomes  (see  section  entitled  "High- 
Temperature  Gas  Physics"  for  discussion  of  Pr) 


The  addition  of  Tw  to  both  sides  of  the  negative  of  equation  (B2)  yields 

Tw  - Tr  = -(t„  - Tw  + 


M ^T 

2 oo  x °° 


(B2) 


(B3) 
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Noting  that  for  large  M 


T - T « ^ — M 

x oo  A w 2 00  00 


equation  (B3)  can  be  reduced  to 


T - T — y I 1 M 

1 w 1 r " 2 x A°°  1 00 


With  the  substitution  of  the  relationship 


M 2T  = 00 

iV100  OO 


into  equation  (B4),  there  results 


(y  - l)cp 

V 2 

T - T - 
Tw  r 2cn 


According  to  Sibulkin  (ref.  52)  Nur  is  given  by 

Nur  = 0.934(Re)1//2(Pr)2/5 

Again  with  Pr  = 1 and 


Re  = 


pVA 

Vr 


equation  (Bl)  becomes 


Vo  - °-47' 


pVcoRn  V^kr  _ A Ar?1 

PVooVr  „ 2 

Vr  Bncp  | 

R V 00  ' 

nn 

But 


so  that 


r P 


= Pr  = 1 


%,o~  °'47i 


Assuming 


,jPV^r  y 2 

r^r  00 


8rp  1/2 


77  = 2.31  X 10"°Tr 


(B4) 


(B5) 


(B6) 


(B7) 


(B8) 


(B9) 


(BIO) 


and  making  the  approximation  that  Tw  « Tr,  then  using  equation  (B5)  in  equation  (B8) 

(Bll) 


2.31V  o 

r,  ^xiO-8 


P 
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Replacing  r]Y  in  equation  (B9)  by  equation  (Bll)  results  in 


A low-temperature  value  of  Cp  of  6006  ft2/sec2-°R  is  used  to  arrive  at 

qc>0  = 6-8  x 10~6^-yoo3  ft-lbf/ft2-sec 


(B12) 


This  equation  gives  values  lower  than  most  stagnation-point  heating  equations  by  roughly 
a factor  of  2 owing  to  the  approximations  made  in  the  stagnation-point  velocity  gradient 
in  deriving  equation  (Bl);  the  fact  that  the  density  in  equation  (B12)  is  taken  as  the  free- 
stream  value  rather  than  the  value  at  the  stagnation  point,  and  the  values  of  cp  and  Pr 
used.  Nevertheless,  the  functional  form  was  the  prime  consideration  in  reference  12 
and  more  recently  derived  equations  for  qc  differ  little  in  form  from  equation  (B12). 

In  the  remainder  of  this  section  the  following  equation  for  qc  different  from  equa- 
tion (B12)  by  a constant  factor,  will  be  used 


= 15.25  X 10'6\(#-  V 8 ft-lbf/ft2-sec 


Combining  the  expression  for  V derived  in  appendix  C with  equation  (B13)  results  in 


3CDpgA  gh 

P 9 /3m  cin  ^ 


* PQ  o 2/3m  sin  <f>„ 

q„  „ = 15.25  X 10  b\-$-  Vp3e  2 e E ft-lbf/ft2-sec 


The  maximum  value  of  heating  rate  during  entry  can  now  be  easily  obtained  as 


(\o) 


-6  Pa  C 

= 15.25  X 10  D S—  V' 

max  3eR„K  E 


' p C^A  \ 

K » — S-H-  ft-lbf/ft2-sec 
|3m  sin  (p-g) 


which  occurs  at  an  altitude  of 


h = i In  3K 


and  a velocity  of 

V = VEe-1/6  = 0.85Ve  (B17) 

Equation  (B15)  applies  only  to  the  case  where  h determined  by  equation  (B16)  is  positive 
(see  ref.  12). 
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The  total  heat  input  to  the  stagnation  point  over  the  entire  flight  may  be  obtained  by 
integrating  equation  (B13)  with  the  aid  of  the  integration  given  in  appendix  D (see  ref.  13) 
as 


15.25  x 10~6  y 2/  m 
(Rn/3  sin  0E)!/2  E [%A 
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STRAIGHT-LINE-FLIGHT  TRAJECTORY  EQUATIONS 


Closed-form  solutions  of  the  point-mass  trajectory  equations  do  not  exist.  There- 
fore, to  obtain  the  required  insight  into  the  effects  of  ballistic  coefficients,  entry  velocity, 
and  entry  flight-path  angle  on  such  things  as  maximum  entry  heating  and  loads,  some 
assumptions  must  be  made  to  affect  an  analytical  solution.  One  possibility  for  ballistic 
(nonlifting)  vehicles  is  to  assume  the  flight-path  angle  constant.  Examination  of  point- 
mass  trajectories  (see  appendix  E)  shows  that  flight-path  angles  change  very  little  (except 
for  shallow  entry  angles)  up  to  peak  heating  and  deceleration  so  that  the  aforementioned 
assumption  is  not  a great  handicap.  A second  assumption  which  has  even  less  effect  on 
the  heating  and  deceleration  calculations  is  that  of  neglecting  gravity.  Using  both  of 
these  assumptions,  Allen  and  Eggers  in  reference  12  developed  a rather  classical  analysis 
for  the  velocity  and  deceleration  experienced  by  entry  vehicles.  It  shows  in  a straight- 
forward manner  how  these  quantities  are  influenced  by  the  ballistic  coefficient,  entry 
vehicle,  and  atmospheric  properties.  A part  of  this  analysis  will  be  repeated  here  with 
some  minor  additions. 

The  balance  of  forces  on  the  entry  vehicle  shown  in  the  following  sketch: 


0,0 


yields  the  following  two  equations 


cdpV«a  . , 

-g  + sin  (p 

2m 


cdpvJa 


2 m 


COS  0 


(Cl) 
(C  2) 


where  x is  the  distance  measured  parallel  to  the  surface.  By  considering  only  the 
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vertical-flight  situation  and  by  assuming  that  the  atmospheric  density  can  be  expressed 

in  the  form  p = pge"^h  (see  appendix  A)  over  the  altitude  range  of  interest,  equation  (Cl) 
can  be  written  as 


d2h  = dV°o  _ CDPsVqo2a  _/3h 

dt^  dt  2m 


(C3) 


Since 


^=dV^dh 

dt  dh  dt 

equation  (C3)  can  be  rewritten  to  yield 


= -V. 


dV 

00 

~ dir 


dV 

OO 

dh 


, CpPsAV-  c.«h 


2m 


(C4) 


A new  variable  Z = is  now  introduced  and  equation  (C4)  becomes 


— - CPpsA  e-j3h  Z42gaQ 
dh  m 


(C5) 


the  solution  of  which  is 


Z = e 


yWe-Phdh 


m 


/ r cdps 
l-2gy  e'J  m 


^r»bgA  g, 

— e Pftdh 


dh  + const/ 


(C6) 


or 


Z = e 


CPpsAc-ffh 


YdY 


0 J Y 


+ const 


^DpsA  -0h 

where  Y is  defined  e H . Carrying  out  the  previously  indicated  integration 


/3m 


gives 


Z = e £m 


CDpsAc-j3h 


f(iogy+  IS) +const 

n=l 
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2 

If  Y and  Z are  replaced  by  the  original  variables,  the  following  equation  for  VM 
results 


CPpsAr-gh 

vJ2  = e"  0m 


00 

1 

n=l 


nn. 


2gh  + const 


(C7) 


The  equation  for  deceleration  is  obtained  by  the  substitution  of  equation  (C7)  in 
equation  (C3) 


dV 

O 

~dt~ 

g 


CDpsA„-/3h„ 

e e 

2mg 


cDps A -/3h 

/3m 


co  fCDpsA.-^n 

2g  Y 1 

0 A 

n=l 


/3m 


nn: 


- 2gh  + const 


- 1 


(C8) 


It  may  be  of  interest  to  note  that  the  integration  of  equation  (C6)  could  have  been  written 
in  terms  of  the  Ei(x)  function  which  is  defined  and  tabulated  in  reference  53.  It  has 
been  shown  that  for  the  high  speed  portion  of  orbital  entry  g-terms  have  a negligible 
effect;  therefore  equation  (C7)  can  be  written 


2 

= const  e 


CDpsA  „-/3h 

/3m 


The  arbitrary  constant  is  determined  by  letting  VM  = Vg  at 
ceding  equation  for  vj  becomes 


E 


cDpsA^c-ffh  c-ffhn^ 


h " hE 


so  that  the  pre- 


With  the  realization  that 

cpPsAc~/3hE 
e /3m  =1 

the  final  simplified  expression  for  the  velocity  and  deceleration  in  vertical  flight  are  seen 
to  be 


V 


oo 


cDPsA»-/3h 
= VEe"  2$m 


(C9) 
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and 


dV 


OO 


dt  _ 
g 


CDpsAVE  -<3h  ' 
2mg 


CDpsA„-/3h 

/3m 


(CIO) 


respectively. 

/3m 


A more  compact  form  of  equations  (C9)  and  (CIO)  is  obtained  if 
is  defined;  that  is 


Ke_^h 

2 


(Cll) 


and 


W Voo\ 

\VeJ  - K c-/3hc-Ke~^h 

d(^VEt)  2 


(C12) 


By  considering  now  the  inclined  flight-path  case,  and  again  by  assuming  that  gravity 
is  negligible,  it  is  seen  that  equation  (Cl)  becomes 


d2h  d(Vo0  sin  <PE)  C PvjA 
£2  = dt = — 2i^  Sln0E 


(C13) 


or 


-dV  C^PvJa 

OO  D 

dt  2m 

Equation  (C 14)  may  be  written  with  h as  the  independent  variable  as 


V„  sin  <p 


^oo.CpP^A 

® dh  2m 


(C 14) 


(Cl  5) 


with  the  use  of 


dV 

o 

~dt 


dV 

OO  dh  _ y 

dh  dt  " ’ 0 


sin  <pE 


dV 

O 

"dh 
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and 


p = p e-^1 

s 

By  rearranging  equation  (C15)  in  the  following  form 


dV 


CPpsA  e-j3h 


VM  2m  sin  0E 


dh 


the  integration  may  be  readily  accomplished  to  yield  a slightly  more  general  expression 
than  equation  (C9).  Thus 


V 

OO 


-CPpsA 
g2i3m  sin 


e-/3h 


(C16) 


The  counterpart  to  equation  (CIO)  is 

dVoo  2 ~CPpsA  c-/3h 

" dt  CDPsAVE  sin  <Pk 

g " 2mg 


(C17) 


Equations  similar  to  equations  (Cll)  and  (C12)  are  obtained  if  K is  redefined  as 


K = 


CPPsA 
/3m  sin 


(CIS) 


and  the  reduced  time  as  /3Vgt  sin  </>E. 

With  equations  (C16)  and  (C17),  it  is  possible  to  determine  the  velocity  or  accelera- 
tion in  terms  of  altitude.  To  obtain  the  relationship  between  altitude  and  time  and  hence 
velocity  and  acceleration  with  time,  use  is  made  of 


dh 

dt 


-V  sin  (px ? 

oo  Uj 


and  equation  (C16)  to  write 


dh 

dt 


sin  0Ee 


Ke-/3h 

2 
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Rearranging  the  previous  equation  and  multiplying  both  sides  by  /3  results  in 


r 


^ -am  _ 

^hE  _Ke-^h 


(C19) 


If 


K "0h 
2 


= x 


and 


K -0hE 
2 


XE>  the  left-hand  side  of  equation  (C18)  becomes 


exdx  Pxexdx 
x J0  x 


exdx 

x 


and  from  reference  53  the  equation 


/3Vgt  sin  0E  = Ei(x)  - Ei(xE) 
or 

/3VEt  sin  cf>E  = Ei^|  e“^hj  - Ei^|  e'^  (C20) 

is  obtained.  A table  of  Ei(x)  is  given  in  reference  53  but  it  is  inadequate  at  low  values 

of  the  argument  which  are  needed  to  establish  the  value  of  Ei^e  ^^j.  A plot  of  this 
function  is  given  in  figure  51. 

By  taking  a derivative  of  equation  (C12)  with  respect  to  h to  obtain  the  maximum 
deceleration,  the  condition  obtained  is 


Ke-/3h  = 1 


or  from  equation  (C16) 


1 

2 


at  maximum  deceleration.  The  value  of  the  maximum  deceleration  is 


-d(v./vE) 

1 

d(/3VEt  sin 

2e 

(C21) 


(C22) 


(C23) 


223 


APPENDIX  C 


and  it  occurs  at 


h = 


- In  K 

0 


(C24) 


with  K given  by  equation  (C20). 

The  free-stream  dynamic  pressure  is  defined  by 

<w  = |pv.2 

and  maximum  pressure  loads  occur  when  q^  is  a maximum.  With  dV^/dt  equal  to  a 
constant  times  q^,  the  dynamic  pressure  will  be  a maximum  at  the  same  time  as 
dV^/dt. 
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INTEGRATION  REQUIRED  TO  OBTAIN  TOTAL  HEAT  INPUT 


In  order 


integral  under 


to  obtain  qc  and  qr  from  qc  and  qr  an  integration  of  the  form 
must  be  accomplished.  Utilization  of  equations  (3)  and  (4)  enables  the 
consideration  to  be  written  as 


m, 


J0 


S -<Jun  -ar e'fih 
e ^ e “ dt 


<D1) 


Further  convenience  is  offered  by  changing  the  variable  of  integration  from  t to  h 
through  use  of  equation  (1).  By  carrying  out  this  manipulation,  expression  (Dl)  becomes 


n n-1  n 

Ps  VE 

sin  ''hg 


e-/3hme 


-(n-l)fe-^ 

1 dh 


(D2) 


If  (n  - 1)^  is  now  set  equal  to  a new  variable  tj,  the  following  simpler  form  of 

expression  (D2)  will  result 


Psm(VE) 


n-1 


VDf 


/3  sin  0E 


La 


^m-lg-?]  ^ 


(D3) 


The  lower  limit  in  expression  (D3)  for  practical  values  of  K and  hE  is  effectively 
zero;  the  upper  limit  however  is  large  enough  that  the  value  of  the  integral  between  this 
limit  and  00  is  negligible.  Expression  (D3)  may  therefore  be  approximated  by 


with  negligible  error.  With  the  identification  of  the  integral  in  expression  (D4)  as  the 
gamma  function,  the  original  integral  becomes  completely  defined  in  terms  of  prescribed 
and  tabulated  quantities;  that  is 
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DERIVATION  OF  POINT-MASS  TRAJECTORY  EQUATIONS 


The  derivation  of  the  point-mass  equations  of  motion  given  in  this  section  is  also 
found  in  many  books  and  papers  and  is  only  repeated  here  for  those  who  are  new  to  the 
field.  Also,  it  enables  the  interested  reader  to  assess  the  consequences  of  the  assump- 
tions made  in  developing  the  straight-line  trajectory  equations  of  appendix  C.  In  this 
respect,  the  reader  is  referred  to  the  analysis  of  reference  54.  This  reference  contains 
an  approximate  method  of  solution  for  the  point-mass  equations  and  gives  computed 
results  which,  in  some  cases,  are  compared  with  those  obtained  by  the  equations  of  ref- 
erence 12  (appendices  B and  C). 

The  vector  acceleration  in  terms  of  the  unit  vectors  e^  and  eg  is 


a 


+ e 


-r  /du 


(El) 


where  the  positive  direction  of  the  velocities,  forces,  and  angles  are  given  in  the  following 
sketch: 


With  tan  <p  = the  aerodynamic  force  vector  is 


f = (-mg  + L cos  (p  + D sin  c p)er  ~ (D  cos  (p  - L sin  <P)Qq  (E2) 

If  a is  multiplied  by  m and  equated  to  f , the  two  component  acceleration  equations 
are  obtained  as 


d2h  _ dv 
dt2  =’dt 


— - — cos  <p  - — sin  < p 
r m m 


(E3) 
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du  uv  D / . L . 

— + — = --(c°s  <t>--sm  <f> 


m 


D 


(E4) 


In  the  interest  of  simplicity  the  lift  term  will  be  dropped  for  now.  From  the  definition 
of  Cj) 


D = | pV„ 2CDA 

(E5) 

and  from  equations  (E3)  and  (E4) 

= g-#4pv~2^sin* 

(E6) 

and 

du  uv  , 1 2 *-D^  , 

•dT  = - + 2pv«  — cos* 

(E7) 

^Note  that  V*.2  = u2  + v%!\  Replacing  sin  $ by  - and  cos  <p  by 

' Voo 

tions  (E6)  and  (E7)  results  in 

in  equa- 

V oo 

- g 1 PvV  C°A 

dt  & r 2 p 00  m 

(E8) 

and 

du  uv  1 „ ^dA 

' dt"  = r + a'"»V«  m 

(E9) 

respectively.  Now  equation  (E8)  is  multiplied  by  v and  equation  (E9)  by 
two  results  are  added  to  give 

u;  then  the 

-Voo  ^ - -gv^  Sin  0 + 1 pvj  C£A 

(E10) 

or 

B sin  * - > pvj  C“* 
dt  2 m 

(Ell) 

Differentiating  the  equation  defining  tan  q>,  that  is 

tan  $ = - J 

(E 12) 

results  in 

sec24>^=  -iH+v  du 
v dt  u dt  u2  dt 

(E13) 
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Now  sec 2d>  = +-v-  and  ^ and  ^ are  given  by  equations  (E8)  and  (E9)  so  that 

u2  dt  dt 

equation  (E13)  can  be  rewritten  as 


u2  + d cp  u^ 

u dT"  g "~ 


and  finally 


d<(>  _ g cos  <p  V„  cos  ip  (l  2 CLA 
dT  r + \2  PV°°  m , 


Note  that  the  term  ^ pV^  ^ 
tions  (Ell)  and  (El 5)  along  with 


giving  the  lift  contribution  has  been  added.  Equa- 


= -Voo  sin  4> 


comprise  the  point-mass  equations  of  motion. 
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TABLE  I.-  PHYSICAL  PROPERTIES  AND  ATMOSPHERIC  DATA  OF  EARTH,  MARS,  AND  VENUS 


Ps> 

M/it2 

Ps  x 105, 

slugs/ft3 

Ts. 

°R 

hp,t> 

ft 

Composition 
by  volume, 
percent 

Mean  value 
of  rs, 

ft 

gs> 

ft/sec2 

Rotational 

period 

Earth 

2116 

238 

519 

23  500 

79  N2,  21  02,  1 Ar 

20.89  x 106 

32.1 

23h56m4.09s 

Mars 

10 

1.32 

360 

16  470 

100  co2 

10.91 

12.3  ± 0.5 

24h37m22.668s 

to 

to 

to 

to 

20  C02,  80  N2 

40 

7.44 

495 

46  500 

68  C02,  32  Ar 

Venus 

85  x 103 

6685 

1115 

17  100 

CC>2  > 95 

20.01 

28.6 

(a) 

to 

to 

to 

211  x 103 

14  100 

1322 

aPrecise  rate  uncertain. 


TABLE  H.-  COMPARISON  OF  ATMOSPHERIC  QUANTITIES  COMPUTED  FROM 
MARS  OCCULT ATION  IMMERSION  AND  EMERSION  DATA 


[From  ref.  6] 


Parameter 

Immersion 

Emersion 

Scale  height  near  surface,  km 

9.0  ± 1 

12.0  ± 1 

Surface  number  density,  10^  moles/cm^: 

100%  co2 

1.9  ± 0.1 

2.25  ± 0.15 

80%  C02,  20%  Ar 

2.1  ± 0.1 

2.45  ± 0.15 

-5  q 

Surface  mass  density,  10  g/cm°: 

100%  co2 

1.43  ± 0.1 

1.65  ± 0.15 

80%  C02,  20%  Ar 

1.55  ± 0.1 

1.85  ± 0.15 

Surface  temperature,  °K: 

100%  co2 

180  ± 20 

240  ± 20 

80%  C02,  20%  Ar 

175  ± 20 

235  ± 20 

Surface  pressure,  mb: 

100%  co2 

4.9  ± 0.8 

7.6  ± 1.3 

80%  C02,  20%  Ar 

5.2  ± 0.8 

8.2  ± 1.3 
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TABLE  ni.-  VOYAGER-MARS  ENGINEERING  MODEL  ATMOSPHERES  AND  PLANETARY  PHYSICAL  CONSTANTS 
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TABLE  IV.-  SUMMARY  OF  ATMOSPHERIC  CONDITIONS  NEAR 
MEAN  SURFACE  FOR  FIVE  MODEL  ATMOSPHERES 


Parameter 

Minimum 
p s 

Minimum 

HP,s 

Most 

probable 

Maximum 

ps 

Maximum 

HP,s 

Surface  pressure,  mb 

4 

4 

6 

10 

10 

Surface  temperature,  °K 

280 

180 

230 

180 

280 

Abundance  of  CO2,  m-atm  .... 

55 

55 

72 

100 

100 

Composition  by  mass,  percent: 

co2 

100 

100 

88 

73 

73 

Ar 

0 

0 

12 

27 

27 

Composition  by  volume,  percent: 

co2 

100 

100 

87 

71.1 

71.1 

Ar 

0 

0 

13 

28.9 

28.9 

Molecular  mass,  kg/(kg  mole)  . . 

44 

44 

43.5 

42.8 

42.8 

Acceleration  due  to  gravity, 

m/sec^ 

3.72 

3.72 

3.72 

3.72 

3.72 

Equatorial  radius,  km 

3393 

3393 

3393 

3393 

3393 

Universal  gas  constant, 

j/°K-(kg  mole) 

8314 

8314 

8314 

1 

8314 

8314 
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TABLE  V.-  CONSTITUENTS  OF  COMPOSITE  ABLATIVE  MATERIALS 


Base  resin 

Fibrous 

fillers 

Low-density  fillers 

Subliming  fillers 

Fine-particle 

fillers 

Phenolic 

Glass 

Phenolic 

Nylon 

Colloidal  silica 

microballoons 

Epoxy 

Asbestos 

Glass  microspheres 

Ammonium  chloride 

Carbon  black 

Silicone 

Silica 

Silica  microspheres 

Carbide  powder 

Teflon 

Carbon 

Cork 

Polyphenylene 

Graphite 

Gas -filled 

interstices  (foam) 

Polybenzimidazole 

Pluton 

Nylon 

Magnesia 

Zirconia 

TABLE  VI.-  PROPERTIES  OF  TYPICAL  ABLATORS 


Ablator 

Density, 

lbm/ft3 

Fraction 

volatilized 

Char 

density, 

lbm/ft3 

Thermal 

conductivity, 

Btu-in./hr-ft2-°F 

Tensile 

strength, 

lbf/in2 

Elongation 
at  70°  F, 
percent 

Superlight: 

SLA-561 

14 

0.44 

8 

0.36 

60 

2.50 

SLA-220 

16 

.28 

11 

.55 

83 

5.90 

Low-density  charring: 
ESA-3560 

31 

.65 

11 

.67 

100 

12.00 

ESA-5500 

58 

.54 

26 

1.60 

135 

36.00 

Subliming: 

Teflon 

131 

1.00 

1.70 

2000 

150.00 

Porous  teflon 

32 

1.00 

--- 

.42 

49 

11.00 

Reinforced: 

! 

Silica  phenolic 

109 

.17 

91 

3.60 

4000 

.41 

Carbon  phenolic 

90 

.18 

74 

7.10 

6500 

.29 
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TABLE  VII.-  PLANETARY  ENTRY  HEAT-SHIELD  REQUIREMENTS 


Entry-vehicle  configuration 

Heat-shield  requirements 

Cone 

half -angle, 
deg 

Base 

diameter, 

ft 

Entry 

weight, 

lbm 

Ballistic 

coefficient, 

slug/ft2 

Material 

Thickness, 

in. 

Unit 
weight , 

lbm/ft2 

Total 

weight, 

lbm 

Weight 

fraction 

Venus  direct  entry 

55 

8.5 

850 

0.34 

ESA-5500 

0.53 

2.56 

240 

0.28 

55 

8.5 

850 

.34 

ESA-5500M 

.24 

1.16 

140 

.16 

55 

8.5 

850 

.34 

Carbon  phenolic 

.55 

4.35 

350 

.41 

Venus  orbit  entry 

55 

8.5 

850 

0.34 

ESA-5500M 

0.22 

1.06 

133 

0.156 

Mars  direct  entry 

70 

10.5 

1600 

0.35 

SLA-561 

0.53 

0.65 

57 

0.04 

Mars  orbit  entry 

70 

10.5 

1600 

0.35 

SLA-561 

0.43 

0.53 

46 

0.03 

TABLE  VIH.-  CALCULATED  MAXIMUM  DYNAMIC  PRESSURES,  DECELERATIONS, 
STAGNATION-POINT  HEATING  RATES,  AND  HEAT  INPUTS  FOR  MARS  ENTRIES 


Atmosphere 

<pe, 

deg 

vE. 

ft 

m 

CDA’ 

slug/ft2 

Dynamic 

pressure, 

lbf/ft2 

dV  n 
dt  ’ 
ft/sec^ 

*c,o’ 

Btu/ft2-sec 

(a) 

V 

Btu/ft^ 

(a) 

VM-8 

20 

16  000 

0.4 

280.0 

688 

75.6 

1601 

VM-8 

20 

16  000 

.3 

223.0 

731 

65.5 

1373 

VM-8 

15 

16  000 

.3 

84.3 

276 

41.0 

2116 

VM-9 

15 

16  000 

.3 

50.3 

160 

31.1 

2776 

VM-8 

15 

14  000 

.3 

114.0 

376 

36.5 

1304 

VM-8 

20 

12  000 

.3 

163.0 

532 

33.7 

719 

VM-9 

15 

12  000 

.3 

45.9 

145 

16.8 

1368 

aBased  on  Rn  = 1.0  ft. 
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Figure  2.-  Viking -Mars  spacecraft  mounted  in  Titan  Ill-Centaur  launch  vehicle 


Deorbit  engine 
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Figure  3*-  A proposed  Viking -Mars  lander  capsule. 


Orb  iter/ capsule 
separation 


Figure  4.-  Descent  profile  for  a Mars  landing. 
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Capsule  system  in 
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1972  Fly-by  mission: 


1973  Orbital  mission: 
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Direct  communication  link 
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Relay  communication  link 


Titan  IIIC 

Direct  communication  link  ; 

Options  for  mission- 

retro  capsule  before  entry  , 
propulsion  maneuver  of 
spacecraft  at  Venus, 
all-ballistic  flight 


Figure  8.-  Venus  mission  options. 
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Figure  9 • - Communication  modes  for  three  Venus  missions. 
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Altitude 


Time,  sec 

Figure  10.-  Entry  and  deployment  sequence  for  Venus  entry  capsule  and  BVS. 
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Figure  11.-  Effect  of  winds  on  three  1975  mission  options. 
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r,  km 


Temperature,  °K 

Figure  12.-  Variation  of  temperature  with  altitude  for  atmosphere  of  Venus. 
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Figure  l4.-  Temperature  profiles  for  Mars  atmospheres 


Figure  1 6.-  Probability  distribution  of  near-surface  wind  speed  on  Mars  between  ±28° 
latitude  near  vernal  equinox  in  northern  hemisphere.  vv^max  = 63.6  m/sec. 


Figure  17.-  Degrees  of  freedom  of  gas  molecules  and  atoms* 


1.0 


Temperature,  °K 

Figure  21.-  Variation  of  Prandtl  number  of  air  with  temperature  for  range  of  pressures. 
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Figure  25.-  Comparison  of  Prandtl  numbers  of  C02  and.  N2  mixtures  with  air. 

p = 0.1  atm. 
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Stagnation-point  heat  transfer  in  air  Stagnation- point  heat  transfer  for 

various  atmospheres 
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Figure  26.-  Effect  of  composition  on  stagnation-point  convective  heating  rates. 
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Figure  28.-  Bar  graph  plots  (ref.  13)  showing  relative  contribution  of  radiative  and 
convective  heating  to  st agnation -point  and  entire-body  heat  inputs  for  m/A  = 1.3! 

“ 10°,  and  three  entry  velocities.  The  maximum  diameter  of  all  bodies  is 
11  feet . 


Slab  approximation 

Figure  29.-  Two-step  absorption  coefficient 
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— Adiabatic 


Stagnation  streamline  enthalpy  distribution  Surface  heat  flux  distributions 

Figure  30.-  Effect  of  sphere  size  on  nongray  heat-transfer  rate  distribution. 

V = 50  000  ft /sec:  h = 190  000  ft. 
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n 

Figure  31,-  Spectral  breakdown  of  nongray 
3-inch-  and  5 -foot -radius  spheres. 
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radiative  heating-rate  distribution  for 
= 50  000  ft/sec;  h = 190  000  feet. 


Peak  heating  rate,  q,  Btu/ft  /sec 


2500  m/CDA  = 0.30  slugs/ft2 

m/Cj}A  = 0.375  slugs/ft^ 


Nose  radius,  R , ft 


(a)  Maximum  heating  rate. 


(h)  Total  stagnation-point  heat  input. 


Figure  33*-  Configuration  influence  on  aerodynamic  heating  rates  and  heat  inputs  at 
stagnation  point  (ref.  29).  = 38  000  ft/sec;  0^  = 40°. 
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Figure  35--  Energy  disposal  for  two  ablation  concepts  (ref.  30). 
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Figure  36.-  Insulation  capabilities  of  various  ablation  materials  (ref.  30) 
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(a)  40° , 50°;  and  oO0  cones. 

Figure  37*-  Static  aerodynamic  coefficients  for  blunt  pointed  cones  at 
Mach  number  of  4.63  (ref.  33). 


271 


(t>)  Moment  center  at  NOL  model  center-of-gravity  location  (0. 8-inch  model). 

Figure  38.-  Comparison  of  ballistic  range  and  wind-tunnel  pitching-moment  coefficients. 


Root-mean- square  angle  of  attack 


Figure  42.-  Density- ratio  effect  on  drag  coefficient  from  "ballistic -range  tests  (ref.  34). 
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Figure  43- - Effect  of  ratio  of  specific  heats  on  drag  coefficient  of  l40°  cone 


Figure  45.-  Body  pressure  distribution  and  bow  shock  position  for  l4o°  cone  (from 
ref.  38).  Rn/Rb  = 0.25?  7 = 1.17?  VM-8  atmosphere;  = 11  000  ft/sec; 

h = 6l  000  ft. 
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(a)  Pyriamic -pres  sure  time  histories. 

Figure  49.-  Typical  dynamic  pressure,  acceleration,  and  heating-rate  time  histories  for  Mars  entiy. 
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Cb)  Deceleration- load  time  histories. 


Figure  49.-  Concluded. 
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(b)  Acceleration-load  time  histories. 
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Figure  50.  Typical  dynamic  pressure,  acceleration,  and  heating-rate  time  histories  for 

Venus  entry  (ref.  29).  -2-  = 0.3;  0E  = 4o°. 


5.  FLUTTER  AND  UNSTEADY-LIFT  THEORY 


By  E.  Carson  Yates,  Jr. 

Langley  Research  Center 

ABSTRACT 

Since  this  is  the  first  of  several  papers  in  aeroelasticity  and  unsteady-flow  phe- 
nomena, a brief  introduction  to  the  aeroelastic  problems  of  aircraft  is  given.  Emphasis 
in  this  lecture  is  on  the  flutter  of  lifting  surfaces,  and  the  most  commonly  used  technique 
for  the  theoretical  determination  of  flutter  stability  boundaries  is  shown.  Classical  theo- 
retical methods  are  presented  for  evaluating  the  required  oscillatory  aerodynamic  forces 
in  subsonic,  supersonic,  and  hypersonic  speed  ranges.  Some  comparisons  of  theoretical 
and  experimental  results  are  included.  Rigorous  mathematical  developments  are  not 
emphasized  because  the  objective  of  this  lecture  is  to  present  basic  ideas,  concepts,  and 
methods  and  to  promote  an  understanding  and  appreciation  of  principles  and  techniques. 
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PREFATORY  REMARKS 

This  paper  is  the  first  of  several  on  topics  in  aeroelasticity  and  unsteady-flow 
phenomena.  First  this  general  subject  is  introduced,  and  some  of  the  more  important 
aeroelastic  phenomena,  including  flutter,  are  defined  so  that  the  explicit  subject  matter 
on  flutter  and  unsteady  aerodynamics  may  be  presented  and  viewed  in  proper  context. 

A course  in  aeroelasticity  obviously  cannot  be  taught  in  three  or  four  lectures,  nor 
flutter  and  unsteady  lift  theory  in  one.  Therefore,  no  attempt  is  made  to  develop  the 
material  either  chronologically  or  completely;  instead,  some  applications  of  current  tech- 
nology are  presented  with  emphasis  on  theory  rather  than  experiment,  although  some 
comparisons  between  theoretical  and  experimental  data  are  shown.  Rigorous  mathe- 
matical developments  are  not  emphasized  because  the  objective  is  to  present  basic  ideas, 
concepts,  and  methods  and  to  promote  an  understanding  and  appreciation  of  principles  and 
techniques.  An  extensive  bibliography  is  provided. 

An  outline  of  the  topics  presented  in  this  paper  follows: 

INTRODUCTION  TO  AEROELASTICITY 
Definition  of  Aeroelasticity 
Three- Ring  Diagram 

Aeroelastic  Problems  in  Relation  to  Flight  Envelope 


L-6892 
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FLUTTER  THEORY 

Two-Dimensional  Theory 
Three-Dimensional  Theory 

THEORETICAL  PREDICTION  OF  OSCILLATORY  AERODYNAMIC  LOADS 
Basic  Assumptions  and  Governing  Equations 
Two-Dimensional  Flow 
Three-Dimensional  Flow 
Simple  strip  theory 
Modified  strip  analysis 
Subsonic  kernel  function 
Supersonic  influence- coefficient  method 
Piston  theory 

COMPARISONS  OF  ANALYTICAL  AND  EXPERIMENTAL  RESULTS 
CONCLUDING  REMARKS 

INTRODUCTION  TO  AEROELASTICITY 

Definition  of  Aeroelasticity 

Aeroelasticity  is  the  study  of  aeronautical  problems  which  involve  interactions  of 
aerodynamics  (steady  or  unsteady)  and  structures  (flexibility  and  sometimes  mass 
properties). 

Aeroelastic  problems  are  indicated  in  reference  1 to  be  aggravated  by: 

(a)  Low  stiffness  due  to: 

(1)  Thin  lifting  surfaces 

(2)  Slender  fuselages 

(3)  High-strength  materials 

(4)  Efficient  structures 

(5)  High  temperatures 

(b)  A wide  range  of  operating  conditions  that  include: 

(1)  Dynamic  pressure 

(2)  Mach  number 

(3)  Altitude 

(4)  Weight 

(5)  Configuration 
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Three-Ring  Diagram 

The  three- ring  diagram  (fig.  1)  represents  diagrammatically  aerodynamic  forces, 
mass  forces,  and  elastic  forces.  (See  also  fig.  l-l  of  ref.  2.)  These  types  of  forces  in 
themselves  constitute  separate  problem  areas,  for  example,  steady- state  aerodynamics, 
classical  mechanics,  and  elasticity,  respectively.  Other  problem  areas  involve  inter- 
actions of  two  or  more  of  these  types  of  forces:  for  example,  dynamic  stability  of  "rigid" 
aircraft  involves  a consideration  of  aerodynamic  forces  and  mass  forces.  Mechanical 
vibrations  involve  inertia  forces  and  elastic  forces;  whereas  static  aeroelastic  problems 
such  as  steady-state  loads  on  elastic  aircraft,  control  effectiveness,  and  divergence 
involve  elastic  and  aerodynamic  forces.  The  center  area  of  the  three -ring  diagram  indi- 
cates a region  in  which  all  three  types  of  forces  are  important.  This  region,  referred  to 
as  "dynamic  aeroelasticity,"  encompasses  such  problems  as  flutter,  buffet,  and  dynamic 
response  to  disturbances  such  as  atmospheric  turbulence. 

Implications  for  flutter  investigation.-  Because  of  the  complex  interactions  of  three 
different  kinds  of  time-dependent  forces,  theoretical  work  may  become  rather  involved. 

In  addition,  models  for  experimental  work  must  have  correct  mass  and  stiffness  distri- 
butions as  well  as  correct  shape  and  must  be  tested  under  conditions  dynamically  similar 
to  full-scale  conditions. 

Static  aeroelasticity  (not  time  dependent).  - Static  aeroelasticity  involves  steady-state 
aerodynamics.  Mass  forces  (for  example,  weight)  may  or  may  not  be  significant.  Static 
aeroelasticity  includes  effects  of  structural  flexibility  on  the  following: 

(1)  The  aerodynamic  load  distribution  which  includes: 

(a)  Loads  imposed  on  structure  that  dictate  structural  design. 

(b)  Aerodynamic  coefficients  that  determine: 

Performance  (especially  at  off-design  conditions) 

Static  stability  (affected  by  lift-curve  slope,  aerodynamic  center,  center 
of  pressure).  An  example  of  aeroelastic  influence  on  stability  occurs 
when  lifting  air  loads  cause  the  tips  of  a swept  wing  to  bend  upward. 

The  wing  surface  continues  to  deform  until  the  elastic  restoring  forces 
of  the  structure  balance  the  external  aerodynamic  forces  plus  the  inter- 
nal mass  forces.  This  deformation  tends  to  unload  the  tips,  reduce  lift, 
shift  the  center  of  pressure  forward  and  can  significantly  affect  the 
aerodynamic,  control,  and  stability  characteristics. 

(2)  Control  effectiveness  and  reversal 

(3)  Divergence  - an  instability  (corresponding  to  flutter  at  zero  frequency)  involving 
a monotonically  increasing  deflection  of  the  structure  caused  by  aerodynamic 
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load  building  up  more  rapidly  than  the  elastic  restoring  forces.  Static 
aeroelasticity  is  covered  more  fully  in  paper  no.  6 by  John  E.  Lamar. 

Dynamic  aeroelasticity  (time  dependent).-  Dynamic  aeroelasticity  involves  unsteady 
aerodynamics  and  includes  flutter,  buffet,  and  dynamic  response. 

Flutter: 

Flutter  is  a self- excited  oscillation  in  which  the  motion  gives  rise  to  aerodynamic 
forces  which  sustain  the  oscillation  - a structural  instability  that  is  frequently  destruc- 
tive. The  motion  is  both  cause  and  effect.  In  the  motion,  energy  is  extracted  from  the 
airstream.  Flutter  is  the  oscillatory  counterpart  of  divergence. 

Flutter  may  involve  a single  lifting  surface,  a single  control  surface,  or  the  entire 
aircraft. 

Types  of  flutter  include: 

(1)  Bending-torsion  flutter  of  beam- like  lifting  surfaces 

(2)  Flutter  of  plate-like  lifting  surfaces 

(3)  Control- surface  flutter 

(a)  Single  degree  of  freedom  (control  rotation  only) 

(b)  Coupled  with  parent- surface  motion 

(4)  Panel  flutter  (may  cause  sudden  destruction  of  panel  or  eventual  fatigue  failure) 

(5)  Propeller-whirl  flutter 

(6)  Stall  flutter 

This  lecture  is  concerned  only  with  flutter  types  (1)  and  (2). 

Flutter  investigation  either  of  components  or  of  a complete  aircraft  involves  theo- 
retical and/or  experimental  determination  of: 

(1)  The  neutral  stability  boundary  (flight  conditions  for  incipient  flutter) 

(2)  The  flutter  mode  and  frequency 

(3)  The  subcritical  (below- flutter- speed)  response  to: 

(a)  Oscillatory  or  impulsive  excitation 

(b)  Random  excitation 

Flutter  alleviation  must  be  considered  if  flutter  margins  (separation  between  flutter 
boundary  and  operating  envelope)  are  inadequate.  The  following  are  some  of  the  methods 
that  may  be  employed  to  increase  margins,  but  each  involves  a potential  penalty  on  the 
overall  efficiency  of  the  aircraft: 
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Method 

Penalty 

Increase  structural  stiffness  by: 

Beefing  up  structure 

Increased  weight 

Increasing  airfoil  thickness  .... 

Increased  wave  drag 

Increasing  box-beam  size 

More  local  stiffening  required, 
less  room  for  high- lift  devices 

Reduce  flight  dynamic  pressure  . . 

Reduced  mission  economy 

Change  shape,  e.g.,  plan  form 

Reduced  performance 

Change  mass  distribution 

Loss  of  structural  efficiency, 
aggravated  balance  problems 

Buffet: 

Buffet  is  response  (in  terms  of  pressure  fluctuations,  accelerations,  stresses,  etc.) 
to  the  fluctuating  (periodic  or  random)  aerodynamic  forces  caused  by  separation  of  flow 
from  the  aircraft  surface.  Structural  flexibility  may  or  may  not  be  significant.  Buffet 
may  be  caused  by: 

(a)  Flow  separation  due  to  adverse  pressure  gradients 

(b)  Wake  from  a more  forward  portion  of  the  vehicle 

(c)  Shock-boundary-layer  interaction 

Buffet  is  most  likely  to  occur  at  high  angles  of  attack,  for  example,  at  high  altitude 
or  high  load  factor.  Buffet  may  be  alleviated  by  minimizing  regions  of  flow  separation 
(a  requirement  for  drag  reduction  anyway).  Buffet  is  not  readily  amenable  to  analytical 
study. 

Dynamic  response: 

Included  in  dynamic  responses  are  responses  to  both  random  and  transient 
excitations. 

In  aircraft  response  to  gusts  and  turbulence,  structural  flexibility  may  or  may  not 
be  significant.  Response  affects  structural  loads,  ride  qualities.  Distinction  is  made 
between  gust  response  (caused  by  disturbances  in  the  atmosphere),  buffet  (caused  by  dis- 
turbances generated  by  the  aircraft  itself),  and  flutter  (an  aeroelastic  instability).  More- 
over, flutter  instabilities  must  be  well  removed  from  the  flight  envelope,  and  buffet  may 
be  minimized  by  cleaning  up  flow  separation,  but  the  aircraft  must  be  designed  to  with- 
stand gust  loads. 

Two  types  of  gust  loads  are  studied: 

(1)  Discrete  gusts  for  which  transient  responses  are  examined  by  a time-history 
method  and  maximum- response  conditions  are  identified. 
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(2)  Continuous  turbulence  is  considered  as  a random  process  and  is  treated  by 
statistical  methods.  Determine  the  root-mean- square  response  and  the  number  of  loading 
cycles.  These  procedures  require  knowledge  of  the  statistical  properties  of  the  atmos- 
pheric turbulence,  for  example,  gust  intensity  as  a function  of  gust  wave  length  or  fre- 
quency, as  well  as  the  frequency- response  characteristics  (transfer  function)  of  the  air- 
craft, for  example,  variation  with  gust  frequency  of  the  response  to  a sinusoidal  input 
gust.  Gust  loads  are  covered  more  fully  in  paper  no.  7 by  Kermit  G.  Pratt. 

Other  types  of  dynamic  response  not  explicitly  treated  in  this  lecture  include: 

(1)  Control  deflection  - transient  response 

(2)  Engine  failure  or  inlet  unstart  - transient  response 

(3)  Forces  transmitted  to  the  airframe  through  the  landing  gear.  Such  forces 

include  those  caused  by  landing  impact  (transient)  and  runway  or  taxiway 
roughness  (random).  (Aerodynamic  forces  may  be  significant.) 

Effects  of  flexibility  on  dynamic  stability: 

Structural  flexibility  can  affect  frequency  and  damping  characteristics  (lateral, 
longitudinal).  Aerodynamics  may  usually  be  treated  as  steady  or  quasi-steady. 

Aeroelastic  Problems  in  Relation  to  Flight  Envelope 

A few  of  the  more  important  aeroelastic  problem  areas  are  illustrated  in  figure  2. 
(See  also  ref.  1.)  The  curve,  which  is  a function  of  altitude  and  Mach  number,  illustrates 
the  design  dive  flight  condition  for  a high-performance  airplane  such  as  a supersonic 
transport.  The  flight  region  is  above  this  dive  boundary.  Flutter  of  lifting  surfaces 
(and  divergence  for  surfaces  with  low  sweep  angle),  panel  flutter,  gust  response,  and 
buffet  are  most  likely  to  be  critical  near  transonic  speeds.  Aeroelastic  effects  on  stabi- 
lity and  control  may  be  greatest  at  the  high  supersonic  Mach  numbers  or  wherever  dyna- 
mic pressure  is  greatest,  although  problems  may  also  be  encountered  elsewhere.  For  a 
satisfactory  aircraft  design,  these  instabilities,  excessive  loads,  and  other  undesirable 
conditions  must  fall  a sufficient  distance  below  or  above  the  flight  region.  The  area  of 
ground  loads  is  shown  at  the  low  end  of  the  Mach  number  scale. 

Importance  of  aeroelastic  problems:  Aeroelastic  phenomena  frequently  produce 

critical  design  loads  for  high  performance  aircraft. 

Typical  flutter  boundaries  are  shown  in  more  detail  in  figure  3.  Increasing  the 
leading- edge  sweep  A g of  the  wing  is  shown  to  improve  the  flutter  margin,  that  is, 
to  move  the  flutter  boundary  away  from  the  flight  envelope.  Figure  3 shows  that  flutter 
may  also  be  a problem  in  the  higher  supersonic  range  where  the  flutter  boundary  may 
again  approach  the  flight  envelope. 
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In  review,  several  types  of  aeroelastic  problems,  both  static  and  dynamic.,  have  been 
enumerated,  and  comments  have  been  made  upon  the  interactions  of  aerodynamic,  inertia, 
and  elastic  forces  that  are  involved  in  these  phenomena.  Several  types  of  flutter  have 
been  indicated,  and  attention  is  now  directed  to  the  flutter  of  lifting  surfaces,  for  which 
the  equations  of  motion  are  developed  in  the  next  section. 

FLUTTER  THEORY 

In  flutter  theory,  attention  is  directed  toward  establishing  the  neutral  stability 
boundary  between  converging  and  diverging  oscillations,  that  is,  conditions  are  sought 
under  which  oscillation  of  the  lifting  surface  continues  at  constant  amplitude  (harmonic 
motion).  Note  that  the  counterpart  in  static  aeroelasticity  is  divergence  (flutter  at  zero 
frequency). 


Two-Dimensional  Theory 

Equations  of  motion.-  Consider  a two-dimensional  wing  (fig.  4)  to  be  supported  at  a 
point  called  the  elastic  axis  (e.a.)  by  a translation  spring  with  spring  constant 
(deflected  by  displacement  h)  and  by  a torsion  spring  with  the  constant  (deflected 
by  displacement  a).  The  origin  of  the  streamwise  coordinate  x is  at  the  midchord 
point  0,  and  the  airfoil  center  of  gravity  (c.g.)  is  a distance  x^b  behind  the  elastic 
axis  which  in  turn  is  the  distance  ab  behind  the  midchord.  Positive  directions  are 
indicated  in  the  figure.  A complete  list  of  letter  symbols  used  in  this  lecture  is  given  as 
appendix  A. 

Summing  forces  in  the  h-direction  leads  to 

mh  + S aa  + ghkh  jj'j'  h + khh  = -L(h,h,Q!,Qf,a)  (1) 

Summing  moments  in  the  a-direction  leads  to 


Ior«+  Sah  + gaka  jSL  of  + kaa  = Ma(h,h,a,d,a) 


(2) 


where 


h translational  displacement  of  win0,  at  piaatip  avis  tnnci+ivro 

m mass  of  wing  per  unit  span 

sa  static  unbalance  of  wing,  first  moment  of  wing  section  mass  about  the  neutral 

or  elastic  axis  (positive  for  center  of  gravity  aft  of  elastic  axis),  mbx^ 
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torsional  displacement  of  wing  about  elastic  axis  (positive  leading  edge  up) 

nondimensional  distance  from  midcord  to  elastic  axis  (positive  rearward), 
fraction  of  semichord  b 


Sh 

kh 

lor 

ka 

L 


Mqi 


b 


X 


a 


r 


a 


0) 


a 


structural  damping  coefficient  for  plunging  motion 

2 

spring  constant  for  plunging  motion,  mw^ 

2 2 

mass  moment  of  inertia  of  unit  span  of  wing  about  elastic  axis,  mb  r^ 

structural  damping  coefficient  for  pitching  motion 

2 

spring  constant  for  pitching  motion,  Iq/Wq, 
oscillatory  lift  per  unit  span  (positive  upward) 

oscillatory  moment  per  unit  span  about  elastic  axis  (positive  leading  edge  up) 
wing  semichord 

nondimensional  distance  from  elastic  axis  to  section  center  of  gravity 
(positive  rearward),  fraction  of  semichord  b 

nondimensional  radius  of  gyration  of  wing  section  about  elastic  axis 

circular  natural  frequency  of  wing  in  plunging  motion  (uncoupled) 

circular  natural  frequency  of  wing  in  pitching  motion  (uncoupled) 


A dot  over  a symbol  indicates  differentiation  with  respect  to  time. 

The  terms  g,k,  A h and  gaka  « in  equations  (1)  and  (2),  respectively, 

I hi  I « I 

represent  structural  damping  forces  which  are  proportional  to  displacement  but  in  phase 
with  velocity.  This  type  of  relationship  is  a more  representative  (though  empirical) 
description  of  energy  dissipation  in  solid  structure  than  is  the  more  familiar  viscous 
damping  (forces  proportional  to  velocity).  If  viscous  damping  forces  are  present,  how- 
ever, they  may  be  represented  by  adding  the  terms  Chh  and  Caa  to  the  left  sides  of 
equations  (1)  and  (2),  respectively,  where 
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viscous  damping  coefficient  for  plunging  motion 
viscous  damping  coefficient  for  pitching  motion 


Ch 

Ca 


The  following  assumptions  are  made: 

(1)  Perturbations  from  free-stream  conditions  are  small.  This  assumption  implies 
thin  airfoil  and  small  camber  and  angle  of  attack. 

(2)  No  camber  deformation  occurs. 

(3)  Motion  is  harmonic  and  of  small  amplitude. 

Thus,  both  structure  and  flow  may  be  represented  by  linearized  theory. 

For  harmonic  motion 


where 


h = h0eiwt 
a = 


(3) 


h()>  a0  complex  amplitudes 

w circular  frequency  of  oscillation 


t time 

Also, 


h = iwh 

(4) 

42 

CS) 

3 

ll 

:42 

(5) 

d = iua 

(6) 

*•  o 

Of  = -or' O' 

(7) 

Then  the  lift  force  L and  the  pitching  moment  Ma  for  harmonic  (constant- amplitude) 
oscillation  may  be  expressed  in  the  forms 


L = L(h,or) 


t+aK 


(8) 
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and 


p fluid  density 

lift  factor  associated  with  plunging  motion 

la  lift  factor  associated  with  pitching  about  quarter  chord  (a  = -1/2) 

mh  pitching- moment  factor  (about  quarter  chord)  associated  with  plunging  motion 

ma  pitching- moment  factor  (about  quarter  chord)  associated  with  pitching  about 

quarter  chord 

The  derivation  of  equations  (8)  and  (9)  is  given  in  the  appendix  of  reference  3.  Explicit 
expressions  for  L and  Ma  are  subsequently  presented  herein  (section  entitled 
"Theoretical  Prediction  of  Oscillatory  Aerodynamic  Loads"). 


Equations  (8)  and  (9)  may  also  be  written 

L = 27rqk^b^h'  ^ 

Ma  = 27rqk2b2^mh'  ^ + Zd/a)  t11) 

where  flow  may  be  subsonic  or  supersonic,  and 

D 2 

q dynamic  pressure,  ^ V 

V speed 

„ bco 

k reduced  frequency,  — 

£ Zh  lift  factor  associated  with  plunging  motion 

la'  lift  factor  associated  with  pitching  about  elastic  axis 
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mh'  pitching- moment  factor  (about  elastic  axis)  associated  with  plunging  motion 

mQ,*  pitching- moment  factor  (about  elastic  axis)  associated  with  pitching  about 

elastic  axis 


Note  that  Z^Z^jm^mQ,  are  complex  quantities  which  are  functions  of  reduced  frequency 
k and  Mach  number  M.  Substituting  equations  (10)  and  (11)  into  equations  (1)  and  (2) 
leads  to 


and 


V 

Wqi 2 o>2 


0 


(12) 


(13) 


where  ji  is  mass- density  ratio, 


m 

;rpb2 ' 


Flutter  determinant.-  Nontrivial  solution  of  equations  (12)  and  (13)  exists  if  and 
only  if  the  determinant  of  coefficients  vanishes.  Thus,  the  flutter  determinant  is 


wh 


co 


a 


lixa  + mh' 


= 0 (14) 


In  the  solution  of  equation  (14)  for  the  neutral- stability  (incipient- flutter)  condition, 
Mach  number  M is  usually  held  constant,  and  reduced  frequency  k = ^ is  treated 
as  an  input  parameter  (independent  variable)  because  the  aerodynamic  parameters 
Zh'-V^h'^a'  are  usuaHy  rather  involved  functions  of  k and  M.  Since  the  flut- 
ter determinant  contains  complex  quantities,  aired  solution  of  equation  (14)  will  in 
general  yield  complex  values  of  co.  This  complication  is  avoided  by  introducing  the 
variable 

o>  2 

ft  = X + iY  = -4-(l  + ig) 

co* 
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as  the  dependent  variable  (eigenvalue)  in  place  of  0“ / ^ so  that  u>  can  be  treated  as 

real  and  g represents  additional  (fictitious)  structural  damping  required  to  produce 
constant- amplitude  oscillation.  Then,  the  equation 


1 - 


id 


a 


i1  + igh) 


n 


- V 


fix a - la 


= 0 (14a) 


HXa  + mh’ 


jur 


a 


- (*  + *«<*) 


S2 


+ 


can  be  solved  for  n and  hence 


ba,a  k\jx 

co  l 
~ \/X  ( 


(15) 


J 


and  the  neutral  stability  point  corresponds  to  g = 0. 

Solution  procedure.-  The  procedure  for  solution  is  as  follows: 

(1)  Find  the  quantities  in  equation  (15)  by  solving  equation  (14a)  for  several  values 

of  k. 

(2)  Plot  g as  a function  of  V/bida  and  g as  a function  of  co/cda  (fig.  5). 

(3)  Read  flutter  conditions  at  g = 0. 


Three-Dimensional  Theory 

Formulation  of  flutter  equations.-  The  flutter  equations  for  three-dimensional 
lifting  surfaces  are  conveniently  obtained  from  Lagrange's  equations  of  motion. 
Lagrange' s equations  may  be  written  in  the  form 


where 


0 

d fdT  \ f 8U  | 9D  _q 

dt  \9q i)  9q.  aqj 


(i  = l(l)n)  (16) 


T kinetic  energy 

U potential  energy  (strain  energy  of  the  elastic  system) 
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D dissipation  function  (damping) 

Qi  generalized  force  for  ith  degree  of  freedom  (aerodynamic) 

qj  ith  generalized  coordinate 

n number  of  modes 

Assume  that  the  oscillatory  (small)  deflection  Z(x,y,t)  of  the  wing  (with  coordi- 
nate system  as  shown  in  fig.  6)  can  be  represented  by  a linear  combination  of  n chosen 
mode  shapes  Zj(x,y).  Thus, 


where 

x 

y 

Z(x,y,t) 

Zi(x,y) 

Z0,i 


Z(x,y,t)  = ^ Zi(x,y)ZQ  .ela,t 
i=l 


n 


•i 

i=l 


Zi(x,y)qi(t) 


(17) 


streamwise  coordinate 


) undeflected  wing  lies  in  x,y  plane 

spanwise  coordinate  j 

deflection  shape  of  oscillating  wing  (displacement  normal  to  x,y  plane) 

normalized  deflection  shape  of  ith  mode  (may  be  coupled  or  uncoupled  vibra- 
tion mode) 

complex  amplitude  for  ith  mode 


The  normalization  of  the  mode  shapes  Zj(x,y)  is  accomplished  by  dividing  the 
modal  deflection  at  each  point  (x,y)  by  the  deflection  at  some  reference  point  on  the  wing. 

The  kinetic  energy  of  the  vibrating  wing  may  be  written 


or,  with  equation  (17), 


T = i ^m(x,y)  [z(x,y,t)J  2 dx  dy 

t*  v/ 

S 

n n 

T = \ 1 IImZiZ3  * dy 

i=l  j=l  S 


(18) 


(19) 
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where  m(x,y)  is  mass  of  wing  per  unit  area.  The  integration  indicated  in  equations  (18) 
and  (19)  extends  over  the  entire  lifting  surface  S.  If  the  Zj  are  taken  to  be  the  normal 
modes  of  vibration  of  the  wing  in  a vacuum,  the  modes  are  orthogonal  and  so 


mZizj 


dx  dy  = 


MiSij 


(20) 


where 

M[ 

generalized  mass  for  ith  mode 

6ij 

Krone  cker  delta 

and 

T=^2M^2  (21) 

i=l 

If  convergence  of  the  series  representation  in  equation  (17)  is  to  be  assured,  the  modal 
functions  Z^(x,y)  should  be  elements  of  a complete  set.  The  normal  modes  constitute 
such  a set. 

Potential  energy  U can  be  found  from  T by  considering  the  undamped  free  oscil- 
lation of  the  wing  in  a vacuum.  For  this  type  of  motion  equation  (16)  reduces  to 

(i  = l(l)n)  (22) 

and,  with  equation  (21), 

= -]«[&  = (23) 

where  cuj  is  the  frequency  of  ith  normal  mode.  Then, 

n 

U = | Y cui2Miqi2  (24) 

i=l 

is  a manifestation  of  Rayleigh  substitution  (frequency  squared  times  generalized  mass 
equals  generalized  stiffness).  (See,  for  example,  equation  (7.29)  of  reference  3.)  Alter- 
natively, the  potential  energy  (strain  energy)  can  be  formulated  directly  in  terms  of  stiff- 
ness as  is  illustrated  in  appendix  B. 


d /aTN  x 9U 


9qi 
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The  dissipation  function  for  structural  damping  is 


n o 

IV  . 2 

D ■ 2 2 -S'  ql  (25) 

i=l 

where  gj  is  the  structural  damping  coefficient  for  the  ith  mode. 

Substituting  equations  (21),  (24),  and  (25)  into  equation  (16)  and  assuming  harmonic 
motion  leads  to 

o>2Miqi=Qi  (i  = l(l)n)  (26) 

Generalized  forces  Qj  are  obtained  from  the  expression  for  virtual  work  6W: 

6W(t)  = JJ  6Z(x,y,t)  Ap(x,y,t)  dx  dy  = Y Q^t^  (27) 

S i=l 

where  Ap(x,y,t)  is  the  lifting  pressure  at  point  x,y  on  the  lifting  surface  S at 
time  t. 

The  integration  again  extends  over  the  entire  lifting  surface  S.  Now  from  equa- 
tion (17), 

n 

6Z(x,y,t)  = ^ Zi(x,y)6q.(t)  (28) 

i=l 

Substitute  equation  (28)  into  equation  (27)  and  note  that  the  q^  are  independent  variables. 
Then, 


Qi(t)  = ^ Ap(x,y,t)Zi(x,y)  dx  dy 


(29) 


Assuming  motion  of  very  small  amplitude  permits  Ap  to  be  expressed  as  the  sum 
of  the  contributions  from  each  mode: 

n 

yq . 

Api(x,y,o>,M)  -1  (30) 

l-j  J bn 

1=1 


30 


where  Apj(x,y,w,M)  is  the  lifting  pressure  at  point  (x,y)  on  the  wing  caused  by  motion 
of  the  wing  in  the  jth  mode,  and  bg  is  the  nondimensionalizing  reference  length  intro- 
duced so  that  Apj  will  have  same  units  as  Ap.  The  reference  length  b0  is  often  taken 
to  be  wing- root  semi  chord,  or  sometimes  the  semispan.  Then, 
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The  generalized  aerodynamic  force  Ajj  is  a function  of  wing  plan- form  shape,  mode 

0y2 

shapes,  frequency,  and  Mach  number.  The  dynamic  pressure  q is  . 

£t 

Then,  the  equations  of  motion  (26)  can  be  written 


where 


o)r  reference  frequency  (arbitrary  constant) 

bnco 

kQ  reduced  frequency  (input  parameter), 

dependent  variable  (eigenvalue),  (1  + ig)  = X + iY 

As  in  equation  (14a),  the  fictitious  factor  (1  + ig)  is  again  introduced  in  order  to  avoid 
the  complication  of  dealing  with  complex  frequencies;  and  again  the  neutral- stability 
(flutter)  condition  is  associated  with  g = 0.  Also 
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V 


1 ^ 


Compare  with  equations  (15). 


b0wr  kg^X 


— = — 


(36) 


Solution  of  the  flutter  equations.-  Equations  (35)  are  homogeneous  in  the  n gen- 
eralized coordinates,  so  that  these  equations  have  a nontrivial  solution  if  and  only  if  the 
determinant  of  coefficients  vanishes.  Thus, 


Aij  + 

! . "J2  / 

+ igj)nr 

pZb02  ^ 

2 

(i,j  = l(l)n) 


(37) 


This  equation  is  the  flutter  determinant  for  three-dimensional  lifting  surfaces  corres- 
ponding to  equation  (14a)  for  two-dimensional  wings. 

Note  that  equation  (14a)  contains  off-diagonal  mass  terms  jixa  which  represent 
the  static  unbalance  of  the  two-dimensional  wing  about  the  elastic  axis.  Equation  (37) 
would  contain  corresponding  terms  only  if  the  vibration  modes  chosen  to  describe  the 
motion  of  the  three-dimensional  wing  (eq.  (17))  were  nonorthogonal.  (See  eq.  (20).) 


Also  note  that  in  comparison  with  equation  (14a),  equation  (37)  has  been  multiplied 
through  by  kg^  so  that  the  generalized  aerodynamic  forces  Aij  will  remain  finite  at 
low  kg. 


Note  finally  that  aerodynamics  enters  into  the  flutter  equations  (35)  and  the  flutter 
determinant  (37)  only  through  the  generalized  aerodynamic  forces  A^j  is  given  in 

APi(xi,yi,kg,M) 

equation  (34)  and  appears  in  the  form  of  lifting-pressure  distributions  . 


For  a particular  wing,  set  of  mode  shapes,  and  Mach  number,  solution  of  equa- 
tion (37)  is  similar  to  that  described  for  equation  (14),  except  that  figure  5 will  now  con- 
tain n curves  instead  of  2,  and  these  n curves  may  indicate  more  than  one  flutter 
point. 


If  desired,  the  mode  of  motion  at  flutter  may  be  found  by  substituting  the  values  of 
kg  and  Or  (at  flutter)  back  into  equation  (35)  to  obtain  the  qj  (complex  eigenvector) 
and  finally  by  using  equation  (17)  to  find  Z(x,y,t)  (also  complex). 
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In  summary  the  equations  of  flutter  motion  have  been  formulated  for  both  two- 
dimensional  and  three-dimensional  wings,  the  latter  on  the  basis  of  energy  considerations 
employing  Lagrange's  equations.  A procedure  for  solving  these  equations  to  find  the 
flutter- stability  boundary  has  been  described.  As  yet,  no  method  has  been  given  for  eval- 
uating the  aerodynamic  forces  involved  in  the  flutter  motion.  Several  theoretical  methods 
for  doing  so  are  now  presented. 

THEORETICAL  PREDICTION  OF  OSCILLATORY 
AERODYNAMIC  LOADS 

Aerodynamic  loads  associated  with  a harmonic  (constant- amplitude)  oscillation  are 
required  in  analyses  of  flutter  and  of  subcritical  frequency- response  characteristics  as 
used  in  gust  studies.  Oscillatory  aerodynamic  theories  apply  equally  to  both  types  of 
problems  since  the  two  problems  differ  aerodynamically  only  with  regard  to  the  pre- 
scribed downwash  distribution  over  the  wing.  For  flutter,  the  free  stream  is  considered 
steady,  and  the  downwash  at  any  point  on  the  wing  is  only  that  associated  with  the  harmonic 
motion  of  the  wing  itself  at  that  point.  For  gust  studies,  the  wing  may  also  be  allowed  to 
deflect  harmonically,  but  an  additional  oscillatory  downwash  must  be  included  to  represent 
waves  (sinusoidal  gusts)  in  the  free  stream. 


Basic  Assumptions  and  Governing  Equations 

Assumptions.-  The  usual  assumptions  made  in  the  development  of  aerodynamic 
loads  and  the  results  of  making  them  are: 

(1)  Conservation  laws  lead  to  the  equations  of  motion. 

(2)  Inviscid,  irrotational  fluid  flow  leads  to  concepts  of  potential  flow: 

a.  Velocity  potential 

b.  Acceleration  or  pressure  potential 

(3)  Small  perturbations  permit  linearization  of  the  flow  equations  and  use  of 
superposition  procedures. 

(4)  Boundary  conditions  specify  no  flow  through  the  wing  surface  and  no  flow  separa- 
tion. If  the  trailing  edge  is  subsonic,  these  boundary  conditions  lead  to  the  Kutta  condition. 

Governing  equations.-  These  assumptions  lead  to  the  linearized  wave  equation 


cV,  . § 


(38) 


governing  propagation  of  small  disturbances  from  a disturbance  source  at  the  origin  of 
coordinates  x,y,z  through  a fluid  initially  at  rest.  In  equation  (38),  c is  the  speed  of 
sound  in  the  undisturbed  fluid  and  0 is  the  potential  function. 
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More  detailed  derivation  of  equation  (38)  and  discussion  of  the  application  of  the  wave 
equation  to  lifting  surface  theories  are  given  in  appendix  C.  To  apply  (38)  to  a disturbance 
source  moving  in  the  -x  direction  with  speed  V,  transform  to  moving  coordinates. 

Let 


.7\ 


x’  = x + Vt 


y'  =y  I 

z'  = z 


t’  = t 

Then  equation  (38)  becomes 


9x'2  ay'2  az'2  c2  \0t 


(39) 


(40) 


where  (f>  may  be  the  velocity  potential  so  that  the  velocity  vector  u = V<£.  Equation  (40) 
also  governs  acceleration  potential  \J/  which  is  related  to  cp  by 


ih  =.  = 0^.+  v-^-  = -H  = 

v Dt  at  ax  p 2 p 


(41) 


(See  appendix  A of  ref.  4.)  Equation  (40)  applies  to  subsonic  or  supersonic  speeds. 
Boundary  conditions  are: 

(1)  No  flow-through  wing  surface,  no  flow  separation. 

(2)  Perturbations  vanish  at  infinity. 

(See  also  Assumptions  preceding  equation  (38).) 

Two-Dimensional  Flow 

Assumptions  include  those  preceding  equations  (3)  and  (38)  and  following  equa- 
tion (41).  Assume  also  incompressible  flow  as  in  reference  5 and  in  the  appendix  of  ref- 
erence 3.  (See  ref.  G for  subsonic  compressible  flow  and  ref.  7 for  supersonic  flow.) 

Equation  (40)  then  reduces  to  Laplace's  equation 

= 0 (42) 

8x2  9Z2 
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Solve  by  superposition  of  elementary  solutions,  for  example,  source  of  strength  AH  for 
which  the  velocity  potential  is 


$s  = ^ log e\/x2  + z2  = ^ loge  (x2  + z2)  (43) 

and  vortex  of  strength  Ar  for  which  the  velocity  potential  is 

(44) 

Noncirculatory  loading  terms.-  Even  in  the  absence  of  a free- stream  velocity,  an 
oscillating  wing  experiences  aerodynamic  forces  associated  with  the  up-and-down  pumping 
action  of  the  wing.  These  forces  are  related  to  the  familiar  virtual- mass  effect  experi- 
enced, for  example,  by  an  accelerating  cylinder.  Consider  plunging  motion  represented 
by  a distribution  of  sources  to  simulate  the  advancing  side  of  the  wing  and  a distribution 
of  sinks  to  simulate  the  receding  side.  Seek  first  the  velocity  potential  associated  with 
single  elements  of  each  distribution  as  illustrated  on  the  left  side  of  figure  7. 

The  velocity  potential  for  the  single  source  and  sink  elements  is  conveniently 
obtained  by  mapping  the  airfoil  into  a circle  by  means  of  the  Joukowski  transformation. 

The  Joukowski  transformation 


2W  = r + - 

5 


(45) 


transforms  the  airfoil  in  the  W-plane  into  a unit  circle  in  the  £ -plane  (fig.  7).  Flow 
does  not  penetrate  the  wing  surface,  so  the  wing  surface  in  the  W-plane,  and  hence  the 
circle  in  the  £ -plane,  are  streamlines  of  the  flow.  A source  and  a sink  of  equal  strength 
located  on  the  circle  as  shown  preserve  the  circle  as  a streamline  of  the  flow.  Hence, 
transforming  back  to  the  W-plane  preserves  the  airfoil  as  a streamline.  Source 
strength  is  proportional  to  li.  From  equation  (43),  the  velocity  potential  for  a source  of 
strength  2 AH  at  (£i,t)j)  and  a sink  of  equal  strength  at  (^,-t?j)  is  (in  £ -plane): 


<P  = 


Mi) 

I2  + 1 

(n  - ij f 

Mi) 

>2  + 

(v  + 7i)2 

Source  (and  sink)  strength  2 AH,  rather  than  just  AH,  is  used  because  only  half  of  the 
source  flow  is  evident  outside  the  airfoil  (or  circle  in  £-plane),  the  other  half  being  "lost" 
inside  the  contour. 
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j Transforming  to  the  W-plane,  letting  AH  = h dx,  and  integrating  (summing  sources)  over 
i the  chord  leads  to 


0(h)  = h{l  - x2  (46) 

which  is  the  velocity  potential  for  the  airfoil  in  plunging  motion.  Similarly  for  angular 
(pitching)  motion 


0(a)  = Vet'll  - x2 


J 


(47) 


Note  that  0(h)  and  0(a)  do  not  depend  on  the  existence  of  a free  stream  V.  The 
pressures  associated  with  equations  (46)  and  (47)  are  called  " noncirculatory"  and  are 
found  from  Bernoulli’s  equation: 


a‘>=2',(l+v!f) 


= Lifting  pressure 


(48) 


Substituting  equations  (46)  and  (47)  into  equation  (48)  and  integrating  from  leading  edge  to 
trailing  edge  gives  the  total  noncirculatory  contribution  to  lift: 


LN  = + Va  - aa) 


(49) 


Circulatory  loading  terms.-  Pressures  associated  with  "bound"  vorticity  in  the  wing 
and  "free"  vorticity  in  the  wake  are  called  "circulatory."  If  the  Kutta  condition  at 
trailing  edge  is  to  be  satisfied,  changes  in  angle  of  attack  must  be  accomplished  by  vor- 
tices shed  into  the  wake.  Kelvin's  circulation  theorem  requires  that  these  vortices  be 
accompanied  by  equal  and  opposite  bound  vortices  "shed"  inside  the  wing.  The  circle  in 
the  £ -plane  and  hence  the  airfoil  in  W-plane  are  preserved  as  streamlines  if  these  bound 
vortices  are  located  at  points  that  are  the  reflections  (reciprocals)  of  the  free-vortex 
points  (fig.  8).  The  velocity  potential  for  a vortex  of  strength  -AT  at  (£ Q, 0)  and  its 
image  of  equal  and  opposite  strength  at  (l/£o,0)  is  (in  £ -plane) 


0 = 


£ " ^o 


- tan" 


(50) 


Now  as  the  wing  oscillates  in  a free  stream  of  speed  V,  vorticity  of  harmonically  varying 
strength  continuously  sheds  into  the  wake.  So  transform  to  W-plane  and  let 
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(51) 


Ar  = U0e1Ct,(t-to) 


ik^Ct-tn) 

dx0  = UQe  b v dx0  = Uj  dxQ 


to  represent  vorticity  of  a strength  that  varies  harmonically  with  time  (or  with  distance 
downstream  since  the  free  vortices  are  assumed  to  move  downstream  with  free- stream 
velocity).  This  vortex  picture  and  the  associated  aerodynamic  forces  to  be  calculated  for 
it  are  related  to  the  single  shed  vortex  and  associated  load  build-up  (Wagner  function) 
resulting  from  a step  change  in  angle  of  attack  or  from  an  impulsive  start.  The  Wagner 
function  will  be  discussed  more  explicitly  in  paper  no.  7 by  Kermit  G.  Pratt. 

Observing  that  t — <*>  for  steady- state  oscillation,  and  integrating  equation  (50)  from 
x0  = 1 to  x0  = °°  defines  <p(T),  the  velocity  potential  due  to  vorticity.  The  strength 
Uq  of  the  vorticity  (and  hence  of  0(D)  is  found  from  the  Kutta  condition  which  may  be 
stated  as 


d_ 

dx 


0(D  + 0(h)  + 0(a)  + 0(a) 


= Finite  value 

x=l 


(52) 


The  Kutta  condition  in  effect  relates  vortex  strength  (and  hence  lift)  to  the  downwash  at 
the  three-quarter  chord.  * But  it  is  not  necessary  to  find  Uq  explicitly.  Substituting 
equations  (46),  (47),  (50),  and  (51)  into  equation  (52)  leads  to 


which  is  equal  to  the  downwash  at  x = - (the  three-quarter  chord), 

2 


(53) 


^The  relation  between  lift  and  downwash  at  the  three-quarter  chord  is  easily  illustrated  for  a thin 
two-dimensional  wing  in  steady  incompressible  flow.  For  such  a wing,  the  lift  L may  be  expressed  in 

terms  of  a bound  vortex  of  strength  r located  at  the  quarter  chord.  Thus,  L = pVT  = 27ra^V^^2fc>j 

or  r = 27rabV.  Now  a vortex  of  strength  r induces  a velocity  (e.g.,  downwash)  of  magnitude  w = 
so  that 

T = 2?rrw  = 277  rV  a 


where  r is  the  distance  from  the  vortex.  These  two  expressions  for  r,  can  be  equated  to  determine  a 
distance  r,  which  is  the  distance  from  the  bound  vortex  (quarter  chord)  to  the  point  at  which  the  vortex- 
induced  downwash  is  the  same  as  the  physical  downwash  w = Va  on  the  wing.  Thus,  r = b which  is  a 
distance  of  one-half  chord  from  the  vortex,  or  the  three-quarter-chord  point.  Conversely,  then,  if  the 
downwash  at  three-quarter  chord  is  known,  the  lift  may  be  found  from 

L-2»  ^(fv2)(2b) 
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Substituting  equations  (50)  (transformed  to  W-plane)  and  (51)  into  equation  (48)  and  inte- 
grating from  x = -1  (leading  edge)  to  x = 1 (trailing  edge)  gives  the  total  circulatory 
contribution  to  the  lift  Lq  and  with  equation  (53) 


where 


C = 


C(k)  = F + iG  = 


Xo  + 1 e-&x0 

f}  - 1 


dx0 


dxo 


or  in  terms  of  Bessel  functions, 


(55) 


C(k) 


-Jx  + iYj 

-(Ji + Yo) + - Jo) 


(56) 


(See  fig.  9.)  The  complex  factor  C,  called  the  " Theodorsen  circulation  function" 

(ref.  5),  modifies  both  the  magnitude  and  the  phase  angle  of  both  L and  Mq,. 

Combined  loading.-  Combining  equations  (54)  and  (49)  gives  total  lift  on  a harmoni- 
cally oscillating  two-dimensional  wing  in  incompressible  flow,  and  with  corresponding 
expressions  for  pitching  moment  about  the  elastic  axis,  the  following  expressions  are 
obtained  (in  dimensional  form  with  chord  = 2b): 


L = 7rpb2(h  + Va  - baa)  + 27rpVbC 


h + Vo  + bj|  - a ja 


and 


\ia  = -«pb3  [-all  + - ajva  -r  [i  : a2jbij 


(57) 


+ 27TpVb 


!|+a)c[h  + 


Va  + b 


(58) 
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The  original  development  of  these  expressions  in  reference  5 provides  for  the  inclusion  of 
a trailing- edge  control  surface  also.  Two-dimensional  subsonic  compressible  flow  is 
discussed  in  references  6 and  8,  and  supersonic  flow  is  examined  in  references  7 and  8. 


Three-Dimensional  Flow 

Simple  strip  theory  (subsonic  or  supersonic).-  The  strip- theory  concept  originated 
as  a means  of  applying  two-dimensional  aerodynamic  theory  to  wings  of  finite  span.  In 
this  regard  it  has  largely  been  superseded  by  development  of  the  more  rigorous  lifting - 
surface  theories  for  three-dimensional  wings.  Nevertheless,  approximate  methods  such 
as  strip  theory  remain  useful  for  heuristic  purposes  and  for  practical  applications  where 
their  simplicity,  flexibility,  and  economy  are  advantageous. 

Applications  to  unswept  wings: 

In  applications  to  unswept  wings: 

(1)  The  motion  of  each  strip  (fig.  10)  is  taken  to  be  that  associated  with  the  three- 
dimensional  wing. 

(2)  Uncoupled  vibration  modes  are  frequently  used  (that  is,  bending  along  and  torsion 
about  an  elastic  axis). 

(3)  Camber  modes  may  be  incorporated  if  necessary. 

(4)  Natural  (coupled)  modes  may  be  used  if  they  are  decomposed  into  bending,  tor- 
sional, and  possibly  camber  components. 

Aerodynamic  forces  on  each  strip  are  taken  to  be  those  associated  with  a two- 
dimensional  wing  undergoing  the  same  motion  as  the  particular  section  of  the  three- 
dimensional  wing.  This  approach  implies  that  aerodynamic  interactions  between  strips 
are  ignored.  This  simplification,  of  course,  is  not  a very  good  representation  of  the  three- 
dimensional  loading  near  the  tip,  but  it  may  be  acceptable  if  the  aspect  ratio  is  not  too 
small. 

The  motion  and  forces  for  each  strip  are  then  given  by  equations  (1),  (2),  (10),  and 
(11),  except  that  now  wing  properties,  deflections,  and  loads  are  functions  of  y.  For 
example, 


and 


m 

h = h(y)  = ^ hifh,i(y)e 


i=l 


iwt 


(59) 


n 

Of  = a(y)  = ^ a-jfQ,  j(y)elcot  (60) 

j=l 
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where  and  are  complex  amplitude  functions  (which  define  the  eigenvectors  in 
the  flutter  problem),  and  and  f^j  are  uncoupled  vibration  mode  shapes.  (Com- 

pare with  equation  (17).) 

Then  for  application  of  Lagrange's  equations  (16),  the  kinetic  energy  becomes 


Note  that  the  cross-product  (off-diagonal)  generalized  masses  are  not  all  zero. 
Compare  with  equations  (18)  to  (21). 

The  potential  energy  is 


U = - eicot 
2 


m 

I 

i=l 


2 2 Cl  T t 2 

-j  J0  1(xia>i 


dy 


(62) 


where 


w,  . frequency  of  ith  uncoupled  bending  mode 

n,i 

± frequency  of  jth  uncoupled  torsion  mode 


See  appendix  B for  alternative  derivation  of  potential  energy  (strain  energy)  directly  in 
terms  of  stiffness. 

Damping  and  aerodynamic  loads  (both  nonconservative  forces)  may  be  incorporated 
into  the  generalized  forces: 


Qh,i  =Jo  (-L  - imwh,i2gh,ifh,i^i)fh,i  dy 
Qa,j  = dy 


(63) 

(64) 


where  L and  Ma  are  given  by  equations  (8)  and  (9)  or  (10)  and  (11)  with  h and  a 
represented  by  equations  (59)  and  (60). 


Solution  for  the  flutter  condition  proceeds  as  before,  except  the  flutter  determinant 
is  now  of  order  m + n,  and  figure  5 contains  m + n curves. 
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Application  to  swept  wings: 

For  swept  wings  strip-theory  concepts  may  be  applied  to  streamwise  strips  (identi- 
fied herein  as  type  A)  or  strips  perpendicular  to  the  swept  elastic  axis  (identified  as 
type  B)  as  illustrated  in  figure  11.  (See  ref.  9.) 

The  advantage  of  the  type  A concept  is  that  root  and  tip  geometry  are  accurately 
represented.  The  disadvantage  is  that  inclusion  of  camber  mode  is  probably  required. 

The  converse  applies  to  the  type  B concept. 

In  applying  the  type  B concept,  the  aerodynamic  loads  are  considered  to  be  defined 
by  the  component  of  free- stream  velocity  Vn  perpendicular  to  the  elastic  axis  (fig.  11). 
The  component  parallel  to  the  elastic  axis  is  considered  to  contribute  only  to  the  down  wash 
on  the  strip,  which  for  calculation  purposes  is  evaluated  at  the  three-quarter- chord  point 
of  the  strip  as  indicated  previously. 

Modified  strip  analysis.-  The  modified  strip  analysis  (refs.  10  to  14)  is  similar  to 
the  type  B concept  previously  given  with  aerodynamic  expressions  of  the  type  given  for 
two-dimensional  incompressible  flow  in  equations  (57)  and  (58),  but  with  the  following 
modifications: 

(1)  Arbitrary  section  lift- curve  slope  c;  = c,  (y)  used  instead  of  2n. 

ca,n  ia,  n 

(2)  Arbitrary  section  aerodynamic  center  ac  n = ac>n(y)  used  instead  of  the 
quarter  chord. 

(3)  The  circulation  function  C = C(k)  in  equations  (57)  and  (58)  is  modified  on  the 
basis  of  two-dimensional  compressible-flow  theory  to  account  approximately  for  effects 
of  compressibility  on  the  magnitudes  and  phase  angles  of  the  section  lift  and  moment  vec- 
tors. (See  refs.  10  and  13.) 

The  resulting  expressions  for  section  lift  L and  pitching  moment  about  the  elastic 
axis  Mq,  are  (see  eqs.  (4)  to  (6)  of  ref.  13): 


L = npb‘ 


(k 


v & 

vnU! 


Vnd  tan  Aea 


ba/a  + VnT  tan  A 


eal 


+ c j pV„bCQ 


'Ot.n 


Ma  = -?rpb4(j  + a2j|a  + VnftanAeaj  + 7rpb2Vn(h  + Vna  tanAea) 
+ 7rpb**a|h  + Vnd  tan  A eaj  + 77pb2Vn^O!  - abr  tanAgaj 


27rpVnb^ 


Q 
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where  the  downwash  Q is  given  by 


and 


Q = h + Vna  + Vna  tanAea  + b( 


2-n 


+ ac,n  “ a' 


+ Vnr  tan  Aea) 


Vn  = V cosAea  component  of  freestream  velocity  normal  to  elastic  axis 
Aea  sweepback  angle  of  elastic  axis 

o local  bending  slope  of  elastic  axis 

r local  rate  of  change  of  twist  along  elastic  axis 


The  spanwise  distributions  of  the  steady- flow  aerodynamic  parameters  c^  (y) 
and  ac  n(y)  to  be  used  in  these  equations  are  those  distributions  that  are  pertinent  to  the 
particular  planform  and  Mach  number  being  studied.  Such  distributions  may  be  obtained 
from  any  suitable  steady-flow  theory  or  from  pressure-distribution  measurements  in  flight 
or  in  a wind  tunnel.  Thus,  the  important  effects  of  three-dimensional  compressible  flow 
are  represented  in  the  modified  strip  analysis  even  though  the  mathematical  structure  of 
the  method  stems  from  the  theory  of  two-dimensional  incompressible  nonsteady  flow  as 
given  in  reference  5. 

Synthesis  of  the  modified- strip- analysis  method  may  be  illustrated  in  terms  of  the 
section  lift  force  on  an  unswept  wing: 

(1)  For  three-dimensional,  compressible,  steady  flow, 


L = c,  a £v2(2b)  = c,  pVbQ 


Q!,n 


In  steady  flow  the  downwash  Q is  given  by  Q = Va. 

(2)  For  two-dimensional,  incompressible,  oscillatory  flow  (method  of  ref.  5), 


L = 2irpVbQC  + Noncirculatory  terms 

where  C = C(k)  = Fj  + iGj.  Subscript  I indicates  incompressible  flow,  and  downwash 
Q is  Hssuciiiieu  with  the  oscillatory  motion.  (See  eq.  (53).) 

(3)  For  three-dimensional,  compressible,  oscillatory  flow  (modified  strip  analysis, 
ref.  13), 


L = c7  pVbQC  + Noncirculatory  terms 

‘■Q',n 
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where 


C = C(k,M)  = 


tl 


fc2  + gc2 


F!2  + Gi2 


(FI  + iGj)«^(FI+iCI) 


and  subscript  C indicates  compressible  flow. 

Features  of  the  modified  strip  analysis  are: 

(1)  The  method  uses  distributions  of  aerodynamic  parameters  from  linear  or  non- 
linear theories  or  from  measured  loads  for  the  undeformed  wing  in  steady  flow  (subsonic 
to  hypersonic), 

(2)  Circulation  functions  for  two-dimensional  incompressible  flow  are  modified  in 
magnitude  only  to  account  for  compressibility. 

(3)  Automatic  selection  of  reduced  frequency  by  a computing  program  is  practical 
because  the  computing  time  required  for  each  k value  is  extremely  small  in  comparison 
with  requirements  of  the  more  elaborate  aerodynamic  theories. 

Limitations  of  the  modified  strip  analysis  are: 

(1)  Application  of  this  or  any  strip  theory  to  wings  of  low  aspect  ratio  is  questionable. 

(2)  For  compressible  flow,  the  modified  strip  analysis  is  of  questionable  validity  at 
high  reduced  frequencies  because  of  feature  (2). 

(3)  The  method  is  not  applicable  when  the  component  of  free- stream  Mach  number 
normal  to  the  leading  edge  is  near  1.0  ("sonic  leading  edge"). 

Subsonic  kernel  function.-  The  subsonic  kernel  function  method  (refs.  4,  15  and  16, 
and  appendix  C herein)  is  based  on  the  linearized  potential- flow  theory  for  lifting  surfaces. 
(See  eq.  (40).)  The  acceleration  potential  (eq.  (41))  is  used  to  avoid  having  to  extend  sur- 
face integration  over  the  wake.  Acceleration-potential  (or  pressure)  discontinuities  exist 
only  across  the  lifting  surface,  whereas  velocity- potential  discontinuities  exist  across  the 
lifting  surface  and  the  wake  vortex  sheet. 

Downwash-pressure  integral  equation  and  kernel  function: 

An  elementary  solution  of  equation  (40)  is 


*s 


H 

47tR' 


io,[t  + ^L(x-^)- 

e L cpz  q3zJ 


(65) 


where 

H source  strength 
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c 


speed  of  sound  in  undisturbed  flow 


M Mach  number  of  undisturbed  flow 

/3  = l/l  - M2 

R'  = |/(x  - £)2  + /32(y  - T])2  + /32z2 


Equation  (65)  represents  the  acceleration  potential  at  point  (x,y,z)  due  to  a harmonically 
pulsating  pressure  source  at  point  (See  coordinates  in  fig.  6.)  The  corre- 

sponding solution  for  a doublet  with  axis  in  the  z-direction  is 


At 


d 


9z 


*8 


(66) 


Note  that  these  solutions  are  singular  at  the  location  of  the  source  or  doublet. 


The  distribution  of  (unknown)  lifting  pressure  on  a wing  may  be  represented  by  a 
distribution  of  pressure  (acceleration-potential)  doublets  over  the  plan  form.  Then,  solu- 
tion for  the  pressure  (doublet- strength)  distribution  may  be  obtained  by  requiring  that  the 
downwash  induced  on  the  wing  by  the  doublets  be  the  same  as  that  associated  with  the  pre- 
scribed deformation  or  motion  of  the  wing. 


Now,  the  downwash  on  the  lifting  surface  S (fig.  6)  is 


n 

w(x.y)°,t)  = M + V^Zfcy.t)  - (fc*  + V^)  J Z^y^t) 

z=0  i=l 


(67) 


from  equation  (17).  To  find  <p  (and  hence  w)  due  to  the  superposition  of  pressure  dou- 
blets requires  that  <£  be  found  in  terms  of  xf/.  From  equation  (41), 


V + ico0  = \]y  (68) 

This  first-order  ordinary  differential  equation  has  the  solution 

-icux  x iwX 

(p{x,y,z) -jjr  e v J iMX,y,z)e  v dX  (69) 

since  both  <b  and  ii/  vanish  at  x = -°°.  Note  that  eia,t  may  be  removed  from  both 
sides  of  (68)  and  (69).  With  equations  (65)  to  (67),  equation  (69)  gives  the  downwash  at 
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(x,y,z)  due  to  a unit- strength  pressure  doublet  (unit  p/p,  see  eq.  (41))  at  (£,17,0): 

„ -mx-i ) , ^(x-mJ777) 

»i  = JLiie  v fx  { fx2  + r2)-'/2  ev?2  <r 

9z  4ttV  az2  V ) 


(70) 


where  r = j3  \[{ y - 77)^  + z2. 

By  superposition  the  downwash  at  (x,y,0)  due  to  all  the  doublets  over  the  plan 
form  is,  for  unit  amplitude  of  the  ith  vibration  mode, 

az<  1 rr  APi(£>?7)  , . 

Wi(x,y,0)  = v — + icuZi  = ^ JJ  — y — K(x-£,y-T7,k,M)  d£  d/7  (71) 


where  the  kernel  function  is 


-io>(x-£) 


j)2_ 

z*-0  az2 


a*  V 
K = lim  — tc  e 


fj5  (x2+r2)'1/2aV'5 


la)  (>-M\/>2  + r2  ) 


dA 


(72) 


Compare  equation  (72)  with  equation  (70).  The  symbol  Apj/1,77)  is  the  lifting  pressure 
at  point  (^  ,77)  on  the  wing  due  to  deflection  (or  motion)  of  wing  in  the  ith  vibration  mode. 

Divide  all  lengths  by  the  reference  length  bq  to  nondimensionalize.  Then  equa- 
tion (71)  may  be  written 


w- 


V 


az. 

= — - + ikZ, 

Fnc  l 


87T 


K d£  d/7 


(73) 


and  equation  (72)  may  be  expressed  as 


where 


K = lim  e 
z— 0 


az2 


(74) 


_ MR'  - (x-{) 

1 /3r 

Equation  (71)  or  (73)  establishes  the  relation  between  downwash  distribution  over  a wing 
and  the  pressure  distribution  over  the  wing.  The  integral  on  the  right  side  of  either  equa- 
tion (71)  or  (73)  may  be  evaluated  to  determine  the  downwash  distribution  (and  hence  the 
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I shape  of  mean  camber  surface)  required  to  produce  a prescribed  steady  or  oscillatory 
| pressure  distribution,  or  the  relation  may  be  solved  as  an  integral  equation  to  determine 
j the  pressure  distribution  generated  by  a prescribed  steady  or  oscillatory  downwash  distri- 
bution. The  latter  is  the  usual  situation  in  oscillatory- flow  problems  such  as  flutter  and 
; gust  response,  and  hence  equation  (71)  or  (73)  is  usually  referred  to  as  the  "downwash- 
pressure  integral  equation." 

Since  the  potential  for  the  doublet  building  block  is  singular  at  the  doublet  location, 
the  kernel  function  has  singularities  at  x = £,  y = v of  the  form 


where 


and 


fj(e)  = 


£2 

1 - sin  6 


f2(0)  =loge 


k(l  - sin  8) 
2(1  - M) 


(75) 


x - ^ = e sin  6 


fi(y  - rj)  = e cos  6 


(76) 


and  therefore 


e = \/(x  - |)2  + /32(y  -t?)2  = R’ 


z=0 


(Note  that  only  the  first  of  the  three  singularities  listed  remains  in  steady  flow  (k  = 0).) 
For  integration  over  S,  equation  (73)  is  divided  into  parts  in  order  to  treat  the  singular- 
ities accurately  in  the  integration. 

Solution  of  downwash-pressure  integral  equation  (73)  — pressure- mode  functions: 

For  solution  of  equation  (73),  assume  that  the  lifting  pressure  at  any  point  on  the 
wing  can  be  represented  by  a linear  combination  of  chosen  pressure  modes 


APi(Z,v) 


M N 


= ^ Y,  anm  | J1  ~ V2  fn^  ^gm 


(v) 


m=0  n=0 


b(rj) 


(77) 
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where 


b(v) 

local  semichord  at  spanwise  station  77 

3 

JD 

1! 

& 

root  semichord 

<n<5> 

nth  chordwise  pressure  mode 

gj-n) 

mth  spanwise  pressure  mode 

Also, 

K = 


e - « ' 1 

m 

b(rj) 


(78) 


where 


4m  = £ m(v)  chordwise  location  of  mean-chord  line  at  spanwise  station  rj 


l semispan 

a]im1  arbitrary  constant  (may  be  complex)  coefficients  to  be  determined  by  solution 

of  equation  (73). 


Primes  denote  dimensional  coordinates. 

The  factors  >/-  - £ and  \|l  - are  included  to  satisfy  the  boundary  conditions 

V i + £ 

on  lifting  pressure  at  leading  edge  (£  = -1),  trailing  edge  (£  = +1),  and  tips  (17  = ±1),  regard- 
less of  the  values  of  the  a^*.  Thus,  solving  equation  (73)  for  an  unknown  pressure 
distribution  means  solving  for  the  values  (complex  for  k > 0)  of  the  associated  anm1 
coefficients.  (See  eq.  (77).) 

Equations  (78)  map  the  plan  form  into  a square  (-lS|<i,-i<7j<l). 


For  convergence  of  the  series  representation  in  equation  (77),  both 
must  be  elements  of  a complete  set  of  functions. 

The  fn(£ ) are  preferably  polynomials  orthogonal  with  respect  to 

chord.  Thus, 


fn(0  and  Sm(v) 


over  the 
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(79) 


_ sin  [(n  + i)  cos_1|] 
in  (|  cos-^) 


Old  method  (for  example,  ref.  15): 


"\ 


Wl)=  C0‘ 7 


fn({)  = 


(n  £ 1)  (80) 


This  is  Birnbaum- Glauert  series. 

The  g m(ri)  are  preferably  polyomials  orthogonal  with  respect  to  {l  - ~r^  over  the 
span.  Thus,  gm(rj)  = Um(f?)  are  Chebyshev  polynomials  of  the  second  kind. 

Old  method  (for  example,  ref.  15): 


gm0?)  = vm 


(81) 


Solution  of  downwash-  pres  sure  integral  equation  (73)  - collocation  procedure: 
With  equation  (77),  equation  (73)  can  be  written 

Wjfoy)  azi  ~ N 


= ^i  + ikZl=  1 £ ^ WF^fey) 


(82) 


m=0  n=0 


where 


Fnmi(x,y)  \ f1  - ^ fn(Ogm(j?)K(x-4,y-77,k,M)  ^ d£  drj  (83) 


In  this  process  of  going  from  equation  (73)  to  equation  (82),  by  means  of  the  pressure 
approximation  of  equation  (77),  an  infinite  number  of  unknowns  (that  is,  the  lifting  pres- 
sure at  every  point  on  the  wing  surface)  has  been  in  effect  replaced  by  a finite  number  of 
unknowns  (that  is,  the  (M  + 1)(N  + 1)  coefficients  anmj*  All  quantities  in  equation  (83) 
are  known,  so  that  the  Fnm1(x,y)  may  be  evaluated  and  substituted  into  equation  (82) 
which  may  then  be  inverted  to  find  the  a^1  if  the  downwash  is  specified  at  a number  of 
points  at  least  equal  to  the  number  of  unknown  anrnx  values.  This  manipulation  is  the 
collocation  procedure  in  which  it  is  required  that  the  downwash  induced  by  the  pressure 
distribution  over  the  wing  coincide  with  the  prescribed  downwash  at  a finite  number  of 
discrete  points  on  the  wing  called  "collocation  points"  or  "control  points." 
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Evaluation  of  Fnm1(x,y)  from  equation  (83)  - method  of  integration: 

For  evaluation  of  Fnm1(x,y)  from  equation  (83),  chordwise  and  spanwise  integra- 
tions are  each  broken  up  into  four  parts  (fig.  12)  because  of  singularities  and  discontin- 
uities in  the  kernel.  (See  also  refs.  15  and  17.)  Gaussian  integrations  are  used  in  each 
region. 

Elements  of  kernel- function  analysis  include: 

(1)  Suitable  expression  for  kernel  function  and  its  evaluation 

(2)  Choice  of  pressure- mode  functions 

(3)  Choice  of  location  for  control  points 

(4)  Methods  of  integration 

(5)  Number  of  pressure  modes 

(6)  Number  of  control  points 

(7)  Number  of  integration  stations 

The  advantages  of  the  analysis  are: 

(1)  The  method  applies  to  lifting  surfaces  of  arbitrary  plan  form,  although  difficul- 
ties may  be  encountered  if  the  aspect  ratio  is  high. 

(2)  The  method  applies  for  arbitrary  vibration  modes  (coupled  or  uncoupled)  that  are 
continuous  through  the  first  derivative.  In  particular,  camber  deformations  require  no 
special  attention. 

A limitation  of  this  approach  is  that  it  does  not  give  consistently  reliable  results  for 
Mach  numbers  near  1.0,  nor  for  low  mass  ratios  (ref.  14). 

Alternate  method  of  solving  the  downwash-pressure  integral  equation: 

An  alternate  method  for  solving  the  downwash-pressure  integral  equation  utilizes 
superposition  of  discrete  singularities  rather  than  continuous  distribution  (ref.  18). 

The  procedure  is  as  follows: 

(1)  Divide  the  wing  into  a number  of  area  elements  or  "boxes." 

(2)  Consider  a line  of  acceleration-potential  doublets  to  be  located  at  the  quarter 
chord  of  each  box. 

(3)  Solve  for  doublet  strengths  (and  hence  pressure)  by  collocating  downwash  at  the 
three-quarter  chord  of  each  box. 

Discrete -element  methods  in  application  to  steady-state  aerodynamics  are  discussed  more 
fully  in  the  next  paper  by  John  E.  Lamar  (paper  no.  6). 

Supersonic  influence- coefficient  method.-  The  supersonic  aerodynamic- influence - 
coefficient  method  (refs.  19  to  22)  is  based  on  linearized  potential- flow  theory  for  lifting 
surfaces.  (See  eq.  (40).)  Velocity  potential  is  used  rather  than  acceleration  potential 


convergence 
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because  flow  aft  of  trailing-edge  Mach  cone  does  not  affect  flow  over  wing,  and  hence 
integrations  over  the  entire  wake  downstream  to  infinity  need  not  be  performed. 

Equation  (40)  can  be  written  in  hyperbolic  form  for  M > 1. 

” ^YY  " ^ZZ  = ^(i2wV$x  " a,2<^)  (84) 

where  harmonic  motion  has  been  assumed,  and  /3  = \|m2  - 1. 

0(x,y,z,a),M)  = Perturbation  velocity  potential 


Letting 


x = X,  y =/3Y,  z = /3Z,  t = T 


(85) 


transforms  equation  (84)  to  an  equivalent  problem  at  M = \j2.  Thus  equation  (84)  becomes 


The  lifting  pressure  from  equation  (41)  is 


ip  = ipv2(-|A4.x-i^^)  (87) 

where  is  potential  difference  between  upper  and  lower  wing  surface.  An  elementary 

solution  of  equation  (86)  is  a pulsating  source  at  (£,?},£)  for  which  the  velocity  potential 
is 


0s(x,y,z)  = - JL  exp 


where 


-io>V 

A2 


(x-  |) 


cos 


coR 

j32c 


(88) 


R = \/(x  - |)2  + (y  - 7?)2  + (z  - O2 

and  the  source  strength  is  H = H(|,rj,C) 

The  condition  of  flow  tangency  at  the  wing  surface  requires  that 

H(4,7J,0)  = w(£  ,Tj , 0)  (89) 
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and  downwash  w is  prescribed.  Then  by  superposition,  the  total  perturbation  velocity 
potential  at  a point  (x,y)  on  the  wing  is 


<*>(x,y)  HferjjR"1  exp 


-icpiyr 

/32V 


(x-  0 


cos  dij  (fy 


jS2V 


(90) 


Note  that  the  downwash  (and  hence  <f>)  may  differ  for  upper  and  lower  surfaces  of  wing. 
Thus,  nonzero  wing  thickness  may  be  incorporated.  The  area  of  integration  A is  the 
surface  of  the  wing  intercepted  by  the  Mach  fore  cone  from  the  point  (x,y).  Note  that 
equation  (90)  is  an  integral,  not  an  integral  equation  as  in  the  subsonic  kernel- function 
method. 


The  method  of  evaluating  equation  (90)  is  as  follows: 

(1)  Cover  the  wing  with  a grid  of  boxes,  preferably  rectangles  with  diagonals  paral- 
lel to  the  Mach  lines  (called  "Mach  boxes").  (See  fig.  13.) 

(2)  Assume  that  the  source  strength  over  each  box  is  constant  and  equal  to  the  value 
at  the  box  center.  Then,  for  a planar  wing  (z  * £ « 0),  equation  (90)  is  replaced  by 


<Kxi>yj)  “ | X H^m’T?n)^iimn(xi“^m»yj“TJn’ k»  M) 


(91) 


where 


stream  wise  length  of  boxes 


^ijmn  velocity-potential  influence  coefficient  (VPIC)  and  is  the  potential  induced  at 


fa.y^  by  unit- strength  source  box  with  center  ^m,77n) 


and 


# JjVlexp 


Mnn 


. bq>  M2  / _ t ) 

72f  \ 1 


cos(v?Ri)d{  41 


(92) 


where 


Rl=\/(xi-^m)2+  (yj  “ ^n)2 
and  integration  extends  only  over  the  box  with  center  at 
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Problems  encountered  with  the  Mach  box  method  are: 

(1)  Convergence  of  solution  with  increasing  number  of  boxes. 

(2)  Treatment  of  "jagged"  leading  and  trailing  edges  as  represented  by  the  Mach 

boxes. 

(3)  Treatment  of  highly  swept  wings  at  low  supersonic  Mach  numbers. 

A method  analogous  to  the  Mach  box  method  has  been  formulated  for  the  transonic 
range  (specifically  M = 1.0)  (refs.  23  to  27).  This  method,  employing  square  boxes,  is 
also  based  on  potential- flow  theory  which  can  be  linearized  even  in  the  transonic  range  if 
the  frequency  of  oscillation  is  high  enough.  (There  is  no  counterpart  in  steady- flow.')  It 
appears,  however,  that  a less  restricted  approach  (for  example,  ref.  28)  must  be 
developed  before  consistent  accuracy  can  be  expected  in  this  speed  range. 

Piston  theory.-  Piston  theory  (refs.  29  and  30)  is  not  a potential- flow  method. 

As  Mach  number  increases  toward  the  hypersonic  range,  the  Mach  forecone  narrows, 
and  lateral  influences  on  the  pressure  at  a point  on  the  wing  diminish.  Further,  shock 
waves  and  Mach  waves  approach  parallel  to  the  wing  surface.  Since  the  predominant 
changes  through  shock  waves  occur  along  a perpendicular  to  the  wave  front  with  little 
change  parallel  to  the  wave,  upstream  influences  diminish. 

Thus,  pressure  at  a point  (x,y)  becomes  predominantly  dependant  on  flow  condi- 
tions in  the  immediate  vicinity  of  (x,y);  that  is,  p(x,y)  becomes  approximately  a point 
function  and  hence  can  be  described  by  a one-dimensional  theory.  Thus,  p(x,y)  can  be 
considered  as  the  result  of  a piston  moving  perpendicular  to  the  wing  surface  with  velocity 
w(x,y,t),  the  prescribed  downwash  at  wing  point  (x,y). 

The  piston  (one-dimensional)  equation  for  isentropic  flow  is 


where  y is  the  ratio  of  specific  heats. 


(93) 


By  binomial  expansion 


P _ 


= 1 + 


Jl)  + Z(y+  i)M2  y,  i)M3 

7 \cco/  4Vr  + l}  [cj  + 12yy  + L)  [cj 


+ . . . 


= 1 + yM  (j£\  + %(y  + 1)M2  + ^-(y  + 


12' 


1)M^J 


+ . . . 


(94) 


Note  that  upper  and  lower  surfaces  may  be  treated  separately,  so  that  wing  thickness  can 
be  accounted  for  and  in  general  must  be  accounted  for  to  obtain  accuracy  at  the  higher 
supersonic  Mach  numbers. 
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Limitations  on  the  applicability  of  piston  theory  are: 

(1)  MS  < 1.0,  and  either  M2  » 1.0,  kM2  » 1.0,  or  k2M2  » 1.0,  where  6 is 
inclination  of  airfoil  surface  relative  to  free-stream  direction. 

(2)  The  theory  does  not  account  for  any  affect  of  plan  form  (e.g.,  wing  tips)  on  the 
pressure  distribution. 

In  review,  the  assumptions  leading  to  the  potential- flow  equation  and  its  lineariza- 
tion in  both  subsonic  and  supersonic  flow  have  been  stated.  The  equation  itself,  with 
pertinent  boundary  conditions  has  been  presented,  and  solutions  of  the  equation  to  find 
pressures  on  an  oscillating  wing  have  been  indicated  through  a building- block  approach 
employing  elementary  solutions  and  superposition.  Expressions  pertinent  to  two- 
dimensional  incompressible  flow,  strip- theory  adaptations  for  three-dimensional  wings, 
and  three-dimensional  lifting- surface  theory  for  subsonic  and  supersonic  flow  have  been 
presented.  In  addition,  a nonpotential- flow  method  based  on  piston-pressure  concepts  has 
been  given  for  the  higher  supersonic  range.  The  next  section  shows  applications  of  these 
theories  to  some  flutter  problems,  including  comparisons  with  experimental  data,  and 
illustrates  some  of  the  features  of  wing  flutter  boundaries. 

COMPARISONS  OF  ANALYTICAL  AND  EXPERIMENTAL  RESULTS 

Some  comparisons  of  theoretical  and  experimental  flutter  data  are  presented  in 
figures  14  to  24.  Figure  14  includes  also  an  indication  of  the  range  of  applicability  of  the 
theoretical  methods  previously  discussed  for  a typical  swept  wing. 

Figure  15  shows  calculated  spanwise  distributions  of  steady-flow  section  lift-curve 
slope  and  section  aerodynamic  center  for  four  rectangular  wings  as  required  for  use  in 
the  modified  strip  analysis.  (See  ref.  14.)  Figure  16  shows  the  flutter- speed  index 

Y for  one  of  these  wings  over  a wide  range  of  mass  ratio,  extending  from  the  air- 

b 

craft  range  down  almost  to  the  range  pertinent  to  hydrofoils.  The  variation  with  mass 
ratio  shown  is  typical  for  most  wings.  Figure  17  shows  the  corresponding  flutter 
frequencies. 

Figures  18  (from  ref.  13)  and  19  (from  ref.  11)  illustrate  the  effect  of  Mach  number 
on  the  flutter  speed  of  a swept  wing  of  aspect  ratio  A = 4.0,  taper  ratio  X = 0.6,  and 
quarter-chord  sweep  angle  A c - 45°.  The  variations  with  Mach  number  shown  are 
quite  typical  for  most  wings  of  reasonably  conventional  plan  form.  The  spanwise  distri- 
butions of  c,  and  a„  used  in  the  modified  strip  analysis  were  obtained  from 
ta,,n  l'»“ 

steady-state  lifting- surface  theory,  from  lifting-line  theory,  and  from  wind-tunnel  mea- 
surements of  pressure  distributions.  The  agreement  between  calculations  and 
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experiments  for  data  obtained  in  the  air  and  in  Freon- 12  shows  that  the  wide  differences 

in  flutter- speed  index  — - obtained  in  these  two  media  are  attributable  to  wide 

b0u>aV/M 

differences  in  mass  ratio  (jz  as  low  as  10  in  Freon- 12  and  as  high  as  260  in  air).  Note 
that  flutter  speeds  in  figure  19  are  nondimensionalized  with  a calculated  reference  flutter 
speed  VR  instead  of  with  the  more  usual  quantity  bQO^^I. 

Figures  20  and  21  (from  ref.  13)  show  further  comparisons  between  modified  strip 
analysis,  kernel  functions,  and  experiment.  In  addition,  the  abrupt  increase  in  both  flut- 
ter speed  and  frequency,  which  occurred  experimentally  at  Mach  number  near  1.07, 
indicates  a sudden  change  in  flutter  mode.  The  possibility  of  such  a sudden  change  is  also 
predicted  by  the  modified  strip  analysis  which,  at  somewhat  higher  Mach  number,  yields 
two  flutter  solutions  at  very  nearly  the  same  speed  but  different  frequencies. 

Figure  22  shows  flutter  speeds  in  the  supersonic  range  as  calculated  by  the  Mach 
box  method  and  by  quasi- steady  second-order  theory  which  is  essentially  the  same  as 
piston  theory  at  high  Mach  numbers. 

Figure  23  (from  ref.  13)  presents  flutter  speeds  into  the  hypersonic  range  as 
obtained  from  the  modified  strip  analysis  employing  steady- flow  aerodynamic  parameters 
obtained  from  shock- expansion  theory  and  by  quasi-steady  second-order  theory,  which  is 
again  representative  of  piston  theory  at  these  high  Mach  numbers. 

Figure  24  shows  a typical  flutter  boundary  as  a function  of  the  two  independent 
variables,  Mach  number  M and  mass  ratio  p.  (See  ref.  12.)  As  illustrated,  the  varia- 
tion of  flutter  boundary  with  p typically  becomes  steeper  as  Mach  number  increases  in 
the  supersonic  range.  Also,  the  track  traced  across  this  surface  by  flutter  data  obtained 
in  a particular  wind  tunnel  (yielding  point  F{.  for  example)  may  not  coincide  with  the 
track  corresponding  to  standard  atmosphere  (including  point  Fa  for  example).  Hence, 
careful  interpretation  of  the  tunnel  data  may  be  required. 

CONCLUDING  REMARKS 

Some  topics  in  aeroelasticity  have  been  reviewed  with  emphasis  on  flutter  and 
unsteady-lift  theory.  Simplified  methods  have  been  included  for  heuristic  purposes,  and 
the  elements  of  some  routinely  used  aerodynamic  theories  for  subsonic  to  hypersonic 
speeds  have  also  been  covered. 

A wide  range  of  problems  are  currently  under  investigation  but  are  not  yet  in  a 
satisfactory  state.  These  include: 

(1)  Convergence  of  kernel- function  and  finite- summation  (influence  coefficient) 
procedures 
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(2)  Lifting  surfaces  at  high  reduced  frequencies  (needed  for  both  flutter  and  gust- 

analysis  frequency- response  functions) 

(3)  Transonic  aerodynamics,  especially  accounting  for  variations  in  local  Mach  num- 

ber over  the  lifting  surface 

(4)  Lifting  surfaces  with  controls,  especially  partial- span  controls 

(5)  Interference  problems 

(a)  Coplanar  surfaces  (wing- tail  or  wing- canard) 

(b)  Nonplanar  surfaces  (T-tails,  V-tails,  etc.) 

(c)  Wing- fuselage  and  wing- nacelle  interactions 

(d)  Wind-tunnel  wall  effects,  including  resonance  conditions 

(6)  Nonlinear  aerodynamics 

(a)  Second- order  potential  flow 

(b)  Lifting  surfaces  with  free- vortex  flow,  e.g.,  leading- edge  separation 

vortices  and  fuselage- separation  vortices 
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APPENDIX  A 


SYMBOLS 

A portion  of  wing  plan  form  intercepted  by  Mach  forecone  from  point  (x,y); 

also,  wing  aspect  ratio 

Aij  generalized  aerodynamic  force  (see  eq.  (34)) 

Amn  area  of  box  with  center  at  (see  eq.  (92)) 

a nondimensional  distance  from  midchord  to  elastic  axis  (positive  rearward), 

fraction  of  semichord  b 

ac>n  nondimensional  distance  from  midchord  to  local  areodynamic  center  (for 

steady  flow)  measured  perpendicular  to  elastic  axis,  positive  rearward, 
fraction  of  semichord  b 

a-nm1  coefficient  of  pressure- mode  function  fn(£)gm(rj)  in  the  pressure  expansion 

associated  with  motion  of  the  lifting  surface  in  the  ith  vibration  mode 
(see  eq.  (77)) 

b semichord  of  two-dimensional  wing;  also,  streamwise  length  of  boxes  super- 

imposed on  wing  planform  (see  eq.  (91)) 

b(?j)  local  streamwise  semichord  of  three-dimensional  wing  at  spanwise  station  tj 

(see  eq.  (77)) 

bQ  wing-root  semichord,  b(0)  (see  eq.  (77)) 

C = C(k)  circulation  function  (eq.  (55)),  F + iG 

Ch  viscous  damping  coefficient  for  plunging  motion 

Cq,  viscous  damping  coefficient  for  pitching  motion 

c speed  of  sound  in  undisturbed  fluid 

c * local  lift- curve  slope  for  a section  perpendicular  to  elastic  axis  in  steady  flow 

ar,n 
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D 

F 

^nm* 

^(0)^(0) 

fh,i(y) 

w 

fa,  j(y) 

G 

g 


^h,i 


gm(v) 

ga 


’a,] 


H 

AH 

h 


dissipation  function  (damping) 

real  part  of  complex  circulation  function  C (see  eq.  (55)) 

function  defined  in  equation  (83) 

functions  defined  in  equations  (75) 

mode  shape  of  ith  uncoupled  bending  mode  (see  eq.  (59)) 

nth  chordwise  pressure- mode  iundion  (see  eq.  (77)) 

mode  shape  of  jth  uncoupled  torsion  mode  (see  eq.  (60)) 

imaginary  part  of  complex  circulation  function  C (see  eq.  (55)) 

structural  damping  coefficient 

structural  damping  coefficient  for  plunging  motion  (see  eq.  (1)) 

structural  damping  coefficient  associated  with  motion  in  ith  uncoupled  bending 
mode  (see  eq.  (63)) 

mth  spanwise  pressure- mode  function  (see  eq.  (77)) 

structural  damping  coefficient  for  pitching  motion  (see  eq.  (2)) 

structural  damping  coefficient  associated  with  motion  in  jth  uncoupled  torsion 
mode  (see  eq.  (64)) 

source  strength  (see  eq.  (65),  (88)) 

strength  of  source  element  (see  eq.  (43)) 

translational  displacement  of  wing  at  elastic  axis  (positive  downward) 
complex  amplitude  of  plunging  (translation)  motion  (see  eq.  (3)) 
complex  amplitude  of  ith  uncoupled  bending  mode  (see  eq.  (59)) 
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n O 

mass  moment  of  inertia  of  unit  span  of  wing  about  elastic  axis,  mb 

nA 


Jo>Ji 

K 


k 


k0 


kl 


k 


h 


k 


o? 


L 


LC 

LN 

Z 


M 


Mi 


Bessel  functions  of  first  kind  (see  eq.  (56)) 


kernel  function  of  the  downwash-pressure  integral  equation  (see  eqs.  (71) 
to  (74)) 


reduced  frequency,  ^ 

reduced  frequency  based  on  root  semichord, 


V 

V 


spring  constant  for  plunging  motion,  mcoj^ 
spring  constant  for  pitching  motion,  Iava2 
oscillatory  lift  per  unit  span  (positive  upward) 
circulatory  contribution  to  lift  (see  eq.  (54)) 
noncirculatory  contribution  to  lift  (see  eq.  (49)) 
wing  semi  span 

lift  factor  associated  with  plunging  motion  (see  eqs.  (8)  and  (10)) 

lift  factor  associated  with  pitching  about  quarter  chord  (a  = -1/2)  (see  eq.  (8)) 

lift  factor  associated  with  pitching  motion  (see  eq.  (10)) 

free- stream  Mach  number 

generalized  mass  for  ith  vibration  mode  (see  eqs.  (20)  and  (21)) 
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Mq,  oscillatory  moment  per  unit  span  about  elastic  axis  (positive  leading  edge  up) 

m,m(y)  mass  of  wing  per  unit  span  (see  eqs.  (1),  (61),  (62)) 

m(x,y)  mass  of  wing  per  unit  area  (see  eqs.  (19),  (20)) 

m^  pitching- moment  factor  (about  quarter  chord)  associated  with  plunging 

motion  (see  eq.  (9)) 

mh’  pitching- moment  factor  (about  elastic  axis)  associated  with  plunging  motion 

(see  eq.  (11)) 

iiiq,  pitching- moment  factor  (about  quarter  chord)  associated  with  pitching  about 

quarter  chord  (see  eq.  (9)) 

mfl'  pitching- moment  factor  (about  elastic  axis)  associated  with  pitching  about 

elastic  axis  (see  eq.  (11)) 

n number  of  vibration  modes  (see  eq.  (16)) 

p local  pressure  (see  eq.  (41)) 

Ap  local  lifting  pressure  on  wing  (see  eqs.  (27),  (29),  (30)) 

Apj  local  lifting  pressure  on  wing  associated  with  motion  of  wing  in  jth  vibration 

mode  (see  eqs.  (30),  (34)) 

Q effective  downwash  for  oscillating  wing  (see  eqs.  (53),  (54)) 


Qh  . generalized  force  for  ith  bending  mode  (see  eq.  (63)) 

Q.  generalized  force  for  ith  degree  of  freedom  (see  eq.  (16)) 

Qa  j generalized  force  for  jth  torsion  mode  (see  eq.  (64)) 

pV2 

q free- stream  dynamic  pressure,  — 
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ith  generalized  coordinate 


<li 

6qj  virtual  displacement  in  ith  generalized  coordinate 

R = \/(x  - |)2  + (y  - tj)2  + (z  - C)2 
R'  = ^(x  - 4)2  + /3^(y  -77)2  + /32z^ 

R1  =/(xi-^m)2+(yj  -^n)2 
r = /3|/(y  - t))2  + z2 

ra  nondimensional  radius  of  gyration  of  wing  section  about  elastic  axis 

S lifting-  surface  plan  form 

Sa  static  unbalance  of  wing  (first  moment  of  wing  section  mass  about  the  neutral 

or  elastic  axis)  positive  for  center  of  gravity  aft  of  elastic  axis,  mbx^ 

T kinetic  energy  (see  eqs.  (16),  (18)) 

t,t'  time 

tQ  reference  (initial)  time  (see  eq.  (51)) 

U potential  energy  (strain  energy  of  the  elastic  system) 

Uq,Lti  strength  of  vorticity  (see  eqs,  (51),  (53)) 

Um  Chebyshev  polynomial  of  second  kind 


velocity  vector 


V 


free- stream  speed 


Vn  component  of  free- stream  velocity  normal  to  elastic  axis,  V cos  Aea 

V calculated  reference  flutter  speed  obtained  from  modified-strip-analysis 

method  by  using  aerodynamic  parameters  for  two-dimensional  incompress- 
ible flow 

W = x + iz  complex  plane  containing  airfoil  (see  eq.  (45)  and  fig  7) 

6W  virtual  work  (see  eq.  (27)) 

w local  downwash  at  lifting  surface  (see  eq.  (67)) 

wj  local  downwash  at  lifting  surface  associated  with  motion  in  the  ith  vibration 

mode  (see  eq.  (71),  (73),  (82)) 

X real  part  of  eigenvalue  £2 

x,y,z  rectangular  Cartesian  coordinates  (see  fig.  6) 

x',y',z’  transformed  coordinates  (see  eq.  (39)) 

xQ  particular  value  of  x 

Xj,yj  nondimensional  coordinates  (see  eqs.  (32)) 

xa  nondimensional  distance  from  elastic  axis  to  section  center  of  gravity  (posi- 

tive rearward),  fraction  of  semichord  b 

Y imaginary  part  of  eigenvalue  £2 

Y0’Y1  Bessel  functions  of  second  kind  (see  eq.  (56)) 

Z(x,y,t)  deflection  shape  of  oscillating  wing  (displacement  normal  to  x,y  plane) 

Zj(x,y)  normalized  deflection  shape  of  ith  mode  (may  be  coupled  or  uncoupled  vibra- 
tion mode) 
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Zq  . complex  amplitude  for  ith  mode 

6Z  virtual  displacement  in  deflection  shape  of  oscillating  wing  (see  eqs.  (27),  (28)) 

a torsional  displacement  of  wing  about  elastic  axis  (positive  leading  edge  up) 

Q!q  complex  amplitude  of  pitching  motion  (see  eq.  (3)) 

a j complex  amplitude  of  jth  uncoupled  torsion  mode  (see  eq.  (60)) 

p -7I1  - “2I 

Ar  strength  of  vortex  element  (see  eq.  (44)) 

y ratio  of  specific  heat  at  constant  pressure  to  specific  heat  at  constant  volume 

(see  eqs.  (93),  (94)) 

6 inclination  of  airfoil  surface  relative  to  free- stream  direction 

6jj  Kronecker  delta 

e = R’ 

z=0 

£ = £ + ir?  complex  plane  containing  circle  into  which  airfoil  is  mapped  (see  eq.  (45)  and 
fig.  7) 

9 angle  variable  defined  in  equations  (76) 

A sweepback  angle 

X taper  ratio 

fx  mass  ratio 

£,77,£  rectangular  Cartesian  coordinates  (see  fig.  6) 

£0  particular  value  of  £ 
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^m(ri)  chordwise  location  of  mean- chord  line  at  spanwise  station  r\ 

p fluid  density 

JL 

a local  bending  slope  of  elastic  axis,  — 

d? 7 

do? 

r local  rate  of  change  of  twist  along  elastic  axis, 

< p velocity  potential 

A <p  local  potential  difference  between  upper  and  lower  wing  surface  (see  eq.  (87)) 

d>..  velocity- potential  influence  coefficient  (VPIC),  that  is,  the  potential  induced  at 

(xpyj)  by  unit- strength  source  box  with  center  at  l£m,7?n] 

ip  acceleration  potential  (see  eq.  (41)) 

S2  = X + iY  = 2(1  + ig)  (see  eq.(14) 

f2r  = ^ij  (1  + ig)  (see  eq.  (35)) 


10 


wh 


(O 


h,i 


0)T 


CO 


a 


co 


a.J 


circular  frequency  of  oscillation 

circular  natural  frequency  of  wing  in  plunging  motion  (uncoupled) 
frequency  of  ith  uncoupled  bending  mode 
frequency  of  ith  natural  mode 
reference  frequency  (arbitrary  constant) 

circular  natural  frequency  of  wing  in  pitching  motion  (uncoupled) 
frequency  of  jth  uncoupled  torsion  mode 
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Subscripts: 


C compressible  flow 

c/ 4 quarter  chord 

d doublet 

ea  elastic  axis 

I incompressible  flow 

i,j  ith  or  jth  mode  of  vibration  (e.g.,  eqs.  (59),  (60))  or  generalized  coordinate 

(e.g.,  eqs.  (16),  (19))  or  box  center  (e.g.,  eqs.  (91),  (92)) 

s source 

v vortex 

00  infinity  or  free- stream  conditions 

Dot  over  a quantity  indicates  differentiation  with  respect  to  time. 
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APPENDIX  B 


POTENTIAL  ENERGY  OF  A BEAM  IN  BENDING  AND  IN  TORSION 
(ALTERNATIVE  TO  EQUATIONS  (24)  AND  (62)) 

The  potential  energy  consists  of  the  strain  energy  stored  in  the  wing  beam,  that  is, 
the  work  done  in  deforming  the  wing.  Consider  bending  first: 


z 


Both  stresses  oy  and  elongations  ey  have  this  profile  since  by  Hooke’s  law  for  the 
assumed  pure  bending  (pure  compression  and  pure  tension  stresses  only), 

ay  = Eey  (Bl) 


where  E is  Young's  modulus. 

Then  the  work  done  at  a section  y = Constant  and  over  a unit  area  of  the  beam 
parallel  to  x,z  directions  is  ^ay  dey  analogous  to  work  done  on  a linear  spring.  Now 

H *y=jEdl’j=ffi  <B2 

Then  over  the  cross  section  of  the  beam  the  work  done  is,  since  Oy  is  independent  of  x, 


u/2  rw/2  a,, 2 


w/2  a 


, udz 

J-u/2  *^-w/2  2®  ^-w/2  2E 


(B3) 


where 

u width  of  beam  in  x- direction 

w depth  of  beam  in  z-  direction 
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Now, 


Mz  _ z 
^ lx  lx 


92h\ 

ix  ay2/ 


(B4) 


The  work  done  over  the  cross  section  is,  therefore, 


1 


w/2 

w/2 


^E2z2  ^ dz=Sfe 


r „i  w/2 


2E 


w 


\ay‘ 


— 

3 


/ 2 \2  o 

= uE/afh\  w£ 
-w/2  = 2 W2/  12 


(B5) 


1 O 

biit  — uw°  = Ix  = Moment  of  inertia  of  the  cross  sectional  area  about  the  x-axis  through 
the  neutral  point. 

So  the  work  done  over  the  cross  section  is 

2 


±EIX 


/a2h\ 

\9y2/ 


Then  the  potential  energy  over  the  entire  beam  is 

.2 


lending  - \ EIx  (||)  " \ ^ J0  EI  (^j  dY  ^ 


(B6) 


Similarly  for  torsion,  the  work  at  a given  cross  section  and  for  unit  area  of  cross  section 
is  ^ sg  dy  but  by  Hooke's  law, 


ss 
y = -G 

where  y is  the  shearing  strain,  ss  the  shear  stress,  and  G the  shear  modulus. 
Then, 

s2 


(B7) 


fsQ  dy=  f ^ dss  = 


J G 


2G 


(B8) 


and 


sR  = Gr  ^ (B9) 

ay 

where  r is  the  radial  distance  from  neutral  axis,  and  9 is  the  torsional  displacement 
angle.  So  over  the  entire  cross  section,  the  work  done  in  deflecting  the  beam  is 
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(BIO) 


where  Ip  is  the  polar  moment  of  inertia  of  the  section  for  a circular  shaft,  or,  in  general, 
GIp  becomes  GJ  ("torsional  rigidity"). 


Then  over  the  whole  length  of  the  wing  the  potential  energy  is 


U 


torsion 


dy 


(Bll) 


For  bending  and  torsional  motion  of  a beam,  the  potential  energy  (strain  energy) 
given  by  the  sum  of  equations  (B6)  and  (Bll)  corresponds  to  the  potential  energy  in  equa- 
tions (24)  and  (62),  where  h and  6 are  the  same  as  the  generalized  coordinates  qp 
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APPENDIX  C 


AERODYNAMIC  INFLUENCE  COEFFICIENTS  AND  THE  KERNEL 
FUNCTION  METHOD  FOR  DETERMINING  LOADS 
ON  AN  OSCILLATING,  FLEXIBLE  WING 


Aerodynamic  influence  coefficients.-  Before  the  lifting- surface  methods  of  flutter 
calculation  are  discussed,  a review  of  the  concept  of  aerodynamic  influence  coefficients 
will  be  instructive.  Consider  the  surface  of  an  oscillating  or  nonoscillating  wing  to  be 
subdivided  into  a number  of  small  segments  or  "boxes,"  as  illustrated  in  figure  25.  Then, 
the  downwash  w at  any  point  (x,y)  on  the  wing  surface  can  be  considered  to  be  the  sum 
of  the  incremental  downwashes  Aw  at  (x,y)  induced  by  the  loads  on  each  of  the  boxes: 

w(x,y)  = ^ Awj(x,y)  (Cl) 

i 

where  Aw^xj)  is  the  downwash  at  (x,y)  caused  by  the  load  on  box  i.  This  relation 
may  also  be  written  as 


w(x,y)  = ^ LiKi(x,y)  (C2) 

i 

where  Kj(x,y)  is  the  downwash  at  (x,y)  caused  by  a unit  load  on  box  i and  is  called 
the  aerodynamic  influence  coefficient.  Lj  is  the  load  on  box  i.  Or  again 


w(x,y)  = ^ ApiKi(x,y)  AAj  (C3) 

i 

where  Ap.  is  the  pressure  on  box  i,  and  AAj  is  the  area  of  box  i.  The  aerodynamic 
influence  coefficient  Kj(x,y)  will  obviously  depend  on  the  stream  Mach  number  M and 
on  the  frequency  of  oscillation  u>,  as  well  as  on  the  longitudinal  distance  x - £ and 
lateral  distance  y - rj  between  (x,y)  and  box  i (fig.  25). 

The  downwash-kernel- function  integral  equation.-  The  summation  equation  (C3),  if 
taken  to  the  limit  as  AAj  — 0,  becomes  an  integral  equation 


= rr  AP(t  „)Krw(x  _ ^(y  _ V)  M]  ^ ^ 

s L J 

where  Ap(^,r])  is  the  magnitude  of  the  lifting  pressure  at  point  and 


(C4) 


K 


- v)>M 


is  the  kernel  function  which  represents  the  downwash  induced  at 
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at  point  (x,y)  by  a unit  lift  at  point  (£,77)  oscillating  with  frequency  a>  in  a flow  of 
Mach  number  M and  speed  V.  The  area  of  integration  S is,  for  subsonic  speeds,  the 
entire  wing  area  and,  for  supersonic  speeds,  the  wing  area  lying  within  the  forward  Mach 
cone  from  (x,y). 

By  virtue  of  the  boundary  condition  that  no  fluid  flows  through  the  wing  surface  and 
that  no  flow  separation  occurs,  the  summation  (or  integral)  at  a point  on  the  wing  of  the 
downwash  due  to  all  lift  elements  on  the  wing  surface  must  equal  the  downwash  due 
to  the  geometrical  motion  of  the  wing.  In  an  analysis  employing  chosen  modes,  the  geo- 
metrical motion  is  specified  by  the  mode  shapes  so  that  for  a given  frequency  cu  (or 
reduced  frequency  k),  the  w(x,y)  is  known.  Thus,  if  expressions  can  be  obtained  for  the 
kernel  kJ^(x  - - 77), Mj,  the  only  remaining  unknown  in  equation  (C4)  is  the  load 

intensity  Ap(£,7j)  which  we  are  seeking. 

If  attention  is  confined  to  small  perturbations  in  an  inviscid  fluid,  the  governing 
equation  for  the  propagation  of  disturbances  will  be  the  wave  equation. 

Derivation  of  wave  equation.-  Euler's  equation  of  motion  may  be  written  as 


Du 

Dt 


^ Vp  + F 
P 


or 


|H+u-Vu  = ^-Vp+F  (C5) 

where  denotes  the  substantial  derivative,  u is  the  fluid  velocity  vector,  p is  the 

local  fluid  density,  p is  the  local  fluid  pressure,  t is  time,  and  F is  the  body  force 
vector  (force  per  unit  mass).  If  the  body  forces  arise  from  a conservative  force  field 
(for  example,  gravity)  then  F may  be  expressed  as  the  gradient  of  a scalar  potential  U 

F = -VU  (C6) 

Further,  if  a unique  relation  exists  between  p and  p (for  example,  as  in  adiabatic  flow), 
then  p = p(p),  and  a function  P may  be  defined  so  that 

dp  = d£=dp4.  (C7) 

P dp  P 
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then 


3P  _ ap  3p  _ 1 3p 
8x  3p  9x  P 3x 


or 


(C8) 


Substituting  equations  (C6)  and  (C8)  into  equation  (C5)  and  using  the  vector  identity 

u • Vu=  V®  - u x (V  Xu) 


(C9) 


yields 


3u 

9f 


- u X (V  X u)  = -VP  - VU 


or 


V p + u + 


= u X (V  x u) 


3u 

at 


(CIO) 


which  is  Bernoulli's  equation  for  the  flow  of  an  inviscid  fluid.  Now,  make  the  following 
assumptions: 

(1)  No  force  field  exists. 

(2)  The  fluid  is  initially  at  rest. 

(3)  All  disturbances  are  of  infinitesimal  amplitude. 

(4)  Thermodynamic  equilibrium  exists. 

By  virtue  of  assumption  (1),  VU  = 0.  By  virtue  of  assumption  (2),  and  Kelvin's  cir- 
culation theorem,  the  propagation  of  disturbances  is  irrotational  so  that  V x u = 0.  By 

virtue  of  assumption  (3),  second  and  higher  powers  of  the  fluid  velocity  may  be  neglected, 
u2 

so  that  V—  ~ 0.  Assumption  (4)  is  already  contained  in  Bernoulli's  equation  in  the  form 
of  the  unique  relation  p = p(p).  With  these  assumptions  Bernoulli's  equation  reduces  to 


VP  + — = 0 

04- 


(Cll) 


Since  the  flow  is  irrotational,  a velocity  potential  <f>  may  be  introduced  such  that 


u = V<p 


(C12) 
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p + ^ = Const.  = PM 

Since  disturbances  of  small  amplitude  are  assumed,  the  function  p = p(p)  may  be 
expressed  as  p = p(poo  + Ap)  where  pw  is  the  density  of  the  undisturbed  fluid. 
Expanding  this  relation  in  a Taylor  series  gives 


P = P(P)  = P (PM  + A p)  = p(poo)  + 
so  that,  for  small  disturbances, 


d£ 

dp 


Ap  + . . . 


dp  * 
dp 


d£ 

dp 


Then,  equation  (C7)  may  be  integrated  to  give 


P - P 


= 1, 


P pP 
dP  = \ 


fP  d£d£  = 

d£ 

rp  $= 

dp 

'p  dp  p 

OO 

Wp 

Jp  ^ 

oo 

dp_ 

log. 


and  since 


dp 

dP 


= c 


where  c = Speed  of  sound  in  the  undisturbed  fluid,  the  result  is 


P - P = c^  log, 

oo  n 


Taking  the  substantial  derivative  of  equation  (C16)  gives 


The  continuity  equation  is 


DP 

Dt 


c2  R log  P = SI  Dp 

rvl  a A TAJ. 


Dt 


P Dt 


(Cl  7) 


|£+V.(pu)=0 


or 


or 


+ pv»  u + u- 

at  H 


Vp 


= o 


l ^ _ 

“p  Dt  ” 


V • u 


so  from  equations  (C17)  and  (C18),  there  results 


(C18) 


Also,  from  equation  (C13), 


or 


— = -c2V-u  = -c2V2$ 
Dt 


J1M  = 0 

Dt  at 


DP  = _9?£_ 

Dt  at2  u at 

a20  - au 

" at2  " 9t 

= a2</> 


(C19) 


(C20) 


since  second  and  higher  powers  of  the  velocity  are  neglected.  Thus,  from  equations  (C19) 
and  (C20)  the  linearized  wave  equation  (see,  for  example,  ref.  31)  is  obtained: 


czv\ = i± 

at2 


(C21) 


which  is  the  same  as  equation  (38)  in  the  text. 
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Equation  (C21)  is  the  governing  equation  for  the  propagation  of  small  disturbances 
from  a disturbance  source  at  the  origin  of  coordinates  x,y,z  through  a fluid  initially  at 
rest.  For  this  equation  to  be  applied  to  disturbances  originating  from  a disturbance 
source  moving  with  speed  V in  the  -x  direction  (e.g.,  a small  lifting  element),  equa- 
tion (C21)  must  be  expressed  in  terms  of  moving  coordinates  x’.ySz*  so  that 


x’  = x + Vt 


y’  = y I 

z'  = z 


t*  = t 


(C22) 


This  transformation  leads  to 


This  transformed  wave  equation  governs  propagation  of  small  disturbances  from  a moving 
body.  It  should  be  noted  that  in  equation  (C23)  the  function  (p  may  be  either  a velocity 
potential  or  an  acceleration  potential.  The  boundary  conditions  used  in  connection  with 
equation  (C23)  for  most  aerodynamic  problems  are: 

(1)  There  is  no  flow  through  the  surface  of  the  body  (wing)  and  no  flow  separation 
from  the  wing.  For  the  oscillating  wing,  this  condition  is  contained  in  equation  (C4). 

(2)  Uniform  flow  exists  at  infinity. 

Expressions  for  the  kernel  function.-  The  function  K which  is  required  for  the 
solution  (inversion)  of  equation  (C4)  represents  an  expression  for  the  downwash  field 
induced  by  an  element  of  lift  which  is  pulsating  at  the  reduced  frequency  k.  In  classical 
aerodynamics  such  an  element  of  lift  can  be  represented  by  a doublet.  Now  the  potential 
function  for  a simple  pulsating  doublet  satisfies  the  wave  equation  (C23),  and  hence  is 
admissible  in  the  solution  of  our  problem  equation  (C4).  Further,  since  equation  (C23)  is 
a linear  differential  equation,  a superposition  of  doublet  potentials  is  also  a solution. 
Therefore,  our  summation  or  integration  procedure  indicated  by  equations  (C3)  and  (C4) 
is  permissible. 

For  subsonic  free- stream  conditions,  the  kernel  function  associated  with  a pulsating 
doublet  of  unit  strength  is  derived  in  reference  4 in  the  form 
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K = lim 
z— 0 


exp 

(x  - M \l\2  + 02(y  - 7] )2  + 02z2) 

dX 

_»l  exp  -ia,(x  - ii  r1 

V02  V 

8z2  V 

Vx2  +02(y  - v)2  + P2z2 

(C24) 


where  co  is  the  frequency  of  the  pulsation,  and  /3  -\J1  - 

For  supersonic  free- stream  condition,  the  function  K is  derived  in  reference  32 
in  the  form 


K = | lim  exp 


x-S 


z-0 


/3\/(y-7?): 


2+z2 


exp  ■ 


-iw\  3^ 

U 

,A  - (3\/(y  - I))2  + z2y 

cos  \/x2  - p2(y  - JJ)2  - /32z2 

V(32 

Vj32  8z2 

'k2  - P2(y  - n)2  - A2 

dX 


(C25) 

where  U is  the  unit  function.  It  can  be  seen  that  these  expressions  contain  singularities 
which  require  careful  treatment  in  the  numerical  solution  of  equation  (C4). 

Solution  of  the  downwash-kernel- function  integral  equation.  - One  method  that  has 
been  used  at  subsonic  speeds  for  the  numerical  inversion  of  the  equation  (C4)  is  given  in 
reference  33.  In  this  procedure  the  unknown  distribution  of  lifting  pressure  Apn(|  ,17) 
over  the  wing,  associated  with  the  nth  mode  of  motion,  is  assumed  to  be  represented  by  a 
doubly  infinite  series 


Apn(?,T])  = 'is2  - T)2  cot  | (a00n  + a01nr?  + a02nr)2  + . . .j 

+ sin  6 (a10n  + annb  + +•••)+  sin  26  (a20  + + a22”^  + 


(C26) 

where  p is  fluid  density,  b(rj)  is  local  semichord,  s is  semispan,  and  6 is  a chord- 
wise  coordinate  such  that 


5 = cos  6 

where  f m i(v)  is  the  equation  of  the  midchord  line.  The  form  of  the  series  equa- 
tion (C26)  automatically  satisfies  boundary  conditions  on  the  lifting  pressure  at  leading 
edge,  trailing  edge,  and  wing  tip  regardless  of  the  values  of  the  unknown  coefficients 

d-rs  • 


347 


The  downwash  w(x,y)  is  determined  by  the  chosen  mode  shapes  and  by  the 
frequency: 


W(x,y,t)  = (|  + V|. 


Zjfoy)  + Z2(x,y)  + . . . + Z (x,y) 


,iwt 


WjC^y)  + w2(x,y)  + . . . + wq(x,y) 


„io)t 


(C27) 


where  Zn(x,y)  is  the  mode  shape  of  the  nth  mode,  and  wn(x,y)  is  the  downwash  magni- 
tude for  the  nth  mode  at  frequency  o>. 

The  procedure  followed  in  the  solution  for  the  load  distribution  is  as  follows: 

(1)  Choose  the  reduced  frequency  value  k for  which  the  aerodynamic  load  is  to  be 
calculated. 

(2)  Choose  the  mode- shape  function  Zn(x,y)  and  obtain  the  downwash  wn(x,y)  at 
a set  of  chosen  "control"  points  (x,y)  over  the  wing  surface. 

(3)  Truncate  the  doubly  infinite  series  equation  (C26)  so  that  it  contains  the  same 
number  of  unknown  coefficients  arsn  as  there  are  control  points. 

(4)  For  each  control  point  in  turn,  substitute  the  appropriate  wn(x,y)  into  the  left 
side  of  equation  (C4).  Substitute  expression  (C24)  and  equation  (C26)  together  with  the 
control  point  coordinate  (x,y)  into  the  right  side  of  the  equation  (C4).  Performing  the 
indicated  integration  numerically  yields  an  equation  which  contains  the  unknown  coefficients 
arsn.  Repeating  this  procedure  for  each  control  point  leads  to  a set  of  simultaneous 
equations  which  can  be  solved  for  the  loading  coefficients  a^11  for  the  nth  mode  at  the 
chosen  frequency  k and  Mach  number  M.  The  aerodynamic  loading  has  then  been 
determined  in  the  form  of  equation  (C26)  and  can  be  used  in  that  form  in  flutter 
calculations. 
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Figure  1.-  Three-ring  diagram. 
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Figure  2.-  Aeroelastic  problem  areas. 
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Figure  5.-  Determination  of  flutter  point. 


Figure  7.-  Representation  of  airfoil  motion  by  sources  and  sinks. 


Figure  9*~  Real  and  imaginary  components  of 
circulation  function  C(k)  « F + iG. 


Figure  13.-  Mach-tox  approximation  of  lifting  surface. 
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Figure  l4.-  Comparison  of  flutter  analysis  and  experiment 
for  swept  wing  (ref.  l). 


Figure  15.-  Aerodynamic  parameters  for  rectangular  wings 
at  M = 0 (ref.  14) . 
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Figure  16.-  Flutter-speed  index  for  rectangular  wing 
of  aspect  ratio  8 at  M ~ 0 (ref.  l4) . 
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Figure  17.-  Flutter- frequency  ratio  for  rectangular  wing 
of  aspect  ratio  8 at  M » 0 (ref.  14). 
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Figure  18.-  Flutter  of  swept  wing  in  air  and  in  Freon- 12. 
Ac /l*.  = 45°,  A = 0.6,  A = L.O  (ref.  15). 
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o Flutter  experiment 


Figure  20.-  Flutter  of  highly  tapered  swept  wing. 
Ac/4  = 4-5°,  A = 0.2,  A = 4.0  (ref.  13). 
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Figure  21.-  Flutter  frequency  of  highly  tapered  swept  wing. 
ac/4  = ^5°’  A = °'2’  A = 1k0  (ref.  13). 
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Figure  22.-  Flutter-speed  index  for  cantilevered  ^5°  delta  ving. 
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Figure  23.-  Flutter  of  rectangular  wing. 
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Figure  2k.-  Typical  flutter-speed  surface  (ref.  12). 
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Figure  25.-  Subdivision  of  the  lifting  surface 


6.  EFFECTS  OF  AEROELASTICITY  ON  STATIC  AERODYNAMIC  DERIVATIVES 

By  John  E.  Lamar 
Langley  Research  Center 

ABSTRACT 

The  effects  of  aeroelasticity  on  some  static  longitudinal  derivatives  are  considered 
in  this  report  as  typical  problems  which  the  aeroelastician  is  called  upon  to  solve. 
Different  solution  techniques  are  presented  and  from  these  techniques;  one,  the  "force - 
slope  method"  (called  herein),  is  selected  by  which  the  effects  of  static  aeroelasticity  may 
be  computed.  In  order  to  use  the  "force-slope  method,"  the  aerodynamic  (only  subsonic 
speeds  are  considered)  and  structural  influence  coefficient  matrices  must  first  be  deter- 
mined. These  methods  are  developed  in  some  detail,  after  which  solutions  for  a typical 
configuration  are  given. 


INTRODUCTION 


The  study  of  static  aeroelasticity  can  be  thought  of  as  being  divided  into  at  least 
four  parts.  In  the  first  part,  some  of  the  static  aeroelastic  problems  that  engineers  are 
expected  to  solve  are  examined  and  examples  are  given.  In  part  n,  some  different  pre- 
dication methods  used  to  solve  the  problems  outlined  earlier  are  discussed.  One  of  the 
prediction  methods  developed  is  called  the  "force-slope  method"  and  this  method  is  cur- 
rently being  used  at  the  NASA  Langley  Research  Center.  This  method,  as  will  be  shown, 
needs  an  aerodynamic  and  a structural  set  of  input  information.  Therefore,  in  part  in, 
two  different  methods  for  predicting  subsonic  aerodynamics  are  developed  and  the  accu- 
racy is  assessed.  (The  force-slope  method  is  not  limited  to  subsonic  aerodynamics  but 
at  this  time  the  supersonic  aerodynamic  methods  at  the  Langley  Research  Center  have  not 
become  operationally  compatible  with  the  rest  of  the  force -slope -method  solution.)  Lastly, 
part  IV  presents  some  derivation  of  three  typical  structural  analyses  employed  on  airplane 
configurations  and  assesses  their  applicability. 
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SYMBOLS 


^,21X1 


T71 

J_J  11^11011 


T pffoyg 


unknown  coefficients  of  surface  pressure  modes 


A aspect  ratio 
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AiJ  Z Z(an,2m)j  (bn,2m)j 
n m 

b wing  span 

bQ  wing  root  semichord 

bn,2m  = J V1  _ V*  ^{0,71)1^6) v2msin  e dr?  dfl 
c local  chord 

c(t?)  local  half  chord 

c mean  geometric  chord 

Cj  section  lift  coefficient 

cma  section  pitching-moment-coefficient  curve  slope  about  local  leading  edge 

cnQ!  slope  of  sectional  normal-force  coefficient 

Ca  aerodynamic  force  coefficient 

^ induced  drag  coefficient  (stagger  theorem) 

^D,ii  induced  drag  coefficient  (thrust  concepts) 

CLq,  lift-curve  slope 

Cl  lift  coefficient 

9Ct 

°L»e  ' -S? 


cLi 

lift  coefficient  developed  by  ith  mode 

Cm 

pitching-moment  coefficient  about  c/4 

Cm,ac6e  = 

9^m,ac 

96e 

CN 

normal-force  coefficient 
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thrust  coefficient 


C>p 

C&6  flexibility  influence  coefficient  of  coiled  spring 

d perpendicular  distance  from  loading  point  of  wing  representable  by  a slender 

beam  to  the  elastic  axis 

d (77)  x-location  of  local  midchord  at  7? 

e chordwise  distance  between  aerodynamic  center  and  elastic  axis 

e e cos(ar  + Aa)  = e for  small  angles 

El  structural  stiffness  associated  with  bending 

total  flexibilized  force 

FW)l,(x,y;  £^,3^)  influence  function  used  in  vortex-lattice  method 
Fw,i/  = (Fw,i/)ieft  + (Fw,i/)right 

GJ  structural  stiffness  associated  with  torsion 

ith  mode  shape 

k fractional  change  in  either  the  twist  angle  or  load  distribution  between 

consecutive  iteration  cycles 

f*  O Q 

ln(6)  chordwise  pressure  modes;  i.e.,  Iq(6)  = — - — , = sin  8,  etc. 

L lift  force;  Lagrangian 

m number  of  spanwise  stations,  tip  to  tip 

m(x,y)  mass  distribution 

M moment;  Mach  number 

Mj  generalized  mass,  Cl  h?(x,y)m(x,y)dx  dy 
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io< 


N 


P 

q 

q0(f?) 

qj^ 

qi’qj 


Qi 


Qi 


Qm 

ij 


r = \j() 

R>RZ 


ij 


u 


normal  direction 
lift/weight 

number  of  vibration  modes;  number  of  chordwise  points  in  Multhopp  scheme 
pressure 

dynamic  pressure 

coefficient  of  cot  ^ pressure  loading  mode 
coefficient  of  sin  j 6 pressure  loading  mode 
ith,  jth  generalized  coordinate 
cyclic  amplitude  of  jth  generalized  coordinate 
generalized  force 

generalized  aerodynamic  force  due  to  gust,  ff  h^(x,y)|  -AP  )dx  dy 

JJs  \wg/u/ 


generalized  aerodynamic  force  of  the  ith  wing  mode, 


h)2  + (y  - v)2  + (z  - D2 

total  rigid  load 

ratio  of  wing  semispan  to  root  semichord;  one-half  vortex-lattice  panel  width 
wing  area 

element  in  structural  slope  matrix:  slope  at  i due  to  a unit  load  at  j 

time 

torque 

perturbation  velocity  component  in  x-direction 
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uj  velocity  components  in  x,y,z  directions  (U  ± u,v,w) 

U free-stream  velocity;  potential  energy  in  a system 

U strain  energy 

v perturbation  velocity  component  in  y-direction 

V volume 

w vertical  displacement;  also  perturbation  velocity  component  in  z-direction 

w amplitude  of  cyclic  displacement 

W weight 

xj  =4  displacement  components  in  x,y,z  directions  (x,y,z) 
x,y,z  rectangular  Cartesian  coordinates 

x0,y0  coordinates  of  elastic  axis  intersection  with  fuselage 

x’  dummy  variable  in  x-direction 

Greek  Letters 


or 


at; 


ay 


r.rto) 


r'  = T» 

1 n 


4ttU 


angle  of  attack 
induced  angle  of  attack 
rigid-wing  angle  of  attack 

local  distributed  circulation 
circulation  developed  over  a given  chordwise  segment, 

elevator  deflection  angle 


r = 


r d£ 
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a set  of  distances  along  the  X,Y,Z  axes,  denote  influence  or  loading- 
point  location 

ACt  , increment  in  lift  coefficient  due  to  a unit  load  factor 
nz 

Ap,Ap(,9,7?),Ap(£,?7)  lifting  pressure 

AFS  sum  of  all  the  forces  resulting  from  flexibility 

Aa  change  in  angle  of  attack  due  to  flexibility 

Aafi  ith  incremental  twist  angle  distribution  due  to  flexibility 

ALpi  ith  incremental  twist  load  distribution  due  to  flexibility 

6 chordwise  variable;  streamwise  slope  of  mean  camber  line  due  to  structural 

flexibility  — referenced  to  rigid  wing  or  airfoil 

0 chordwise  variable 

A sweep  angle  (either  leading  edge  or  elastic  axis),  degrees 

0j(y)  unknown  set  of  polynomial  coefficients  of  the  lateral  (vertical)  displacement 

of  a plate 

p density  of  air 


O) 


ft 


^3 


li, \ 


frequency  associated  with  ith  mode  shape 
circular  frequency 
acceleration  potential 

pressure  distribution  associated  with  the  jth  vibration  mode 
coordinates  perpendicular  to  and  along  the  elastic  axis  (see  fig.  19) 
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slope  of  mean  camber  surface  in  an  arbitrary  direction  due  to  a (system  of) 
force(s)  (see  fig.  19) 

energy  gained  in  the  system  by  having  an  external  force  act  upon  it 

Subscripts 

aerodynamic  center 

average 

bending 

center  of  pressure 
elastic  axis 

total  or  combination  of  rigid  and  flexible 

flexible  results  only 

gust 

particular  control  point;  also  range  index 
particular  loading  point;  also  range  index 
lower  surface 

leading  edge 

particular  spanwise  value;  particular  value 

having  to  do  with  rigid  loadings 

reversal 

reference 

torsion 


trailing  edge 


upper  surface 


u 

wb 

v 


oo 


V2 

A 

[] 

[] 

O 

M 


wing -body  combination 
particular  vortex-lattice  panel 
free  stream 

Mathematical 

Laplacian  operator 
change  in 
square  matrix 
diagonal  matrix 
column  matrix 


Matrices 

aerodynamic  influence  coefficient  matrix,  slope/unit  lifting  pressure 

aerodynamic  influence  coefficient  matrix,  slope/(unit  circulation/free- 
stream  velocity) 

area  matrix  over  which  the  lifting  pressure  acts 

kind  of  area  matrix  (2  times  grid  area/grid  chord),  in  units  of  length 

total  force  acting  over  each  grid  element,  Rigid  + Loadings  due  to 
flexibility 

aerodynamic  influence  coefficient  matrix,  slope/(unit  circulation/free- 
stream  velocity) 

aerodynamic  influence  coefficient  matrix  used  in  reference  11,  slope/unit 
multiplier  of  chordwise  pressure  function 


382 


<?} 

M 


(4Cp> 


(4F) 

© 


rigid  loading  on  each  grid  element,  force 
structural-slope  matrix,  slope/force 
boundary- condition  matrix,  local  slopes 

matrix  of  changes  in  downwash  due  to  flexibility 
lifting  pressure  coefficients 

loadings  due  to  flexibility  on  each  grid  element,  force 
local  structural  slope 

I - STATIC  AEROELASTIC  PROBLEMS 


The  static  aeroelastic  problems  to  be  discussed  are: 


(1)  Torsional  divergence  - Torsional  divergence  occurs  at  a flight  condition  where 
the  air  loadings  on  the  elastic  wing  produce  an  infinite  twist  angle.  This  condition  is 
given  in  terms  of  dynamic  pressure  or  airspeed. 

(2)  Aileron  reversal  — Aileron  reversal  is  defined  as  the  flight  condition  at  which 
the  aileron  becomes  ineffective.  It  is  given  in  terms  of  a reversal  dynamic  pressure. 


(3)  Aerodynamic-center  movement  and  control  power  — Flexibility  affects  the  pres- 
sure loading  distribution  and  consequently  the  pitching  moment  and  static  margin.  The 
designer  must  know  the  extent  of  the  changes  in  static  margin  in  order  to  determine 
whether  (1)  the  airplane  can  be  trimmed  and  (2)  whether  enough  control  power  is  available 
to  meet  the  required  response  criteria. 


(4)  Flexible  lift-curve  slope  — The  problem  of  flexibility  relates  to  the  change  in 
CLa  at  a given  Mach  number  with  variable  dynamic  pressure  q. 

(5)  Effect  of  load  factor  — The  load  factor,  of  course,  is  related  to  the  effect  of 
inertia  and  longitudinal  maneuvers  on  the  aerodynamic  characteristics. 


(6)  Jig  shape  and  cruise  shape  — The  problem  of  jig  shape  is  related  to  how  an  air- 
plane on  the  ground  must  be  built  so  that  when  it  is  at  its  cruise  point  it  has  the  correct 
aerodynamic  shape.  This  must  be  done  while  keeping  in  mind  that  when  the  airplane  is 
being  built,  it  is  supported  by  the  jig  so  that  in  essence  it  is  in  a zero-gravity  environment. 
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Torsional  Divergence 

Two-dimensional  wing  (or  a section  on  a three-dimensional  wing).-  If  the  airfoil 
shown  in  figure  1 is  used  with  6e  = 0,  an  analysis  can  be  developed  for  the  prediction  of 
dynamic  pressure  required  for  torsional  divergence  in  the  manner  of  reference  1. 

Allowing  the  rigid  airfoil  which  is  attached  to  a linear  coiled  spring  to  develop  an 
air  load  at  the  same  angle  of  attack  causes  the  airfoil  to  change  angle  of  attack  by  an 
amount  A a.  Let 

Aa  = 6 (1) 

Then,  the  restoring  torque  developed  by  the  linear  spring  is  just 

*“ea  = fi(<l)  <2) 


This  relationship  is  in  contrast  with  the  additional  moment  produced  by  the  increase  in 
angle  of  attack  of 

AMac  = Cj  Ao!qce  = f2(q)  (3) 

where,  by  definition,  the  aerodynamic  center  is  that  point  on  the  airfoil  that  does  not 
experience  a change  in  the  pitching  moment  with  a change  in  the  angle  of  attack.  Conse- 
quently, the  change  in  pitching  moment  comes  solely  from  the  lift  acting  at  a distance  from 
the  point  where  the  moments  are  to  be  summed.  That  is,  the  lift  acts  at  a distance  e 
from  the  elastic  axis. 


Now,  if  a plot  is  made  of  the  amount  of  restoring  moment  available  due  to  an  increase 
in  angle  of  attack  per  increase  in  angle  of  attack  as  a function  of  q,  a straight  line 

of  zero  slope  is  obtained,  since  AMea  =£  AMea(q)  as  shown  in  figure  2,  However,  the 
incremental  moment  resulting  from  the  additional  lift  produced  is  seen  to  be  a function 
of  q. 


The  q at  which  the  two  curves  cross  is  the  divergent  dynamic  pressure  q^.  After 
or  above  this  q,  the  restoring  moment  of  the  wing  structure  is  not  sufficient  to  counteract 
the  lift  induced  torsions  and  the  wing  will  therefore  twist  off.  Another  way  of  looking  for 
the  divergent  dynamic  pressure  is  that  given  by  rewriting  equation  (2): 

e = c66t 

and  defining  the  total  aerodynamic  torque  as 

T = ^C^e  + Cm>acc)ciS  (4) 

where  S is  the  area  over  which  the  section  characteristics  are  to  be  valid.  Now,  since 


CL  = Cha(aR  + 6 ) 


(5) 
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the  solution  for  6 can  be  obtained  as  follows: 


e = C00JcLQ!(aR  + 6)e  + Cm>accjqS  (6) 

and 

«(l  - C««CLaqSe)  = C««(cLaORe  + Cm>acc)qS  (7) 

Therefore, 

Ce6(CLaaRe  + CmaccjqS 

* i-C^qSe  (8) 

Now,  a value  of  q is  sought  such  that  an  infinite  twist  angle  is  produced.  Thus,  if  the 
denominator  of  equation  (8)  is  set  equal  to  zero: 

1 - C6eChaqSe  = 0 (9) 


Then,  solving  for  q gives 


Note  that  qD  = f(CLa). 


(9)^_oo  _ 


1 


D C0eCL  Se 

L,a 


(10) 


Three-dimensional  wing.-  Torsional  divergence  for  a three-dimensional  wing  can 
be  found  from  the  force-slope  method  discussed  in  a subsequent  section  either  by 
(1)  solving  for  the  q required  to  give  an  infinite  twist  angle  (or  pressure)  or  (2)  plotting 
the  ratio  of  Cl^  of  the  flexible  wing  to  that  of  the  rigid  wing  as  presented  in  figure  3. 
The  planform  shown  in  this  figure  has  a torsional  divergence  q at  about  2345  lb/ft^ 

(112  278.6  N/m2)  at  M = 0.9. 


Aileron  reversal.-  The  load  changes  produced  on  the  elastically  supported  rigid  wing 
of  figure  1 by  an  aileron  deflection  of  6e  lead  to  the  following  equations  (ref.  1): 

CL  = chae  + cL5e6e  (11) 


Cm,ac  = Cm>aCg^6e  (12) 

Following  the  same  line  of  reasoning  used  in  the  second  approach  for  torsional  divergence 
results  in 

0 = CeeT  = C^qSp(CLa  6 + CL6e6e)  + cCm>aC6  6el  (13) 
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and 


C^qSfeC.  + cCj 


eCL  + cC, 


1 - C^^qSeCL 


Substituting  equation  (14)  into  equation  (11)  yields 


(14) 


(15) 


The  aileron  becomes  completely  ineffective  when  = 0.  Thus,  setting  Cl  - 0 
gives  a solution  for  the  q at  which  aileron  reversal  occurs: 


C66qS 


~ eCL/ 


or 


Then, 


(-:LQ,cCm,ac5  “ " a a 
“ ’ °e  C qS 


c00CLQ,Cm,ac6ecS 


(17) 


(18) 


Aerodynamic-center  movement  and  control  power.-  An  example  of  the  fact  that  the 
airplane  aerodynamic  center  Axac  is  dependent  on  flexibility  can  be  seen  in  figure  4 for 
several  different  structural  representations  when  the  airplane  is  at  M = 0.9.  The  effect 
of  structural  representation  shown  in  this  figure  is  discussed  in  a subsequent  section. 

The  design  engineer  must  know  whether  enough  control  power,  which  comes  primarily 
from  the  horizontal  tail,  is  available  to  handle  any  changes  in  the  stability  level  brought 
about  because  of  flexibility. 

Flexible  lift- curve  slope.-  An  example  of  the  fact  that  the  lift -curve  slope  is  also 
dependent  on  flexibility  can  be  seen  in  figure  5 for  an  airplane  wing  at  M = 0.9.  Again 
the  effect  that  the  structural  representation  has  on  the  variation  of  (cLaJF/(cLa)R  is 

discussed  in  a subsequent  section. 

Effect  of  load  factor.-  From  figure  6 the  effect  of  including  the  weight  at  a load  fac- 
tor n’  of  1 can  be  seen  to  provide  what  is  called  an  "inertial  relief”  on  the  center  of 
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pressure  movement  due  to  flexibility  for  this  wing  at  M = 0.9.  The  reason  for  this 
effect  is  that  since  the  weight  acts  (for  small  angles  of  attack)  in  a direction  opposite  to 
that  of  the  lift,  its  effects  on  the  structure  are  qualitatively  in  the  opposite  sense  as  the 
lift  induced  deflections  and  slope  change. 

Jig  shape  and  cruise  shape.-  Now  the  last  listed  static  aeroelastic  problem  is  con- 
sidered; that  of  going  from  the  zero-gravity  airplane  shape  in  the  jig  to  the  desired  cruise 
shape  where  it  is  to  be  acted  upon  by  both  air  and  gravity  forces.  Figure  7 plots  the  airfoil 
coordinates  z/c  and  x/c  at  the  spacewise  station  2y/b  * 0.6925  and  is  an  extreme 
example  of  the  changes  in  shape  that  a lightly  loaded  variable -sweep  transport  can  undergo 
due  to  the  air  and  gravity  forces.  (See  ref.  2.)  It  can  be  seen  in  this  example  that  the 
wing  experiences  both  a change  in  its  camber  shapg  and  twist  angle  at  the  section  shown; 
whereas  the  tail  undergoes  primarily  a change  in  the  twist  angle.  Knowledge  of  the  cor- 
rect jig  shape  is  particularly  important  for  this  configuration  since  the  wing  and  tail  were 
to  be  held  together  coplanarly  in  the  cruise  shape  by  a vee-shaped  shear  tie. 

Some  static  aeroelastic  problems  and  procedures  for  finding  two-dimensional  solu- 
tions of  them  have  been  examined  in  this  section.  Solutions  valid  for  three-dimensional 
wings  are  taken  up  in  the  next  section. 

II  - METHODS  FOR  PREDICTING  AEROELASTIC  EFFECTS 

In  this  part  of  this  report  some  particular  methods  of  predicting  the  effects  of  aero- 
elasticity  are  examined.  The  first  method  is  that  of  iteration  and  is  one  which  might  first 
be  considered  in  an  effort  to  relate  the  aerodynamic  loadings  to  the  structural  displace- 
ment or  slope  changes.  The  second  method  is  the  reference-surface  method,  which  is  a 
kind  of  similarity  relationship  and  not  too  well  known.  Its  main  ideas  are  mentioned  in 
this  section  so  as  to  acquaint  the  reader  with  yet  another  method  that  one  airplane  company 
has  used  in  determining  the  aeroelastic  effects.  Next  the  modal  approach,  which  is  in  wide 
usage  among  people  solving  the  flutter  problem,  will  be  adapted  to  solving  the  static  prob- 
lem. The  last  method  is  called  the  force-slope  method  and  is  one  that  is  in  use  at  the 
Langley  Research  Center  in  predicting  aeroelastic  effects. 

Iteration  Method 

From  reference  3,  the  iteration  scheme  is  described  as  follows:  "If  an  initial 
(rigid)*  load  is  applied  to  a lifting  surface,  the  structure  deforms  causing  an  incremental 
change  in  the  angle  of  attack,  i,e.,  a twist  angle.  The  twist  angle  produces  an  incremental 
change  in  lift,  i.e.,  a twist  load.  The  twist  load  in  turn  causes  another  incremental  angle 
of  attack  change,  which  produces  another  incremental  twist  load.  This  procedure  continues 

Rigid  Load  means  airload  resulting  from  rigid  wing. 


L-6892 
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until  equilibrium  is  reached.  The  total  twist  angle  is  then  the  sum  of  all  the  incremental 
twist  angles,  and  the  total  lift  is  the  initial  (rigid)  lift  plus  the  sum  of  the  incremental 
twist  loads."  Slender  beam  analysis  was  used  in  this  reference  and  no  chordwise  bending 
(camber)  was  considered. 

The  iteration  procedure  mathematically,  according  to  reference  3,  looks  like 


LR/q 

\ 


/ 

Aan/qn 


(19) 


because  lift  over  q rather  than  lift  itself  is  the  quantity  applied  to  the  structure  in 
reference  3. 


Summing  the  above  terms  leads  to 

Ltotal  _ , . ALF1  2 ALF2 

T~  " q + q q2  + q q3 


+ q1 


n 


ALFn 

qn+1 


(20) 


Aa 


total 


Aa, 


Aa 


2 q2^«3 

+ q o-  + 3 + 

q2  q0 


+ q 


1 Aa!r, 

n-1 H 


(21) 


Because  successive  iteration  can  run  into  excessive  time  and  cost,  the  sums  of  the  series 
based  upon  knowledge  of  only  a few  terms  were  sought.  A good  approximation  for  the 
(n+1)  term  of  the  series  is  given  by 

ALFn  _ k AL»Fn-l  (22) 

qn+1  "q  qn 

where  k/q  is  dependent  on  the  ability  of  the  airplane  structure  to  resist  twisting,  and 
its  determination  is  discussed  in  a subsequent  section. 

Reference  3 further  states  that:  "The  validity  of  this  relation  lies  in  the  assump- 
tion that  successive  twist  load  distributions  (and  therefore  successive  twist  angle  dis- 
tributions) are  of  similar  shape,  an  assumption  which  has  been  proved  reasonable. 


Hence 


Ltotal  lR  . ALF1  2M 

-q— *-q"+  q2  q q W 


+ • • • 


(24) 
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But, 


Hence, 


Similarly, 


ri-S'-- 


(!/'*  • Sf 


q4  + 


^total 

q 


(25) 


(26) 


(27) 


Thus,  only  two  iterations  are  needed  to  find  convergence  or  the  sum  of  the  series,  since 
k/q  can  be  found  from  two  trials.  Recognizing  that  Ltotal  = LF  yields 


Lf/<»  , 4LFlA2  f q \ 

LR/«  y V1  JlV  , 

^lst  cycle  Convergence^ 
Net  flexible  loss 


(28) 


This  relationship  is  shown  graphically  in  figure  8.  Thus  the  change  in  the  lift  or  lift 
coefficient  due  to  flexibility  has  been  determined. 

From  reference  3,  it  is  noted  that:  "Similar  expressions  may  be  readily  developed 
for  flexible-to-rigid  ratios  of  rolling  moment  and  pitching  moment." 


Reference  Surface  Method 


The  reference  surface  method,  a kind  of  similarity  relationship,  is  also  defined  in 
reference  3,  where  it  is  based  on  the  iteration  method  and  the  measured  flexible-to-rigid 
aerodynamic  ratios  of  a known  wing.  These  ratios  are  adjusted  to  account  for  the  differ- 
ences in  geometry,  stiffness,  and  design  load  requirement  between  the  known  wing  and  the 
wing  being  designed.  The  adjustments  are  made  by  computing  an  effective  k/q  for  each 
wing  which  even  accounts  for  some  torsional  effects  and  then  correcting  the  "net  flexible 


loss"  by  the  following  procedure: 


Equation  (28)  can  be  written  as 
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From  reference  3,  the  parameter  k/q  is  shown  to  be  related  to  the  ability  of  the 

structure  to  resist  a twist  load  and  ^Fl/cL  Gf  the  structure  to  resist  the 

lR 

rigid  load.  In  cases  where  the  rigid  load  distribution  is  very  similar  to  that  of  the  twist 
ALpi/q 


load, 


and  k/q  will  approach  each  other  numerically.  In  the  more  general 


case,  they  will  be  very  different.  Hence,  an  "effective"  stiffness  is  determined  not  only 
by  actual  stiffness  but  also  by  the  distribution  of  the  applied  load.  Thus, 


and  so  j may  be  found.  Reference  3 gives  details  for  computing  (k/q)  by 

equations  and  graphs. 


Modal  Approach 

Following  the  approach  presented  by  Dr.  E.  Carson  Yates  in  paper  number  5 
which  involves  Lagrange’s  equation  and  also  the  approach  of  reference  4 permits  equa- 
tions of  motion  to  be  written  for  the  case  of  a wing  which  has  no  damping,  as  follows: 


N 

Miqi  + M.qt  = Qi  = + Q?  = + Q?  (31) 

j=l 

where  these  symbols  are  defined  in  the  symbol  list.  Now,  employing  the  concepts  of  ref- 
erence 5 yields 

Q^1  = 8wqb0s2Aij  (32) 

where 


Aii  ZX(an>2m)i(bn,2m)i 


(33) 


n m 


The  b r,  can  be  calculated  for  each  vibration  mode  from  the  definition: 
n^m 


bn,2m  = j jV1  “ T72  ^(6, ii)ln(9)ri2m sin  G de  dr] 


(34) 
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The  an  2m  terms  are  calculated  for  each  mode  in  the  subsonic  kernel-function 
program  described  in  reference  5,  where  orthogonal  vibration  modes  are  actually  used 
in  the  analysis.  In  the  preceding  report  by  Dr.  Yates,  the  unknown  deformed  shape  of  the 
wing  is  assumed  to  be  made  up  of  a linear  combination  of  the  vibration  modes.  The 
vibration  modes  are  used  here  in  the  static  case  only  because  they  constitute  a complete 
set  of  deformation  shapes  and  hence  they  can  accurately  fit  any  resultant  deformation 
shape.  Their  use  here  does  not  relate  to  dynamics  problems.  It  is  convenient  for  analy- 
sis purposes  to  let 

Q?  = QUN+1)  <35) 

and 

wa 

u = 4N+l  <36> 

For  steady  flight  the  gust  is  just  equal  to  a , and  is  taken  for  convenience  to  be  at 
1 radian.  Hence,  combining  equations  (31)  and  (32)  gives: 


(-87rqb0s2An  + WjM^qj  + (-87rqb0s2A12Jq2  - . . . = 87rqb0s2A1(N+1) 
(-8JrqboS2A21)q1  + (u>2M2  - 87rqb0s2A22)q2  - . . . = 877qb0s2A2(N+1)  ^ 


(37) 


where 

qi  = qielWt  (38) 

and  a)  is  the  frequency  of  gust  input  (0  for  this  case).  Solving  this  linear  set  of  equa- 
tions for  q^  indicates  how  much  of  each  mode's  results  belong  in  the  final  answer.  That 
is,  for  example: 

wr 

= Cl^i  + CL2q2  + • • • + Cha  -y-  (39) 

and  so,  if  w^y/u  is  set  equal  to  1 


Ct  v = Cl  Q-.  + Ct.„.  Qo  + . . . + Cj„ 


(40) 


The  other  aerodynamic  characteristics  of  interest  can  be  calculated  in  a similar  manner. 
A similar  method  has  already  been  developed  and  appears  in  reference  6.  This  approach 
can  be  characterized  by  asking  the  question:  How  much  of  the  lifting  pressure  generated 
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by  the  wing  in  each  of  its  basic  modes  of  vibration  plus  that  of  the  rigid  wing  in  a uniform 
flow  field  is  required  to  bring  the  flexible  wing  into  equilibrium? 


Force -Slope  Method 

The  force-slope  method  is  a closed-form  solution  for  predicting  the  aeroelastic 
effects.  However,  whether  the  solution  simply  employs  matrix-inversion  concepts  (as 
will  be  developed)  or  must  be  handled  in  an  interpolative  sense  (as  in  least-squares 
method)  depends  on  the  relationship  between  the  aerodynamic  and  structural  paneling 
methods.  If  they  are  the  same  then  a simple  matrix  inversion  may  be  used,  otherwise 
an  interpolative  process  must  be  used. 

The  force-slope  method  can  be  developed  in  the  following  manner  (which  follows 
basically  the  method  of  ref.  7)  by  making  use  of  four  basic  aerodynamic  and  structural 
relationships  expressed  in  matrix  form: 


(1)  Downwash-pressure: 


This  matrix  may  be  broken  up  into  a rigid  and  a flexible  part,  which  becomes 


(u}R + {t?},  ° M{acp}r + W{ACp>( 

(2)  Slope-force: 

(3)  Total  force  - rigid  and  flexible: 

(f)  = (R>  + {af} 


(41) 


(42) 


(43) 


(44) 


(4)  Force-pressure: 

0)  = 4 [B]  {4Cp}t0tal  - 4 [B]  (4CR>r  + q H 0CP>f 


Hence,  substituting  a part  of  equation  (42)  into  equation  (43)  gives: 


[A]0cp}f 

and  substituting  equations  (44)  and  (45)  into  equation  (46)  yields 


(45) 


(46) 


(47) 
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Solving  for  <^ACp^,  leads  to 

(acp>,  - [M  • <<•]  M]  1[S]{R)  («) 


As  mentioned  under  the  study  of  torsional  divergence,  for  three-dimensional  wings 
a solution  for  the  dynamic  pressure  can  be  obtained  for  which  infinite  flexible  pressure 
loadings  would  result.  A study  of  equation  (48)  indicates  that  this  condition  will  occur  for 


(49) 


and  so  the  can  be  found  by  solving  for  the  smallest  positive  root  of  the  resulting 
polynomial. 

Once  the  {ACp^  is  solved  for,  a solution  for  can  be  found  as: 

{p}.{R)+q[B](4Cp}f  (50) 

and  then  summing  up  the  results  yields 


FZ  = £{F>  = RS  + AFS  = I(R)  + £{AF)  (51) 

Hence  the  flexible-to-rigid  ratios  can  be  formed  by  dividing  by  R^.  This  operation 
leads  to 


f£  , iF£ 

r£  R2 


(52) 


It  should  be  noted  that  the  can  be  either  a distributed  air  loading  or  a weight 

loading,  providing  the  two  types  have  signs  consistent  with  their  directions. 

Now,  the  use  to  which  the  just -determined  flexible-to-rigid  ratios  for  both  lift  and 
pitching  moment  may  be  put  are  examined.  As  an  example,  the  equations  are  developed 
for  the  change  in  center-of -pressure  location  due  to  flexibility  for  a load  factor  of  1. 

(cL)F=(CL«  wbWACL  X (53) 

where  ACl  , is  the  increment  in  lift  coefficient  due  to  a unit  load  factor  n^ 
nz 

(CL)F  = (CLa,wb)R(|j  a+(^)(fk  * <M> 

La,wb  /N  ' n'  . 

z,wb 

In  steady  lg  straight  and  level  flight,  then  n^  = 1,  Lp  = W;  hence, 
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(55) 


or 


,wb 


w/F\ 
qS\R/cL 


n’  wb 


(CLa,wb)n(ll)( 


RVK'CL 


a,wb 


<a)nk=l 


(56) 


Thus, 


T*  . T.l\ 

&(pjc 


(a) 


L , . 

nz’wb 


°Z  1 (CLa,wb)R(R)c 


(57) 


^a,wb 


Axcp  _ /^m\ 


^cL/r 


,90R(CLa’wb)R(R)c 


(a) 


W/qS 


mQ!,Wb 


W /Axwb\  (AF\ 
nz=l  qS\  5 /VR/C 
+ 


mDz  I 


W/qS 


(58) 


Substituting  for  (of)n*  =1  from  equation  (57)  gives 


where 


Ax. 


wb 


distance  from  the  center  of  gravity  to  moment  reference  point  nondimensional- 
ized  on  c 


For 


Ax. 


> 0,  the  center  of  pressure  of  the  flexible  wing  is  behind  that  of  the  rigid  wing 


since  positive  stability  is  represented  by  a negative  value  of  9Cm/9CL.  Contrarywise 
Axro 

for  — < 0. 
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The  Boeing  Company  in  reference  8 has  extended  the  force-slope  method  to  large 
flexible  transports.  Other  companies  use  the  force-slope  method  in  support  of  their 
static  aeroelastic  prediction  efforts. 

SUMMARY  REMARKS  ON  PART  II 

In  part  II  several  methods  for  predicting  the  effects  of  aeroelasticity  have  been 
examined  and  are  summarized  as  follows: 

(1)  The  iteration  method  is  simplest  of  those  using  computer  techniques,  and  is 
easiest  to  understand;  however,  it  can  be  inefficient  (slow  to  converge)  if  the  dynamic 
pressure  specified  is  near  the  divergence  dynamic  pressure. 

(2)  The  reference-surface  method  can  be  used  to  get  a quick  idea  of  the  effects  of 
the  flexibility  on  a wing  without  having  to  know  a great  amount  of  detail  about  its  struc- 
ture or  weight. 

(3)  In  the  modal  approach,  answers  can  be  accurate  if  enough  vibration  modes  are 

used  or  enough  points  in  structural  analysis  are  taken  to  define  the  mode  shapes  adequately. 
In  order  to  determine  if  enough  have  been  used  a convergency  check  on  CT  is  often 

employed.  Also  concerning  this  method  there  may  be  the  problems  of  (1)  not  having  modal 
data  available  and  (2)  everytime  the  mass  distribution  changes  so  does  the  generalized 
mass.  However,  this  solution  does  yield  continuous  pressure  loadings. 

(4)  The  force-slope  approach  leads  to  closed-form  solutions,  easy  to  program,  and 
is  the  method  chosen  to  be  used  for  the  solutions  in  this  lecture. 

Methods  for  developing  the  QaT]  and  £sj  matrices  used  in  the  force-slope 
approach  are  presented  in  the  following  sections. 

m - THEORETICAL  SUBSONIC  AERODYNAMIC  METHODS 

Two  methods  are  developed  for  predicting  the  surface  load  distributions  at  subsonic 
speeds  for  a given  downwash  distribution.  The  first  is  the  kernel -function  method  and  the 
second  is  the  vortex-lattice  method. 

Kernel- Function  Method 

The  development  of  the  kernel-function  method  is  based  on  a potential  function, 
linearized  Euler  equations,  and  the  continuity  equation.  They  are  used  together  with 
Poisson's  equation,  the  procedure  which  is  outlined  in  reference  9 and  is  presented  here 
in  detail. 
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Potential  function.-  The  acceleration  potential  to  be  used  is  that  which  will  produce 
a pressure  field  and  is  defined  by 

“ P 


S2  = 


— 00 


(61) 


Euler  equation.-  The  equations  of  motion  for  steady,  inviscid  flow  can  be  written  in 
index  notation,  where  repetition  of  a suffix  indicates  summation  over  that  suffix,  as 

9ui  1 9p 


3 ax 


P ax; 


(ijj  = 1,  2,  3) 


where 


uk  (U  ± u,v,w) 


(62) 


(63) 


and  Xj  = x,  X2  = y,  Xg  = z.  Linearizing  (i.e.,  neglecting  products  and  squares  of  per- 
tubation  velocities  and  their  derivatives)  allows  the  equations  of  motion  to  be  written  as 


U 


aui 

ax 


l _ap_ 
p axi 


(64) 


Differentiating  with  respect  to  x^  leads  to 


u — (— \ = - - ■ ■ = - - V2p 

axi\a xj  P axj  axj  p 


(65) 


Continuity  equation.-  The  equation  of  continuity  for  incompressible  flow  in  index 


notation  is 


a^ 

axi 


= 0 


Here,  the  order  of  partial  differentiation  may  be  interchanged  to  yield 

a / 911  i\  _ _d_f ^i\ 
dx^\dxj~  axyaxjj 

Consequently,  making  use  of  equations  (61)  and  (67)  in  equation  (65)  yields 

V2fi  = 0 


(66) 


(67) 


(68) 


Hence  for  incompressible  flow  the  acceleration  potential  satisfies  Laplace's  equation. 

It  is  known  in  general  that  the  potential  can  be  defined  at  any  point  by  making  use  of 
Poisson's  equation: 


fi(x,y,z)  = 


(f5v2“)dV,i  II  [-F^  + !2KF)]ds  (69> 

Su?^,Swa^e 


With  = 0 and  no  pressure  jump  existing  across  the  wake, 
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0<w>-j;  II  [-fS- 

Su,S i L J 


(70) 


The  normal  n in  this  case  is  z,  where  z is  in  the  same  direction  as  n on  the  upper 
surface  and  in  the  opposite  direction  on  the  lower  surface.  Hence 


S2(x,y,z)  = i jT 


SuL 


lfk+o 

r-dT+^n 


dZ 


S l 


d£lj 

wk 


+ si? 


a(-z)  \r/J 


dS 


(71) 


Now  since  both  Su  and  Sj  have  the  same  projected  area  and  use  the  same  limits  and 
since  an/ a z is  related  to  the  downwash  w,  which  is  continuous  across  the  pressure 
sheet  representing  the  wing,  by  equations  (61)  and  (64) 


y aw  _ an 
ax  az 

and  equation  (71)  can  be  written 

(72) 

■ h Iis[-  M-u  £ ■ + ' u + h IIS  - 1-°» + **)5$ 

dS 

(73) 

Now,  with 

(74a) 

and 

P - P, 

°t-  “P  1 

(74b) 

then 

(75) 

With 

r=]l(x-  £)2  + (y  - 7?)2  + (z  - O2 

(76) 

and  the  wing  midsurface  restricted  to  £ = 0,  then 


so  that 


-jl 

[(x  - i)2  + (y  - ??) 2 + z2]3//2 


(77) 


«(x,y,z)  = -^j£^^ds 


(78) 
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The  pertubation  downwash  is  required  to  vanish  at  x = -°°  so  that  uniform  free-stream 
velocity  is  the  only  velocity  which  exists  there.  As  noted  previously  (eq.  (72)), 


so  that 


(79) 


Hence,  combining  equations  (78)  and  (79)  yields 


w(x,y,z) 


1CX  ±(  1\(T  *P£_dSdx’ 

u J_oo  dz\  47iyJ  Jg  P r3 


(80) 


Now  w(x,y,z)  is  the  downwash  of  a field  point.  If  the  field  points  are  required  to  lie  on 
the  wing  midsurface,  just  as  the  pressure  field  is  required  to  lie  on  the  midsurface  of  the 
wing,  then  equation  (80)  becomes 


w(x,y,0)  B , 1 Cx  limAff  *EZ  d^dx’ 
U 87 r J_oo  z_o  az  q r3 


(81) 


where 


W(X.^Q) 

U 


is  merely  the  boundary  condition  and  is  equal  to 


w(x,y,°)  = {te) 

U 


Performing  the  indicated  operations  in  equation  (81)  leads  to 


(82) 


w(x,y,0)  . 1. 
U 8n 


PfA  PU,V)  1 

[i  , x - 1 

JJs  4 ^1 

J(X  - 4)2  + (y  - T])2 

L -J 

d£  dr] 


(83) 


This  equation  represents  the  zero  frequency  limit  of  the  equation  previously  given  by 


Dr.  Yates  as  equation  (73).  The  term 


1 + 


X.-.L 


)|(x  - S)2  + (y  - t?)2 


is  called  the 


(y  - v)2' 

steady-state  kernel  function  and  represents  the  downwash  at  point  (x,y,0)  produced  by  a 
pressure  dipole  of  unit  strength  lying  at  the  point  (£,*?, 0).  This  term  is  the  zero-frequency 
limit  at  zero  Mach  number  of  Dr.  Yates’  equation  (74).  Equation  (83)  could  be  derived 
from  pressure  dipole  considerations  almost  directly. 


Solution  technique.-  Some  authors  (refs.  5,  9,  10,  and  11)  choose  to  replace  the 
unknown  surface  pressures  by  a chordwise  set  of  pressure  mode  shapes  with  unknown 
coefficients  at  each  spanwise  station  (which  is  to  be  an  integrating  station  in  the  spanwise 
quadrature  formula).  It  can  be  expressed  as 
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(84) 


where 


^ cot  | + y1  5^.  sin  jS 
q qc(?7)  2 L qc(r?) 


3=1 


| = -c(tj)cos  d + d(i]) 


(85) 


These  pressure  terms  are  integrated  chordwise  at  each  spanwise  integrating  station  for 
each  pressure  mode.  A singularity  occurs  when  the  influence  of  each  pressure  mode  is 
sought  at  the  same  spanwise  station  at  which  the  downwash  is  specified.  There  are  expan- 
sion and  finite-part  approaches  which  allow  an  answer  to  be  determined.  A set  of  simul- 
taneous linear  equations  are  formed  from  as  many  control  points  as  ^qj(%)^/q)  terms 
which  in  matrix  notation  are  of  the  form 

(86) 

The  ^ ^ are  solved  by  matrix  inversion  and  hence  the  surface  pressure  and  wing 

q 

aerodynamic  characteristics  can  be  found. 


Discrete  Loading  Representation 
(Vortex  Lattice) 

Determination  of  influence  coefficients.-  Another  method  that  can  be  used  to  solve 
for  the  pressure  loadings  in  equation  (83)  employs  a vortex-lattice  representation.  In 
this  method  the  pressure  is  assumed  constant  over  a small  area  of  the  wing  and  the  wing 
loading  is  therefore  not  a smoothly  varying  function  but  a set  of  discrete  loadings  which 
resemble  a bar  graph  in  two  directions.  The  solution  is  formulated  as  follows. 

Assume  that  Ap^’^  is  constant  over  a small  spanwise  distance  (2sj,)  from  say 
yv  - s„  to  yv  + s„  at  a given  value  of  (£/c)  where  y^  is  selected  as  the  spanwise 
coordinate  at  which  the  pressure  difference  is  to  be  determined. 

It  is  also  known  that 

aP(£,?7)  - _ MLnl  (87) 

q U v ' 

where  y is  the  local  distributed  circulation,  and 

r = y d4  (88) 

where  T is  the  circulation  strength  accumulated  over  a given  chordwise  segment,  say 
from  £q  to 

Now  differentiating  equation  (83)  with  respect  to  £ and  making  use  of  equation  (87) 

gives 
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Now  if  y(£,T?)  is  assumed  to  be  constant  from  yv  - su  to  yv  + sv  for  a given 
|/c, then 


Integrating  equation  (90)  with  respect  to  t]  (as  Crigler  did  in  ref.  12)  yields  three  terms 
which  can  be  identified  as  the  contributions  to  downwash  of  the  two  trailing  legs  and  the 
bound  portion  of  a horseshoe  vortex  having  a lateral  spacing  of  2sv  and  located  at  (£/c) 
and  yv  where  £o  < £ < Zy  This  relation  is  called  the  influence  function  and  is  denoted 
by  Fw  v indicating  that  this  is  the  downwash  produced  by  the  I'th  rectangular  horseshoe 
vortex  in  the  x-y  plane  at  a particular  value  of  £/c.  The  parameter  Fw,i;  is  a func- 
tion of  x,y;4,y^,s^,  as  given  in  the  following  equation: 
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If  this  result  is  compared  with  that  of  Glauert  in  reference  13  (pp.  158-159),  the  expres- 
sions are  found  to  be  different  because  the  positive  x directions  are  opposite.  The 
coordinate  system  used  herein  is  shown  in  figure  9. 


Solution  technique.-  Integrating  now  the  results  of  equations  (90)  and  (91)  in  the 
chordwise  direction  yields 


*(*.y,o>  = fxTE 

U Jv 

XLE 


max 


(■SI, 


Vv{£) 


U 


■ 


(92) 


However,  before  this  equation  is  integrated  in  small  chordwise  increments,  it  should  be 
noted  that  over  a small  range  of  ij  the  function  Fw>v  will  not  vary  too  much  so  that  an 
effective  value  of  can  be  associated  with  a range  of  | and  according  to  equa- 

tion (88),  also  with  a range  of  T.  Hence 


n. 


w(x;y>°) 

U 


max 


n 


= rnFw,n-  £ 


max 


rT  f 


n=l 


n=l 


(93) 


where 


i-.i. 

n 4ttU 


If  the  span  loading  is  symmetrical,  only  half  of  the  horseshoe  vortex  strengths  but 
still  all  of  the  influence  functions  need  be  considered,  so  that 


where 


w(x,y,0) 

U 


nmax/^ 


r' F’ 


n 


(94) 


Fw,n  (Fw,n)right  + (Fw,-n)ieft 

Taking  as  many  boundary  points  (fig.  10)  as  unknown  circulation  strengths  yields  a set  of 
simultaneous  linear  equations  which  are,  as  before,  solved  by  matrix  inversion 


(95) 


Knowing  the  cir  Gelation  strengths  allows  the  aerodynamic  characteristics  to  be  found. 
(See  refs.  14  and  15  for  other  vortex-lattice-representation  developments.) 
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Determination  of  "Best"  Aeronautical  Results  for  the  Theoretical  Methods 

An  analytical  method  that  provides  a numerical  solution  from  information  at  only  a 
few  places  or  that  uses  integration  procedures  which  can  be  carried  out  over  a range  of 
grid  sizes  must  have  either  preferred  places  for  information  to  be  supplied  or  a preferred 
grid  size  for  a particular  wing.  This  section  describes  four  methods  which  may  be  used 
to  determine  when  the  "best"  answers  are  to  be  expected  for  a numerical  solution  to  the 
subsonic  lifting-surface  problem.  The  four  methods  to  be  used  herein  are: 

(1)  The  "downwash-fit"  method  uses  the  results  of  the  numerical  solution  to  com- 
pute the  downwash  all  along  the  chord,  including  the  control  points;  these  computations 
are  then  compared  with  the  original  downwash  as  specified  in  the  problem  statement. 

(2)  The  "correct  leading- edge -thrust"  method  is  one  in  which  the  thrust  computed 
by  the  far -field  theory  is  compared  with  the  thrust  developed  in  the  near  field  by  making 
use  of  the  section  pressure  loadings. 

(3)  The  "converged-aerodynamic -center"  method  consists  in  examining  the 
aerodynamic-center  variation  with  different  sets  of  either  stations  or  grid  sizes  to  deter- 
mine where  convergence  takes  place. 

(4)  The  "converged  Cl^"  method  examines  the  lift-curve-slope  variation  with  dif- 
ferent sets  of  either  stations  or  grid  sizes  to  determine  where  convergence  takes  place. 

Downwash-fit  method.-  In  figure  11  can  be  seen  the  relationship  between  the  chord- 
wise  pressure  loading,  the  downwash,  and  the  mean  camber  line  required  for  both  typical 
two-dimensional  (2-D)  and  three-dimensional  (3-D)  results.  At  the  top  of  figure  11  are 
the  results  for  a two-dimensional  flat  plate  at  angle  of  attack,  in  the  middle  are  those  of 
a two-dimensional  cambered  wing  at  a = 0 and  at  the  bottom  are  those  for  a flat  three- 
dimensional  wing  at  angle  of  attack.  The  three-dimensional-wing  results  show  that  the 
wing  has  pressure  loadings  made  up  of  both  flat-plate  results  and  induced-camber  loadings. 

The  downwash-fit  test  is  illustrated  in  the  second  plot  at  the  bottom  of  figure  11.  It 
can  be  seen  that  the  original  downwash  (solid  line)  is  constant  along  the  chord  (corre- 
sponding to  a wing  at  angle  of  attack)  whereas  two  numerical  solutions  result  in  downwash 
distributions  which  oscillate  about  the  original  curve.  The  short-dash-line  results  might 
come  from  a least-squares  solution;  whereas  the  line  with  crossmarks  might  result  from 
an  even  determined  solution  such  as  the  modified  Multhopp  (ref.  11). 

Correct  leading-edge-thrust  method.-  The  Munk  stagger  theorem  leads  to 

r l 

Cq  ^ = A J ya j dr7  (96) 

In  addition,  resolving  the  aerodynamic  force  (fig.  12)  into  components  and  assuming  small 
angles  of  attack  gives 
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(97) 


CD,ii  = CL“  " CT 

These  two  results  should  be  the  same  if  the  distributed  thrust  is  correctly  predicted. 

Since  the  induced  drag  or  thrust  is  the  most  sensitive  of  the  aerodynamic  characteristics, 
a comparison  of  these  two  results  is  a good  check  on  the  chordwise  loading  distribution. 

The  modified  Multhopp  method  has  used  this  procedure  to  determine  the  validity  of  its 
answers.  A typical  pattern  of  stations  where  information  is  to  be  supplied  for  the  modi- 
fied Multhopp  method  is  shown  for  a general  wing  in  figure  13  for  m = 7 and  N = 3. 
Induced  drag  results  obtained  by  using  many  different  patterns  for  an  A = 7 rectangular 
wing  are  shown  in  figure  14.  From  figure  14  it  can  be  seen  that  for  N = 2,  m = 13  and 
for  N = 4,  m = 39  (filled  symbols)  the  two  induced  drag  results  are  the  same.  Hence 
either  pattern  should  give  equally  good  results.  However,  the  figure  does  show  that  for 
increasing  the  number  of  chordwise  stations  at  a given  number  of  spanwise  stations  the 
results  do  not  approach  those  of  the  filled  symbol,  instead  they  move  farther  away.  Thus, 
care  must  be  used  in  selecting  the  number  and  location  of  control  points  so  that  a proper 
balance  or  proportion  is  achieved  over  the  planform. 

Converged-aerodynamic-center  method.-  At  the  top  of  figure  15  the  variation  of  the 
aerodynamic  center  for  the  A = 7 rectangular  wing  is  shown  for  different  patterns  for 
both  the  modified  Multhopp  and  the  vortex-lattice  methods.  It  can  be  seen  that  the  patterns 
which  gave  good  induced  drag  agreement  (filled  symbols)  lie  on  what  appears  to  be  the 
converged-aerodynamic-center  results.  Note  that  the  result  from  the  vortex-lattice 
scheme  showed  no  variation  with  number  of  spanwise  panels  and  is  slightly  aft  of  the 
converged  modified  Multhopp  results. 

Converged-C]^  method.-  At  the  bottom  of  figure  15  the  variation  of  the  lift-curve 

slope  for  the  A = 7 rectangular  wing  is  shown  for  different  patterns  for  both  the  modi- 
fied Multhopp  and  vortex-lattice  methods.  Here,  too,  it  can  be  seen  that  the  patterns  which 
gave  good  induced  drag  agreement  (filled  symbols)  lie  on  the  converged-lift-curve-slope 
results.  Note  that  the  vortex-lattice  results  are  sensitive  to  the  number  of  spanwise 
panels  and  its  lift-curve  slope  tends  to  converge  to  a slightly  higher  value  than  the  modi- 
fied Multhopp  results. 


Comparison  of  Analytical  Methods  With 
Each  Other  and  Experiment 

After  methods  have  been  employed  to  indicate  when  best  agreement  of  results  can  be 
expected  from  the  numerical  solutions,  the  "best"  answers  that  can  be  obtained  from  dif- 
ferent methods  will  be  compared  with  each  other  and  with  experiment  to  determine  which 
numerical  solution  to  select  in  developing  the  TaI  matrix.  The  following  aerodynamic 
characteristics  of  several  wings  are  selected  for  use  in  the  comparison  process: 
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(1)  Lifting  pressures 

(2)  Span  loadings 

(3)  Overall  lift  coefficient 

(4)  Aerodynamic  center 

(5)  Section  lift-curve  and  moment-curve  slopes  and  some  of  the  preceding  aero- 

dynamic characteristics  as  a function  of  sweepback. 

Lifting  pressures.-  Comparisons  are  presented  in  figure  16  of  lifting-pressure 
coefficient  on  a modified  delta  wing  as  obtained  by  using  the  modified  Multhopp,  vortex- 
lattice,  and  subsonic  kernel-function  solutions  and  in  figure  17(a)  on  a variable -sweep 
wing  by  using  the  modified  Multhopp  method  and  experiment.  In  figure  16  the  subsonic 
kernel  function  (wing  alone)  and  the  vortex  lattice  (both  wing  alone  and  with  fuselage  and 
tail)  agreed  well  over  most  of  the  span  except  near  the  tip  where  the  subsonic  kernel- 
function  results  indicated  that  a negative  lift  was  generated.  The  Multhopp  results  agreed 
well  over  the  rear  50  percent  of  the  chord  but  disagreed  over  the  forward  portion  of  the 
chord.  The  effect  of  fuselage  and  tail  on  the  vortex-lattice  results  reduced  the  lifting 
pressure  everywhere  by  a small  to  moderate  amount. 

Figure  17(b)  shows  that  the  modified  Multhopp  does  predict  well  the  experimental 
lifting-pressure  distribution  across  the  wing. 

Span  loading.-  In  figure  17(a)  theoretical  span  loadings  from  the  vortex-lattice  and 
modified  Multhopp  methods  are  compared  with  experiment  and  the  modified  Multhopp 
methods  seem  to  give  slightly  better  agreement  with  experiment  than  the  vortex-lattice 
method. 

Overall  lift  coefficient  and  aerodynamic  center.-  In  figure  17(a)  it  can  be  seen  that 
whereas  there  is  no  appreciable  difference  between  the  two  theoretical  Cj^  results  that 
the  vortex-lattice  aerodynamic -center  result  is  closer  to  experiment  than  that  of  the 
modified  Multhopp. 

Section  lift-curve  and  moment-curve  slope.-  In  figure  17(c)  the  modified  Multhopp 
method  is  seen  to  predict  reasonably  well  the  section  lift-curve  and  moment-curve  slopes 
found  experimentally. 

Aerodynamic  characteristics  as  a function  of  sweepback.-  Figure  18  shows  a com- 
parison between  the  modified  Multhopp  and  vortex-lattice  methods  and  experimental  values 
°f  CLq,  and  aerodynamic  center  at  different  sweep  angles.  Whereas,  there  is  no  appre- 
ciable difference  in  Cl^  prediction  given  by  either  method,  both  are  about  10  percent 
higher  than  experiment.  However,  for  the  aerodynamic  center  we  see  that  the  vortex- 
lattice  method  gives  better  agreement  with  experiment  than  does  the  modified  Multhopp 
method. 
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Summary  Comments  on  Part  III 

The  Multhopp  method  has  been  shown  to  give  generally  good  agreement  with  experi- 
mental section  data  and  yet  to  result  in  an  aerodynamic-center  location  not  in  as  good 
agreement  with  experiment  as  that  found  from  the  vortex-lattice  method.  The  vortex- 
lattice  method  tended  to  give  good  agreement  with  the  subsonic  kernel -function  method 
except  near  the  wing  tip  where  the  kernel-function  results  appeared  incorrect. 

Both  the  subsonic  kernel-function  and  vortex-lattice  methods  can  be  used  to  predict 
the  aerodynamic  characteristics  of  arbitrary  as  well  as  multiple  lifting  surfaces.  The 
subsonic  kernel  function  gives  continuous  pressure  distributions,  whereas  the  vortex- 
lattice  representation  gives  rise  to  discrete  (bar-graph  type)  loadings  or  average  pres- 
sures. In  addition,  the  subsonic  kernel  function  handles  the  edge  conditions  exactly, 
whereas  the  vortex-lattice  method  handles  them  only  approximately. 

Nevertheless,  the  lattice  method  does  generally  give  good  results  both  locally  and 
overall.  So,  in  light  of  the  previous  discussion  and  personal  experience,  it  was  decided 
to  use  the  vortex-lattice  method  to  determine  the  aerodynamic  influence  coefficient. 
Before  this  determination  was  possible,  however,  it  was  necessary  to  know  the  relation- 
ship between  {r^},  {ACp} , [F^n]  and  [a]  if  the  concepts  previously  developed 
were  to  be  used.  This  analysis  is  made  in  the  following  manner: 

Since 


= ACn  - - MiA 

q ~y  u 

and 

(87) 

r=-f4lyU)d£ 

(88) 

or 

' rln 

r„  = -c  c y(£)  d(D  = -<=rav(£n>y)A(|) 

sn-1 

J c 

(98) 

and 

ACp(xn,T?)ay  ~ c A(?/r.)  (tt  ) 

(99) 

and  from  equations  (41)  and  (95) 

1 (-^)“[A]<:iCp)'[Fw,n]g;} 

(100) 
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If  the  {ACp}  are  taken  to  be  average  values  rather  than  to  be  mode  shapes,  then  an 
equivalence  results: 


Hence 


(101) 


(102) 


The  actual  evaluation  can  be  done,  therefore,  in  terms  of  , or  this  matrix  can 

become  our  new  [aJ  matrix.  It  is  used  by  rewriting  equation  (48)  as 


(103) 


IV  - STRUCTURAL  ANALYSES 


Some  of  the  structural  analyses  currently  employed  to  develop  structural  influence- 
coefficient  matrices  are  slender-beam,  plate  (and  shell),  and  finite-element  methods. 
Each  of  these  methods  has  its  applicability  both  to  configuration  shape  and  to  the  time  at 
which  it  is  employed  in  the  design  cycle.  The  slender-beam  analysis  is  usually  applied 
at  the  preliminary  design  stage  to  wings  which  have  a beamlike  structure.  The  plate 
method  is  used  for  wings  which  do  not  have  an  elastic  axis  that  is  essentially  or  piece- 
wise  straight,  but  have  instead  sets  of  node  lines  associated  with  each  fundamental  mode 
due  to  both  bending  and  torsional  loadings.  This  method  is  applied  to  delta  and  delta-like 
wings  of  low  aspect  ratio  in  the  preliminary  design  cycle.  The  finite-element  method  is 
most  often  used  in  the  final  design  cycle  and  incorporates  the  stiffness  effects  of  the  indi- 
vidual pieces  such  as  cover  plates,  ribs,  webs,  and  so  forth. 


Slender -Beam  Method 


From  figure  19  it  can  be  seen  that  a unit  upward  force  applied  at  some  point 
on  a wing  with  an  elastic  axis  is  resolvable  into  a unit  upward  force  perpendicular  to  and 
a coupled  force  along  the  elastic  axis.  Each  of  these  forces  produces  a streamwise  change 
in  the  slope  at  point  (xj,yj).  The  slope  change  which  occurs  at  point  (xj,y^)  due  to  the 
upward  bending  of  the  elastic  axis  is  represented  by  a vector  perpendicular  to  the  elastic 
axis  and  can  be  determined  from  the  basic  differential  equation  of  a beam,  namely, 

deB(x>y)  M 
dA  El 


(104) 
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by  integrating  along  the  elastic  axis.  Multiplying  this  result  by  sin  Aea  yields  the 
streamwise  slope  component  which  is  what  we  need. 


The  slope  change  at  point  (Xj,y^  which  results  from  the  couple  (or  torque)  is  repre- 
sented by  a vector  parallel  to  the  elastic  axis  and  can  be  determined  from  a basic  differ- 
ential equation,  namely, 

dflT(x>y)  _ T 
dX  GJ 


(105) 


by  integrating  along  the  elastic  axis.  Multiplying  this  result  by  cos  Aea  yields  the 
streamwise  slope  component  which  is  that  needed.  Putting  this  together  leads  to: 


For  loading  point  ahead  of  the  elastic  axis: 


Sij  = s(xi,yi;£j,f?j) = < 


rVsin  Aea(x7?  - t)  cos  Aead\ 

Jo  \ El  GJ  / 

r^wfsin  Aea(x^  - x)  cos  Aead\^_ 
Jq  \ El  GJ  / 


For  loading  point  behind  the  elastic  axis: 

r*  

rVsin  Aea(x^  - x)  cos  Aead\- 
Jq  \ El  GJ  j 

sin  Aea(^77  ~ *•)  | cos  '^ea<A(^~ 
"J0  \ El  + GJ  / 


Sij  = S(xi,yi;|j,77j)=< 


(|Xy|  = 

(NMM) 


) (106a) 


J 


(I  Xyl  =IM) 

(|  Xy|  > | XV[j 


) (106b) 


where 

Xy  = sin  Aea(x0  - Xi)  + cos  Aea(y0  - y4)  (107) 

X-q  = sin  Aea(x0  - + cos  Aea(yo  “ ^j)  (108) 


a = pi  - 5j)2  ♦(ij  - n)2  <109> 

^1  = xo  - ^rj  sin  Aea  (n°) 

Vi  = y0  - cos  Aea  C111) 

and  xQ,y0  is  defined  in  figure  19.  A positive  slope  change  is  a positive  angle -of- attack 
change.  (See  ref.  1,  pp,  43  to  49  for  a similar  development.) 
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Plate  Methods 


The  structural  slope  matrix  for  wings  which  behave  like  plates  can  be  solved  for  by 
several  different  procedures.  Two  of  these  procedures  are  (1)  finding  the  mode  shape 
and  frequencies  and  using  them  in  conjunction  with  a generalized  force  which  results  from 
a unit  load  and  finding  the  sum  of  the  mode  shapes  at  each  slope  point  and  (2)  using  the 
principle  of  minimum  potential  energy  in  the  manner  of  Rayleigh -Ritz.  (See  ref.  1,  p.  50.) 

Mode-shape  procedure.-  In  the  mode-shape  procedure,  the  mode  shape  and  fre- 
quencies of  the  plate-like  structure  must  first  be  determined.  One  method  for  determining 
these  is  given  in  reference  16  where  it  begins  with  Lagrange’s  equation  for  the  undamped, 
unforced  system  as  given  below: 

(112> 

dtVV 

where 

L = T (kinetic  energy)  - U (strain  energy)  (113) 

and  q^  are  generalized  coordinates.  Let  the  generalized  coordinates  q^  be  replaced 
by  discrete  vertical  displacements  of  the  plate  from  the  reference  surface  and  the 
differentiation  by  a finite-difference  scheme  and  the  surface  integrations  for  T and  U 
be  performed  by  the  trapezoidal  rule.  This  procedure  leads  to: 


N Oi> + CKlO0  - 0 

(114) 

where  |m^J 

is  the  mass  matrix  and  jjcj  is  a stiffness  matrix.  For 

- iW;t 
z^  = z^e  1 

(115) 

there  results 

[K](ii}+  M(2OK)-0 

(116) 

Then,  solving 

(117) 

2 

yields  the  eigenvectors  (mode  shapes)  and  the  eigenvalues  (frequencies)  oh  . 


Any  arbitrary  deflection  shape  can  be  approximated  by  the  linear  combination  of  a 
complete  set  of  orthogonal  functions  with  appropriate  coefficients.  The  mode  shapes  are 
such  an  orthogonal  set  of  functions.  (See  description  of  solution  to  modal  approach  previ- 
ously presented  in  Dr.  Yates'  report  as  an  example  of  this  procedure.)  However,  although 
a complete  set  may  not  always  be  obtained  when  a modal  analysis  is  performed,  enough 
mode  shapes  are  usually  determined  for  the  present  analysis.  Proceed  by  writing 
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(118) 


where 


i 


(119) 


Use  of  equation  (31)  is  also  needed  with  the  generalized  force  retained,  thusly, 

Mjfyt)  + Wj2Mjqj(t)  = Qj(t)  (120) 

For  the  case  of  no  acceleration  (steady  motion),  then, 


V*) 


Q 


(121) 


If  Qj  is  considered  to  be  the  generalized  force  based  on  a unit  concentrated  load  placed 
at,  say,  the  kth  loading  point,  then  the  set  of  q.(t)  which  are  associated  with  that  loading 
point  in  each  of  the  j modes  can  be  found.  Repeating  this  procedure  for  each  loading 
point  allows  the  deflections  at  each  slope  point  due  to  a unit  load  at  each  of  the  loading 
points  to  be  found  by  making  use  of  equation  (118).  After  the  deflections  are  determined, 
then,  by  differentiating  chordwise  (using  finite  difference  techniques),  the  structural 
slope  matrix  [s]  can  be  formed. 

An  example  of  this  procedure  is  given  in  reference  1 (pp.  94-95)  for  a beam  whose 
mode  shapes  and  frequencies  are  known. 

Rayleigh-Ritz  method.-  A Rayleigh-Ritz  approach  may  be  used  in  conjunction  with 
the  principle  of  minimum  potential  energy  in  the  following  way: 

First,  define  the  Rayleigh-Ritz  approach  as  being  based  upon  the  assumption  that 
the  unknown  displacement  shape  (surface  deflections)  can  be  approximated  by  chosen 
deflection-mode  functions,  each  of  which  satisfies  the  physical  boundary  conditions.  The 
coefficients  of  the  deflection-mode  functions  become  the  unknowns  of  the  problem.  (See 
preceding  discussion.)  For  present  purposes,  the  deflection-mode  functions  are  chosen 
to  be  a power  series  in  the  x-direction  with  the  coefficients  being  functions  of  the 
y-direction. 

N 

r.  — 'S'  (122) 

“ l Ty" 

j=o 

Second,  determine  the  total  system  potential  energy  by  combining  the  strain  energy 
in  the  plate  due  to  internal  deformations  with  the  energy  gained  from  a unit  concentrated 
load  acting  at  a loading  point.  If  each  of  these  functions  is  recognized  to  be  a surface 
integral,  write  the  foregoing  relations  as,  simply, 
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u = u + n 


(123) 


Third,  employing  the  principle  that  the  potential  energy  should  be  a minimum  with 
respect  to  each  <p^( y)  in  order  that  the  plate  may  be  in  equilibrium  yields 


9U 

00j(y) 


= o 


(124) 


This  operation  can  be  applied  for  each  <£j(y)  and  from  this  result,  N simultaneous 
equations  can  be  formed,  and  a solution  for  the  <£j(y)  terms  can  be  made. 

Fourth,  equation  (118)  can  be  used  to  determine  the  deflections,  and  differentiating 
gives  the  slope  at  each  slope  point  due  to  a unit  concentrated  load  at  the  loading  point. 


Fifth,  moving  the  unit  concentrated  load  to  every  loading  point  over  the  wing  and 
repeating  the  second,  third,  and  fourth  steps  yields  the  structural  slope  matrix  M- 

Chordwise  deflection  shapes  constrained  to  be  either  linear  or  parabolic  as  well  as 
one  shape  which  was  developed  from  using  all  of  the  structural  mode  shapes  available  can 
be  seen  in  figure  20.  Solutions  for  plates  having  linear  and  parabolic  chordwise  deflection 
shapes  are  given  in  references  17  and  18.  The  effect  of  constraining  the  chord  shape  to  a 
simple  functional  form  is  to  introduce  artificial  stiffness  into  the  system  which  can  lead 
to  poor  results.  This  is  shown  later. 


Finite-Element  Method 

The  determination  of  [j=Q  for  a built-up  structure  can  be  handled  in  a manner  like 
that  described  in  the  Rayleigh-Ritz  method  except  that  instead  of  only  the  strain  energy 
for  a plate  being  used,  the  strain  energies  for  cover  plates,  spars,  ribs,  etc.,  are  also 
included.  (See  fig.  21  for  a sketch  of  a built-up  wing  structure.)  Solutions  for  <£j(y)  are 
given  in  reference  19  for  linear  and  parabolic  chordwise  camber  deflection  shapes. 

Example 

Applying  plate  theory  to  the  wing  shown  in  figure  22  and  allowing  the  chordwise 
deflection  shapes  to  take  on  the  three  forms  described  previously  permits  determination 
of  three  different  structural  slope  matrices.  When  each  of  these  three  representatives 
are  used  in  the  force-slope  method  with  the  same  aerodynamic  influence  coefficient 
matrix,  the  pressure-coefficient  results  (fig.  22),  the  flexible-to-rigid  Cl^  results 
(fig.  5),  and  the  movement  of  the  aerodynamic  center  on  the  flexible  wing  (fig.  4)  can  be 
determined.  These  data  show  how  the  artificial  stiffening,  mentioned  earlier,  leads  to  a 
loss  of  accuracy  in  the  results  obtained,  and  gives  answers  which  appear  to  be  at  least 
quantitatively  as  initially  expected. 
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Summary  Remarks  on  Part  IV 


Three  methods  of  analysis,  slender  beam,  plate,  and  finite  element,  have  been  out- 
lined and  some  details  given  concerning  their  use  in  developing  a structural  slope  matrix. 
Plate  theory  has  been  applied  to  a sample  wing  and  the  effects  on  accuracy  in  the  form  of 
constraining  the  chordwise  deflection  shape  have  been  shown. 
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Figure  3.-  Torsional  divergence.  M =0-9- 
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MEAN  CAMBER  LINE 


SECTION  A-A 


WING  MEAN  CAMBER  LINE  APPROXIMATED  BY  PROJECTING  THE  SURFACE 
SLOPES  TO  CORRESPONDING  POINTS  IN  THE  X-Y  PLANE. 


Figure  9- - Coordinate  system. 


SIX  CHORDWISE 
STATIONS  ILLUSTRATED, 
EQUALLY  SPACED 
ALONG  THE  LOCAL 
CHORD.  THE  LOAD  POINT 
IS  AT  THE  PANEL  c/4 
AND  THE  DOWNWASH  POINT 
IS  AT  THE  PANEL  3c/4 
POINT. 


Figure  10.-  Paneling  on  a wing. 


421 


Figure  12.-  Resolution  of  aerodynamic- 
force  coefficient  into  components. 
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Figure  13.-  Typical  control  point  pattern  with 
Multhopp  method. 
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m on  aerodynamic  characteristics . 


(a)  Spanwise  loading. 

Figure  17.-  Loading  and  moment  distributions  predicted  by  the  modified 
Multhopp  method  and  compared  with  experiment  for  a variable  sweep 
planform  of  A = ^.303  at  M = 0.23. 
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Figure  20.-  Chordwise  results  from  structural  constraints. 


Figure  21.-  Finite  element  representation. 
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Figure  22.-  Continued. 
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Visure  22.-  Continued. 
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Figure  22.-  Concluded. 


7.  RESPONSE  OF  FLEXIBLE  AIRPLANES  TO  ATMOSPHERIC  TURBULENCE 

By  Kermit  G.  Pratt 
Langley  Research  Center 

ABSTRACT 

Current  random-process-theory  methods  for  the  estimation  of  the  theoretical  aver- 
age frequency  of  exceeding  peak  responses  (particularly  loads)  of  various  levels  are 
described,  and  calculated  results  are  compared  with  results  from  flight  measurements. 
Contents  include  (1)  the  statistical  characteristics  of  the  airplane  responses  and  of  the 
turbulence  velocities,  (2)  the  relationship  of  these  characteristics  in  terms  of  power  spec- 
tral density  (PSD)  functions  and  frequency  responses  to  a sinusoidal  gust  field  of  various 
wavelengths,  (3)  the  relation  of  PSD  functions  to  random  time  functions  and  to  statistical 
parameters,  (4)  methods  of  calculating  frequency  responses  and  aerodynamic  forces  due 
to  gusts,  and  (5)  the  synthesis  of  the  responses  experienced  during  routine  flight 
operations. 


INTRODUCTION 

From  the  first  days  of  aviation,  airplane  pilots  and  passengers  have  been  jostled 
and  shaken,  and  the  airplane  structures  have  been  loaded  by  frequent  disturbances  during 
flight.  Early  airplane  travelers  spoke  of  "bumps"  caused  by  "air  pockets,”  but  people 
with  technical  backgrounds  were  aware  that  the  disturbances  felt  were  varying  accelera- 
tions of  the  airplane  in  response  to  the  turbulent  motion  of  the  atmosphere. 

Turbulence  is  caused  principally  by  wind  shears  and  by  convective  action  as  in 
cumulus  clouds  and  thunderstorms.  The  turbulent  air  moves  with  varying  speeds  and 
directions;  the  velocity  fluctuations  that  noticeably  disturb  an  airplane  are  called  gusts. 

In  fact,  gusts  and  turbulence  are  often  used  synonymously. 

The  fundamental  link  between  the  airplane  disturbances  or  responses  and  the  turbu- 
lence velocities  is  the  change  in  angle  of  attack  (or  sideslip)  induced  by  the  turbulence 
velocity  in  conjunction  with  the  forward  speed  of  the  airplane.  This  relationship  is  indi- 
cated in  figure  1 in  which  an  airplane,  which  is  shown  flying  from  right  to  left,  encounters 
a portion  of  turbulence  with  a vertical  velocity  component  labeled  Wg.  The  vector  dia- 
gram describes  the  angle  of  attack  on  the  lifting  surface  Qg,  which  results  from  the  com- 
bination of  wg  and  the  flight  velocity  V.  This  angle  of  attack,  of  course,  produces  an 
aerodynamic  force,  called  a gust  force,  which  in  turn  causes  the  airplane  to  accelerate. 
Concurrently,  there  is  an  angle  of  attack  due  to  the  disturbed  motion  of  the  airplane,  and 
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consequently  another  aerodynamic  force  exists  that  modifies  the  airplane  acceleration. 
These  relations  will  be  examined  in  much  more  detail  subsequently. 

The  airplane  responses  to  turbulence  generally  adversely  affect  the  airworthiness 
of  the  airplane  and  have  been  considered  in  design  throughout  almost  the  entire  history  of 
aviation.  The  evolution  of  the  airplane  with  regard  to  increased  speed,  size,  weight,  and 
improved  structural  efficiency  with  attendant  increase  in  flexibility  has  aggravated  the 
adverse  effects  and  at  the  same  time  has  increased  the  complexity  of  design  procedures. 

SYMBOLS 


Az 

an 

B,C 

d 

di 

d0 

di 

d2 

El 

e 

F 

f 

F(t),f(t) 


gust  sensitivity  factor  for  bending  moment  and  load  factor,  respectively 

gust  sensitivity  factor  for  any  response  quantity  z,  az/crw 

/ S 

normal  acceleration 
constants 
distance  of  flight 

distance  of  flight  in  turbulence  of  intensity  Oj(i  = I,  n,  in) 

distance  of  flight  in  smooth  air 

total  distance  of  flight 

flight  distance  in  nonstorm  conditions 

flight  distance  in  storm  conditions 

structural  stiffness 

base  of  natural  system  of  logarithms,  2.71828 
force 

frequency  (1  cycle  per  second  = 1 hertz) 
random  time  functions 
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f(t  + T) 

*1  o 

Gz(t) 

Gz(t  - t) 
g 

H(f),H(a>) 


h 

hz( ) 


random  time  function  displaced  by  time  lag 
Fourier  transform 
response  to  step  gust 

response  to  step  gust  displaced  by  time  lag 
acceleration  of  gravity,  32.2  ft/sec^  (9.81  m/sec2) 

frequency  response  functions,  with  accompanying  subscript  denoting  specific 
type  of  response 

pressure  altitude 

( dGz 

response  to  impulse  gust  for  example,  hz(t)  = — — 


I 

i,j 

K 

k' 

L 

Lg 

Loo 

M 

M 

Mii 

Mij 


aerodynamic  influence  function 

mode  designations 

kernel  function  in  integral  equation 

wave  number  or  reduced  frequency,  cuL/V 

scale  of  turbulence;  lift  force 

lift  due  to  gust  velocity 

steady- state  lift 

Mach  number 

bending  moment 

generalized  mass  of  ith  mode 

generalized  mass  of  ith  and  jth  modes 
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m mass  per  unit  area;  mean  value;  particular  "box"  in  Mach  box  method 

N average  frequency  of  exceeding  response  peak  of  a given  level 

N(z)  average  frequency  of  exceeding  response  peak  of  level  z 

Nq  average  frequency  of  crossing  zero  level  with  positive  slope 

N'p(z)  N(z)  for  total  design  mission 

n load  factor;  number  of  modes;  number  of  "boxes”  into  which  the  wing  is 

divided  in  Mach  box  method 

Pj  probability  of  experiencing  "nonstorm"  turbulence 

P2  probability  of  experiencing  "storm"  turbulence 

p pressure  on  lifting  surface 

Pg  p due  to  gust  field 

Pi»Pj  P due  to  motion  in  ith  mode  and  jth  mode,  respectively 

P>Pg>Pi>Pj  amplitude  of  sinusoidal  variation  in  p,  pg,  pj,  and  pj,  respectively 

p(z)  probability  density  of  quantity  z 

p(a)>p(°i)  continuous  and  discrete  probability  densities,  respectively 

Qjg  generalized  aerodynamic  force  on  mode  i due  to  gust 

Qij  generalized  aerodynamic  force  on  mode  i due  to  motion  in  mode  j 

q dynamic  pressure,  £ 

z 

R(t)  autocorrelation  function 

RWg(T)>Rz(T}  autocorrelation  function  of  Wg  and  z,  respectively 
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s 


area  of  airplane  in  XY-plane 


T upper  limit  of  time  integration 

t time 

Ug,vg,Wg  turbulence  velocity  components  in  direction  of  flight,  in  spanwise  direction, 
and  in  vertical  direction,  respectively 

V flight  velocity;  airspeed 

Ve  equivalent  airspeed,  V ]jP/P0 

Vmin  stalling  speed 

W airplane  weight 

Wg  amplitude  of  sinusoidal  variation  in  gust  downwash  wg 

wj  downwash  due  to  motion  in  jth  mode 

X,Y  airplane  axes 

x distance  from  airplane  reference  point  in  fore  and  aft  direction 

x distance  of  airplane  reference  point  from  earth-fixed  reference  point  in 

direction  of  flight 

x distance  of  point  on  airplane  from  earth-fixed  reference  point  in  direction 

of  flight 

y distance  along  surface  span 

y wing  semispan  station,  measured  in  fractions  of  a semispan 

z response  quantity;  vertical  distance  from  undisturbed  flight  path 

z^,zj  generalized  coordinate  for  ith  mode  and  jth  mode,  respectively 
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for  sinusoidal  gust  velocity 


a angle  of  attack 

a^r  a due  to  vertical  gust  velocity  only 

£ ratio  of  damping  to  critical  damping 

?I,?n  first-mode  damping  ratio  for  conditions  I and  n,  respectively,  in  figure  24 
X gust  wavelength 

£ ,r\  dummy  variables 

!j(x,y),|j(x,y)  shape  of  ith  mode  of  motion  and  jth  mode  of  motion,  respectively 
p mass  density  of  air 

P0  value  of  p at  sea  level 

a root-mean-square  (rms)  value 


ac  i rms  intensity  of  composite  nonstorm  turbulence  velocity 

ac  2 rms  intensity  of  composite  storm  turbulence  velocity 

<7f  rms  value  of  function  f(t) 

o>p  total  rms  value 


°Ug>0Vg>°we;»az  rms  value  °f  ug>  vg»  wg>  an(i  response  z,  respectively 


truncated  rms  value  of  turbulence  velocity  obtained  from  power  spectrum  of 

measured  turbulence  fa,  „ , a,  , and  a,  are  truncated  rms  values 

\ A’ug  A»ug  x>wg 

for  longitudinal,  lateral,  and  vertical  components,  respectively^ 


time  lag  in  autocorrelation  function 
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<3>(f),$(u>)  power  spectral  density  function  (power  spectrum)  for  argument  f and  u>, 
respectively,  with  accompanying  subscript  indicating  specific  type  of 
spectrum 

KJ 

$(k’)  power  spectrum  for  argument  k' 

$(S2)  power  spectrum  for  argument 

4>(w)  Fourier  transform  of  R(r) 

0W  (a>)  Fourier  transform  of  Rw_(t) 

6 © 

4>z{u))  Fourier  transform  of  Rz(t) 

O spatial  circular  frequency,  o>/V 

a > circular  frequency 

a>j  natural  circular  frequency  of  ith  vibration  mode 

u>n  natural  circular  frequency 

ADVERSE  RESPONSES 

Some  current  problems  associated  with  turbulence  responses  are  discussed  in  this 
section. 


Loads  and  Stresses 

Single  extreme  load.-  A single  extreme  load  may  lead  to  failure  of  some  vital  part 
of  the  airframe  structure.  It  is  often  critical  for  airplanes  having  a low  design  maneuver 
load  factor  such  as  airline  transports.  For  these  airplanes,  the  wing  structure  often 
must  be  designed  for  response  to  the  vertical  turbulence  velocity  component.  The  verti- 
cal tail  structure  is  often  designed  for  response  to  the  lateral  turbulence  velocity.  Criti- 
cal load  conditions  are  associated  with  high  turbulence  intensities.  The  material  herein 
is  concerned  almost  exclusively  with  this  particular  adverse  response. 

Fatigue  damage.-  Cracking  of  structural  elements  is  a cumulative  effect  of  all 
stress  variations  - small  variations  as  well  as  large.  No  rational  approach  to  damage 
prediction  exists.  Control  is  based  largely  on  empirical  procedures  and  inspection. 
Research  toward  a better  understanding  of  the  problem  is  continuing. 
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Motions  and  Deformations 


Loss  of  control  and  upsets.-  A number  of  accidents  and  near-accidents  believed  to 
have  been  caused  by  very  high  intensity  turbulence  have  been  experienced.  In  some  cases 
the  airplane  dived  into  the  ground;  in  others,  the  structure  may  have  been  overloaded  by 
the  maneuver  resulting  from  an  attempt  to  recover. 

Excessive  motion.-  Large  angular  or  rectilinear  displacements  are  detrimental  to 
precision  flying  operations  such  as  aerial  photography,  refueling,  and  landing. 

Physiological  effects  on  pilots  and  passengers.-  Loss  of  human  performance  effec- 
tiveness due  to  excessive  shaking  and  vibration  may  contribute  to  loss  of  control;  the 
pilot  may  be  unable  to  read  instruments  or  move  precisely.  Effects  of  motion  on  the 
passengers  range  from  minor  problems  such  as  spilled  coffee  to  major  injuries  such  as 
serious  contusions  and  broken  bones  if  seat  belts  are  not  used. 

SUBJECT  AREAS  INVOLVED  IN  TURBULENCE  RESPONSE  ANALYSIS 

Because  of  the  many  problems  associated  with  airplane  responses  to  turbulence, 
there  is  a considerable  interest  in  methods  of  predicting  the  responses  and  of  designing 
for  their  effects.  A description  of  some  of  these  methods  is  the  purpose  of  the  present 
paper.  Emphasis  herein  is  placed  on  the  description  of  the  most  modern  methods  of 
estimating  the  responses  to  turbulence  experienced  by  an  airplane  of  a given  type  during 
its  entire  period  of  operation.  Such  information  is  required  to  establish  the  airworthiness 
of  any  particular  airplane  design. 

Turbulence  response  analysis  is  especially  interesting  because  of  the  variety  of 
subjects  that  must  be  considered  in  the  methods  of  analysis  and  synthesis  that  are  applied. 
The  primary  subject  areas  are  the  following: 

(1)  Dynamics  of  flexible  bodies 

(2)  Aerodynamics  of  unsteady  flow 

(3)  Stability  and  automatic  control 

(4)  Loads 

(5)  Structures 

(6)  Statistics 

(7)  Random-process  theory 

(8)  Turbulence  theory 

(9)  Fatigue  of  materials 
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(10)  Flight  operations  and  missions 

(11)  Flight  testing  and  instrumentation 

(12)  Mathematical  techniques  (Laplace  and  Fourier  transforms;  numerical  methods) 

With  a few  exceptions  each  of  these  subjects  is  a major  discipline  in  itself.  The 
structural-dynamics  specialist  working  on  turbulence  response  problems  need  not  be  an 
expert  in  each  of  these  disciplines,  but  he  must  know  how  to  combine  pertinent  informa- 
tion from  each  of  them  and  he  must  have  contacts  with  authorities  in  these  subject  areas 
in  order  to  obtain  this  information. 

For  the  purpose  of  following  the  material  in  this  paper,  it  is  helpful  to  have  some 
knowledge  of  the  dynamics  of  flexible  bodies  (Lagrange's  equation),  aerodynamics  of 
unsteady  flow,  structures,  statistics,  and  mathematical  techniques  including  Laplace  and 
Fourier  transforms.  Knowledge  of  the  remaining  subjects  is  not  a prerequisite. 

Random-process  theory  is  a fundamental  part  of  the  determination  of  turbulence 
response  and  is  a large  subject  in  itself.  The  elements  of  random-process  theory  are 
described  herein.  However,  the  presentation  covers  only  the  bare  essentials  and  could 
lead  to  an  oversimplified  impression.  The  reader  is  urged,  therefore,  to  study  the 
appropriate  reference  literature  in  order  to  pursue  the  subject  further. 

The  theory  of  turbulence  is  also  a large  field  of  study.  Little  more  than  a mention 
of  its  existence  and  a presentation  of  results  that  are  essential  to  the  present  subject  is 
included  herein. 

CHARACTERISTICS  OF  AIRPLANE  RESPONSES  TO  TURBULENCE 

In  describing  an  analytical  framework  which  relates  the  airplane  responses  (such 
as  acceleration,  stress,  and  attitude  angle)  to  the  atmospheric  turbulence,  the  character- 
istics of  the  airplane  responses  are  examined  first.  The  particular  response  to  be  con- 
sidered is  the  normal  or  vertical  acceleration  at  the  airplane  center  of  gravity.  This 
response  is  chosen  as  an  example  because  for  many  airplanes  that  are  relatively  stiff, 
the  load  or  stress  in  the  structure  is  essentially  proportional  to  the  normal  acceleration 
at  the  center  of  gravity.  Relatively  stiff  means  that  the  frequency  of  the  lowest  natural 
vibration  mode  of  the  structure  is  more  than  five  times  the  frequency  of  the  short-period 
longitudinal  stability  mode. 

Some  characteristics  of  acceleration  at  the  airplane  center  of  gravity  for  a repre- 
sentative routine  airline  flight  are  shown  in  figure  2.  This  figure  illustrates  a record 
from  a VGH  recorder;  a VGH  recorder  provides  measurements  of  equivalent  airspeed 
Ve,  pressure  altitude  h,  and  normal  acceleration  an  in  gravitational  units  g (all  as 
time  functions  or  time  histories).  The  total  record  is  many  hours  long  and  covers  many 
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flights.  The  particular  flight  shown  is  of  about  30  minutes  duration.  The  main  thing  to 
concentrate  on  in  this  figure  is  the  acceleration  response  an  and,  in  particular,  those 
sections  labeled  gust  acceleration.  These  disturbances  arise  from  flight  in  turbulence, 
and  the  principal  characteristic  to  be  noted  is  that  the  gust  accelerations  are  intermittent 
and  vary  in  intensity. 

A portion  of  a gust-acceleration  time  history  is  shown  in  greater  detail  in  figure  3. 
This  record  includes  the  wing-root  bending  strain  as  well  as  the  normal  acceleration  at 
the  center  of  gravity  (c.g.)  and  was  taken  from  special  flight-test  instrumentation  rather 
than  from  the  VGH  recorder  with  its  relatively  cramped  time  scale.  The  total  record 
time  shown  is  only  15  seconds. 


Statistical  Description 

The  point  of  figure  3 is  that  the  acceleration  and  the  strain  are  both  random  func- 
tions of  time.  The  particular  variation  in  the  future  is  not  known  or  predictable.  Because 
it  is  random,  it  must  be  described  in  terms  of  statistical  parameters  such  as  the  mean 
value,  the  root-mean-square  value,  and  the  probability-density  distribution. 

Because  the  adverse  response  being  considered  is  the  single  extreme  load,  still 
another  statistical  parameter  is  important  — the  average  number  of  times  per  flight  hour 
or  nautical  mile  that  a peak  acceleration  response  is  exceeded.  As  suggested  by  the 
random  time  history  in  figure  3,  one  would  expect  a higher  frequency  of  exceeding  peaks 
of  lower  levels  than  peaks  of  higher  levels.  This  expectation  is  indicated  quantitatively 
in  figure  4. 

The  definition  of  a response  peak  is  indicated  by  the  trace  sketched  as  an  inset  in 
figure  4.  The  log  scale  on  the  ordinate  of  the  main  plot  is  the  average  frequency  per 
flight  n.  mi.  of  exceeding  normal-acceleration  peaks  having  values  indicated  by  the  linear 
scale  on  the  abscissa.  Incremental  acceleration  means  variation  from  a level  flight 
response  of  lg.  The  data  are  for  a fleet  of  two-engine  turboprop  airplanes,  were  read 
from  a number  of  VGH  records,  and  represent  several  thousand  hours  of  flight. 

According  to  this  plot  the  airplane  will  fly  an  average  of  5000  n.  mi.  between  peaks  of  lg 
and  an  average  of  a half  million  n.  mi.  between  peaks  of  2.0g. 

Risk 

The  presentation  in  figure  4 contains  the  important  implication  that  there  may  not 
be  any  practical  upper  limit  of  load  that  may  be  experienced.  Of  course,  common  sense 
says  that  infinite  load  levels  are  not  expected,  but  the  word  practical  means  that  an  ele- 
ment of  risk  in  setting  design  load  levels  must  be  considered.  The  concept  of  accepting 
a definite  risk  of  failure  is  an  unsettling  idea  to  some  people.  However,  these  same 
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people  accept  a certain  risk  of  disaster  every  time  they  get  up  in  the  morning  but  they 
do  not  acknowledge  it. 

In  this  case  the  risk  is  faced  by  choosing  a level  that  is  equal  to  or  lower  than  those 
from  other  sources.  A risk  level  is  chosen  that  results  in  a mean  time  between  critical 
occurrences  that  is  somewhat  greater  than  the  planned  life  of  the  vehicle;  in  other  words, 
the  airplane  would  be  expected  to  be  retired  from  service  for  obsolescence  in  less  time 
than  the  mean  failure  period.  The  risk  can  be  reduced  further  by  utilizing  methods  of 
avoiding  turbulence  by  radar  detection  of  storms  and  by  dispatching  flights  around  them. 

Critical  Loads 

Whether  or  not  the  structure  must  be  designed  for  the  loads  due  to  turbulence 
depends  on  the  type  of  airplane  — that  is,  the  service  it  is  to  provide.  For  example,  a 
military  fighter  or  interceptor  airplane  must  make  abrupt  maneuvers  in  its  missions  and 
consequently  may  be  designed  to  withstand  as  great  a load  factor  as  its  human  pilot  can 
tolerate,  say  6 or  8.  The  maneuver  load  factor  is  usually  very  high  in  comparison  with 
the  load  due  to  turbulence  at  a reasonably  low  risk  level.  The  turbulence  or  gust  loading 
is  then  noncritical  in  this  case.  This  relationship  is  indicated  in  figure  5,  which  is  a V-n 
diagram;  that  is,  load  factor  n is  indicated  by  the  ordinate  and  airspeed  V,  by  the 
abscissa.  The  lowest  speed  or  stalling  speed  is  denoted  Vmin.  The  curved  portion  is 
load  limited  by  stall.  The  top  line  is  the  maneuver  load  level  set  by  the  airplane  usage. 
This  level  may  be  as  high  as  6 or  8 for  a highly  maneuverable  airplane.  Loads  due  to 
turbulence  at  an  acceptably  low  risk  level  would  fall  below  the  maneuver  load  maximum 
level  and  therefore  would  not  be  critical. 

On  the  other  hand,  the  maneuver  load  factor  for  transport  airplanes,  because  they 
need  not  maneuver  abruptly  (in  fact,  passengers  would  object  to  it),  is  much  lower  than 
for  acrobatic-type  airplanes;  a typical  maneuver  load  factor  for  transport  airplanes  is 
2.5.  For  many  of  these  transport  airplanes  the  load  due  to  turbulence  at  an  acceptable 
risk  level  is  greater  than  the  maneuver  load  factor;  the  airplane  is  called  "gust  critical" 
and  extra  material  must  be  added  to  the  structure  to  withstand  the  gust  loads. 

Some  oversimplification  was  made  in  presenting  the  V-n  diagram.  It  is  precisely 
appropriate  only  for  an  airplane  that  is  essentially  rigid  — that  is,  whose  structure  is 
characterized  by  weakly  excited,  moderately  to  well  damped  elastic  modes  having  fre- 
mipnri pr  nf  at  least  five  to  10  times  the  frequency  of  the  short-period  mode.  Examples 
of  rigid  airplanes  include  most  small  general-aviation  planes  and  small  jet-propelled 
transports.  For  these  airplanes  the  structural  stresses  are  essentially  proportional  to 
the  normal  acceleration  at  the  center  of  gravity,  and  thus  acceleration  at  the  center  of 
gravity  is  a suitable  index  of  load. 
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However,  larger  airplanes  usually  have  readily  excited,  poorly  damped  elastic 
modes,  some  with  natural  frequencies  near  the  frequency  of  the  short-period  mode.  For 
these  airplanes  the  dynamic  deformations  of  the  elastic  modes  create  a dynamic  stress 
increment  that  results  in  increased  loads.  The  stress  responses  of  these  airplanes  must 
be  considered  for  a number  of  locations  on  the  structure.  The  choice  and  number  of  these 
locations  is  largely  determined  by  the  designer's  experience. 

Of  course,  when  an  airplane  design  is  on  the  drawing  board,  initially,  it  is  not  known 
whether  gust  loads  are  critical,  so  engineering  studies  have  to  be  made  to  determine  the 
response  characteristics.  This  determination  amounts  to  predicting  or  synthesizing  the 
exceedance  curve  shown  in  figure  4.  A description  of  the  development  of  a method  of 
synthesis  is  the  ultimate  objective  of  the  present  study. 

CHARACTERISTICS  OF  TURBULENCE 

The  source  of  the  responses  — atmospheric  turbulence  — is  described  in  this  sec- 
tion. Some  sample  time  histories  of  the  vertical  component  of  turbulence  velocity  mea- 
sured by  an  instrumented  airplane  for  several  different  atmospheric  conditions  are  shown 
in  figure  6.  The  sample  time  period  is  a little  less  than  2 minutes. 

As  might  be  expected  from  the  response  characteristics,  the  time  histories  of  tur- 
bulence velocities  are  random  functions.  It  is  obvious  that  intensity  in  terms  of  root- 
mean-square  value  a is  subject  to  large  variations.  It  is  also  obvious  that  some  wild 
variations  in  vertical  velocity  are  encountered  in  a thunderstorm,  as  indicated  by  a maxi- 
mum positive  value  of  over  160  ft/sec  (48.8  m/sec)  and  a maximum  negative  value  of 
more  than  -100  ft/sec  (-30.5  m/sec).  It  should  be  noted,  however,  that  this  variation 
takes  place  over  a period  of  some  20  seconds.  The  airplane  has  considerable  time  to 
adjust  to  the  velocity  variation,  and  consequently  the  accompanying  variations  in  acceler- 
ation, though  not  shown,  are  relatively  low  compared  with  those  of  the  turbulence  velocity. 

As  can  be  inferred  from  the  characteristics  of  acceleration  response,  turbulence 
over  whole  flights  is  intermittent  and  variable  in  intensity  and,  in  general,  must  be 
described  in  terms  of  the  probability  density  of  intensity.  Additional  statistical  quanti- 
ties describing  the  characteristics  of  relatively  short  samples  of  turbulence  (say,  from 
15  to  50  n.  mi.  in  length)  are  significant  in  the  calculation  of  airplane  responses  to  tur- 
bulence. These  quantities  are  indicated  in  figure  7 and  are  discussed  next. 

Statistical  Properties  of  Short  Samples  of  Turbulence  Velocities 

Stationarity.-  The  property  of  stationarity  is  illustrated  in  the  upper  left  part  of 
figure  7.  If  the  time  averages  of  a sample  random  time  function  for  a component  of 
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turbulence  experienced  by  an  airplane  are  independent  of  the  starting  time  of  the  sample, 
the  sample  is  regarded  as  stationary.  In  the  example  of  stationarity  in  figure  7,  the 
root-mean-square  value  of  the  sample  starting  at  time  ti  and  ending  at  t2  is  equal  to 
that  starting  at  t2  and  ending  at  t3  and  also  equal  to  that  for  the  total  sample  from  tj 
to  t3. 


Homogeneity.-  Another  statistical  property  (not  illustrated)  is  homogeneity,  which 
is  manifested  as  the  invariance  of  the  time  average  of  any  function  of  a turbulence  veloc- 
ity component  as  measured  during  flight  in  any  direction. 


Isotropy.-  The  property  of  isotropy  is  indicated  in  the  upper  right  part  of  figure  7. 
In  flight  through  turbulence,  isotropy  is  indicated  by  the  time  average  of  any  function  of 
the  velocity  components  (or  their  derivatives)  being  independent  of  the  orientation  of  the 
reference  axes.  The  example  given  in  figure  7 is  the  equality  of  the  root-mean-square 
values  of  the  three  orthogonal  velocity  components  av 


°v^> 


and  a 


■Wg>  «Vg,  a“u  uUg- 

Probability  density.-  The  probability  density  for  turbulence  velocity  components 
has  been  found  empirically  to  be  nearly  Gaussian  or  normal,  as  shown  by  the  familiar 
bell-shaped  curve  at  the  lower  left  in  figure  7. 


Ergodicity.-  Finally,  the  turbulence  is  considered  to  be  an  ergodic  process;  that  is, 
time  and  ensemble  averages  are  taken  to  be  equal.  The  concept  of  ensemble  averages  is 
basic  in  statistical  analysis,  and  an  ensemble  is  illustrated  in  figure  8 by  a series  of 
time-function  samples  of  a stationary  random  process.  The  ensemble  average  is  taken 
at  a particular  instant  of  time,  say  tj,  over  an  infinite  or  at  least  a very  large  number 
of  members  of  the  ensemble.  In  order  to  apply  statistical  theory  to  a single  time  func- 
tion, it  is  necessary  to  invoke  the  property  of  ergodicity;  that  is,  the  time  average  is 
equal  to  the  ensemble  average.  Ergodicity  is  possible  only  if  the  process  is  stationary 
in  time. 


Space  and  Time  Variation 

The  samples  of  turbulence  velocity  have  been  shown  as  time  functions.  The  air- 
plane, of  course,  is  traversing  space  during  flight  and  so,  in  general,  turbulence  must  be 
regarded  as  varying  with  space  at  a given  instant  and  varying  with  time  at  a given  spatial 
location. 

The  significance  of  these  variations  is  indicated  in  the  following  sketch,  in  which 
the  variation  of  the  vertical  component  of  turbulence  along  the  direction  of  flight  at  the 
center  line  of  the  airplane  is  considered: 
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As  far  as  the  airplane  is  concerned,  the  variation  of  turbulence  with  time  is  only  impor- 
tant during  the  time  that  it  takes  the  airplane  to  travel  its  own  length.  If  the  pattern  of 
turbulence  were  to  change  appreciably  during  this  time,  then,  for  example,  the  tail  would 
experience  a somewhat  different  turbulence  velocity  than  the  wing  as  indicated  by  the 
solid  and  dashed  lines  above  the  tail,  and  this  time  effect  would  have  to  be  accounted  for. 

The  time  increment  for  most  airplanes,  however,  is  on  the  order  of  a fraction  of  a 
second,  and  measurements  indicate  that  the  turbulence  pattern  does  not  change  apprecia- 
bly in  that  time.  As  a result,  the  turbulence  velocity  pattern  is  assumed  to  be  frozen  in 
space,  a concept  known  as  Taylor’s  hypothesis.  On  this  basis,  time  as  used  in  the  time 
histories  is  related  to  distance  by  the  speed  of  the  airplane.  However,  Taylor's  hypothesis 
should  be  used  with  care  for  gust  responses  of  V/STOL  airplanes,  particularly  in  the  near- 
hovering  mode  because  the  significant  time  increment  may  then  be  large  enough  for  appre- 
ciable time  changes  in  the  turbulence  to  occur. 

Turbulence  in  short  samples  has  been  found  to  be  essentially  homogeneous,  and 
therefore  with  respect  to  the  axes  of  an  airplane  in  level  flight,  the  turbulence  velocities 
would  be  expected  to  vary  along  the  span  of  the  airplane  as  well  as  along  the  direction  of 
flight.  A model  of  such  a turbulence  field  for  the  vertical  component  is  illustrated  in 
figure  9 by  the  sketch  of  a two-dimensional  gust  field.  This  artist’s  concept  is  somewhat 
misleading  for  two  reasons:  (1)  the  variation  along  the  X-axis  appears  to  be  much  more 

rapid  than  that  along  the  Y-axis  and  (2)  the  size  of  the  airplane  in  comparison  with  the 
wavelengths  of  the  turbulence  is  much  too  large. 

Actually,  for  all  but  the  very  largest  airplanes,  the  variation  of  the  turbulence  over 
the  span  of  the  airplane  is  relatively  small,  and  the  simpler  model  illustrated  in  figure  9 
by  the  upper  sketch  for  a one-dimensional  gust  field  appears  to  be  adequate  for  most 
response  calculations.  Currently  at  Langley  and  elsewhere,  research  is  being  conducted 
on  the  effects  of  the  two-dimensional  model  on  large  airplanes  at  low  altitudes.  However, 
for  the  remainder  of  this  presentation,  the  turbulence  field  will  be  considered  as  the  one- 
dimensional model. 


INPUT-OUTPUT  RELATION 
Random-Process  Theory 

Some  of  the  statistical  properties  of  the  turbulence  and  of  the  airplane  response 
have  been  described.  The  subject  to  be  considered  next  is  how  to  relate  them.  This 
relation  obviously  must  involve  the  dynamic  characteristics  of  the  airplane.  Efforts  to 
obtain  a practicable  general  relation  solely  on  the  basis  of  random  time  functions  have 
not  been  successful.  As  in  the  treatment  of  many  other  problems,  it  has  proven  to  be 
more  expeditious  to  transform  the  problem  into  the  frequency  domain  by  Fourier 
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transformations.  On  this  basis  a powerful  method  for  determining  the  properties  of  the 
responses  of  systems  to  random  disturbances  was  originated  by  Norbert  Wiener  and  con- 
tributed to  by  S.  O.  Rice,  John  W.  Tukey,  and  others  (see  bibliography  of  ref.  1).  This 
method  is  known  as  random-process  theory.  Investigators  who  initially  applied  random- 
process  theory  to  the  response  of  airplanes  to  turbulence  include  Gerhardt  C.  Clementson, 
H.  W.  Liepmann,  and  Harry  Press.  Reports  on  these  and  later  applications  are  also 
listed  in  the  extensive  bibliography  of  reference  1. 

In  its  present  state  of  development,  random-process  theory  provides  a relatively 
simple  relation  between  the  statistics  for  the  responses  of  a linear  system  and  those  for 
the  short  samples  of  turbulence  that  have  been  previously  described  in  terms  of  station- 
arity,  homogeneity,  isotropy,  normality  (Gaussian  probability),  ergodicity,  and  the  one- 
dimensional turbulence  field.  (This  relation  is  not  sufficient  to  describe  the  airplane 
responses  for  extended  flights  in  turbulence  of  intermittent  occurrence  and  variable 
intensity.  However,  a method  of  utilizing  the  relation  for  this  purpose  is  described  in  a 
subsequent  section.)  An  outstanding  feature  of  random -process  theory  is  that  a statisti- 
cal description  of  the  response  to  turbulence  velocities  can  be  deduced  without  actually 
considering  the  random  time  function. 

Power  spectrum.-  A basic  concept  in  random-process  theory  is  a function  of  fre- 
quency 2»(u>)  that  contains  all  the  statistical  information  describing  a Gaussian  process, 
including,  for  example,  N (the  average  frequency  of  exceeding  a response  peak  of  a 
given  level).  The  function  $(w)  is  called  a power  spectral  density  function  or,  in  short, 
a power  spectrum.  The  nature  of  a power  spectrum  is  indicated  by  the  example  in  the 
following  sketch: 


$ 


This  power  spectrum  of  simple  shape  is  an  approximate  white-noise  or  constant- 
amplitude  spectrum  that  arises,  for  example,  from  the  discrete  electron  flow  in  a vacuum 


453 


tube.  White  noise  refers  to  the  equal  contributions  from  all  frequency  increments  Aw 
(at  least  up  to  u>i)  to  the  mean-square  value  which  is  equal  to  the  area  under  the  curve. 
In  mathematical  notation 


a2  = \ $(w)dw  (1) 

J0 

This  equation  illustrates  the  relation  of  the  power  spectrum  to  one  statistical  quantity, 
the  mean-square  value.  The  spectrum,  therefore,  might  more  appropriately  be  called  a 
mean-square  spectrum.  The  term  power  spectrum  is  indicative  of  the  subject  from 
which  it  evolved  - namely,  electrical-circuit  theory. 

Equation  (1)  also  indicates  that  the  power  spectrum  is  a density  function  with 
respect  to  frequency;  that  is,  the  units  are  quantity-squared  per  unit  frequency.  There- 
fore, if  the  frequency  argument  and  its  units  are  changed,  then  the  spectrum  is  function- 
ally changed;  for  example, 


4>(f)  = 27t3>(w) 


(2) 


so  if 


$(w)  = — then 
C + a/ 


*(f)  = 


2ttB 

C + (2irf)2 


A further  indication  of  the  nature  of  a power  spectrum  can  be  obtained  from  the  fol- 
lowing block  diagram  of  an  analog  circuit: 


Aw 


wi 
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The  output  of  the  block  diagram  is  proportional  to  the  value  of  the  power  spectrum 
at  frequency  Variation  of  the  filter  frequency  coj  over  a range  from  zero  to  very 

high  frequencies  would  then  result  in  a function  of  frequency  proportional  to  the  power 
spectrum. 

Relation  of  output  to  input  in  random-process  theory.-  The  power  spectrum  for  a 
random  response  z (that  is,  $z(co))  can  be  expressed  as  the  product  of  a power  spec- 
trum for  an  input  disturbance  (that  is,  <J?j(cu))  and  the  square  of  the  amplitude  of  the 

response  z to  a unit  sinusoidal  input  disturbance  I (that  is,  |Hz(oj)| 2)  over  a range 

of  frequencies  from  zero  to  large  values  for  which  there  is  an  appreciable  response.  In 
equation  form 

2 

= $i(«)|Hz(w)|  (3) 

The  response  Hz(co)  is  commonly  known  as  the  frequency  response  function  and 
the  concept  is  familiar  to  those  interested  in  the  fidelity  of  amplifiers  in  a high-quality 
sound  reproduction  system.  For  those  not  familiar  with  this  concept,  an  example  of  a 
frequency  response  function  from  the  subject  of  mechanical  vibrations  is  presented  in 
figure  10;  |Hz(oj)|  is  the  amplitude  of  the  oscillatory  displacement  of  a mass-spring  - 
dashpot  one-degree-of-freedom  system  due  to  a unit  sinusoidal  applied  force. 

A graphical  illustration  of  the  input-output  relation  for  random  disturbance  is 
shown  in  figure  11.  On  the  left  is  a power  spectrum  of  a random  input  force  - a low- 
pass  white-noise  spectrum.  This  input  power  spectrum  is  multiplied  by  the  square  of 
the  modulus  of  the  mechanical-system  frequency  response,  and  the  result  is  the  output 
power  spectrum  on  the  right.  The  output  power  spectrum  in  this  example  looks  like  the 
system  frequency  response  (modulus  squared)  because  the  input  spectrum  is  essentially 
constant  over  the  frequency  r?nge  of  significant  response. 

Relation  of  power  spectrum  to  statistical  parameters.-  It  has  been  stated  previously 
herein  that  the  integral  of  the  power  spectrum  is  equal  to  the  mean-square  value.  Other 
statistical  parameters  can  be  determined  from  the  power  spectrum  of  a Gaussian  process. 
One  which  has  already  been  indicated  as  particularly  pertinent  to  the  single-extreme-load 
condition  is  the  average  frequency  of  exceeding  a response  peak  of  a given  level.  The 
average  frequency  of  exceeding  a response  peak  of  level  z (in  terms  of  the  power  spec- 
trum of  z)  is 

Z2 

On-  2 

N(z)  = N0>ze  /CTz  (4) 
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where 


\ u>23>z(u>)do> 


1/2 


(5) 


and 


c°° 

°z  = \ 5z(w)dw 


(6) 


Note  that  Nq  is  the  average  frequency  of  crossing  the  zero  level  with  positive  slope  and 
is  proportional  to  the  radius  of  gyration  of  the  power  spectrum  about  the  axis  w = 0. 

The  expression  for  N(z)  is  an  exact  description  of  the  average  frequency  of  crossing  a 
level  z,  and  for  values  of  z greater  than  about  2az,  the  expression  is  a useful  approx- 
imation of  the  average  frequency  of  exceeding  response  peaks  of  level  z.  The  equations 
for  N(z)  and  N0  were  derived  by  S.  O.  Rice  in  reference  2.  This  derivation  is  some- 
what involved  and  therefore  is  not  presented  herein. 

Relation  of  Power  Spectrum  to  Random  Time  Function 

The  relation  of  the  power  spectrum  to  the  random  time  function  is  described  in  fig- 
ure 12.  The  power  spectrum  is  proportional  to  the  Fourier  transform  of  a statistical 
average  called  an  autocorrelation  function.  The  autocorrelation  function  R(T)  in  turn 
is  determined  from  the  random  time  function,  as  indicated  by  the  sketch  and  the  equations 
in  figure  12;  R(t)  is  the  average  of  the  product  of  the  time  function  f(t)  and  the  time 
function  displaced  by  a time  lag  f(t  + t).  One  of  the  important  features  of  the  autocor- 
relation function  is  that  the  value  for  zero  lag  is  the  mean-square  value.  Other  proper- 
ties of  the  autocorrelation  function  can  be  observed  from  the  example  given  in  figure  13. 
This  function  is  symmetrical  with  respect  to  r = 0 and  decays  in  amplitude  with 
increasing  values  of  |t|,  as  indicated  in  the  upper  sketch.  The  particular  function  shown 
is  similar  to  the  form  sin  ojT/ojT.  The  associated  power  spectrum  obtained  by  the 
Fourier  transformation  is  shown  in  the  lower  sketch.  In  general,  it  too  is  symmetrical 
(about  the  axis  co  = 0). 

Derivation  of  Power  Spectral  Input-Output  Relation 

The  input-output  relation  has  been  simply  stated.  In  this  section  derivations  are 
presented  for  the  relation,  starting  with  the  random  variation  of  a component  of  turbu- 
lence velocity  with  time  Wg(t). 

In  the  example  to  follow  and  in  other  material  to  be  presented  subsequently,  con- 
sideration is  given  to  the  responses  to  the  vertical  component  of  turbulence.  However, 
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responses  to  the  other  components,  particularly  the  lateral  component,  should  be  con- 
sidered. Generally,  the  procedures  developed  for  the  vertical  turbulence  component  are 
applicable  to  the  other  components. 

The  following  derivation  is  based  on  a fundamental  assumption  that  the  airplane  is 
a linear  system;  that  is,  the  responses  are  directly  proportional  to  the  turbulence  veloc- 
ity. This  assumption  has  been  found  to  be  valid  for  many  airplane  problems.  The  lin- 
earity of  the  system  permits  a response  z(t)  to  a random  variation  of  turbulence  or 
gust  velocity  wg(t)  to  be  expressed  by  the  superposition  of  the  responses  to  step  gusts 
Gz(t).  The  step  gust  Wg(t)  and  response  Gz(t)  are  indicated  in  the  sketch  below: 


Gz(t) 


wg(t) 

_L  I 

The  response  z(t)  to  a random  variation  of  gust  velocity  with  time  wg(t)  is  described 
by  the  superposition  integral 


z<t).r<^(t- r«>dT 

J0  dr 


(7) 


It  is  more  convenient  to  express  this  integral  in  terms  of  the  derivative  of  Gz(t);  that  is, 

dGz(t) 


hz(t)  — 


dt 


(8) 


which  is  the  response  to  an  impulse  gust.  Then 


or  alternately 


z(t)  = hz(t  - T)Wg(T)dT 


z(t)  = wg(t  - r)hz(r)dT 


(9) 


(10) 


457 


The  autocorrelation  function  Rz(t)  is  defined  as 


T 

Rz(t)  = lim  If  z(t)z(t  + r)dt 
T— 00  1 J0 


(ID 


where,  in  terms  of  the  superposition  integral, 


z(t)z(t  + r)  = J £ hz(4)hz(n)wg(t  - S)wg(t  + r - r?)d£  dr? 


(12) 


Then 


Rz(T)  = f f hz(?)hz(r?)Rw  (t  + * - r?)d«  dr? 
Jq  & 


where  Rw  is  the  autocorrelation  function  of  wg. 


(13) 


The  Fourier  transform  of  this  equation  yields 

0z(UJ)  = Rz(w)Rz  (w)0Wg(w)  = |Rz(w)l  <f>wg(<*>) 
where  Hz*(u>)  is  the  complex  conjugate  of  Hz(cu)  and  where 


(14) 


0wg(w)  = 


Rw  (T)e“ia,Tdr 


oo  Wg 


and 


Hz(w)  = f hz(t)e"lu>tdt 

_00 


(15) 


(16) 


In  terms  of  the  autocorrelation  function  of  response  z 


<MW)  = \ Rz(T)e"lwTdr 

M oo 


(17) 


The  quantity  Hz(co)  is  the  frequency  response  of  airplane  response  z to  a 
vertical-gust  velocity  field  that  is  sinusoidal  in  the  direction  of  flight  and  uniform  in  the 
spanwise  direction.  This  gust  field  is  illustrated  in  figure  14  together  with  the  relation 
between  frequency  f and  wavelength  X. 
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The  Fourier  transforms  in  the  preceding  equations  ^>Wg(o>)  and  4>z(uyj  must  be 
multiplied  by  a suitable  constant  in  order  to  be  defined  as  power  spectra  so  that  their 
integrals  will  be  equal  to  mean-square  values.  The  constant  is  determined  from  the 
inverse  relations  between  R(r)  and  $(w) ; that  is, 

H(T)  ^ ^Meiu,Tdw  (18) 

However, 


0(W)  = 0(-w) 


so 


4>(w)e^Td<jo 


(19) 


but 


R(0)  = a2  h f $(co)dw  (20) 

J0 

where  4>(co)  is  the  power  spectrum.  Combining  the  last  two  equations  for  the  condition 
t = 0 yields 


\ 0(w)  = ft(u)  (21) 

The  input-output  power  spectral  relation  is  then 

= |Hz(^)|25Wg(cu)  (22) 

It  should  be  noted  that  no  phase  information  is  involved. 

Attention  is  turned  next  to  the  individual  terms  in  the  input-output  relation  and  to 
analytical  expressions  for  them. 

ANALYTICAL  EXPRESSIONS  FOR  TERMS  IN  INPUT-OUTPUT  RELATION 

Power  Spectra  of  Atmospheric  Turbulence 

An  analytical  expression  for  a generalized  power  spectrum  of  turbulence  has  been 
developed  from  the  theory  of  isotropic  turbulence.  As  indicated  previously,  this  theory 
is  a major  discipline  in  itself.  All  that  can  be  done  herein  is  to  call  attention  to  some 
important  contributors  to  the  development  of  the  theory  and  to  briefly  state  some  of  the 
basic  concepts.  Some  important  contributors  include  Osborne  Reynolds,  G.  I.  Taylor, 
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A.  N.  Kolmogoroff,  W.  Heisenberg,  Theodore  von  Karman,  L.  Howarth,  G.  K.  Batchelor, 
and  Hugh  L.  Dryden  (see  ref.  3).  Some  of  the  basic  concepts  are  as  follows: 

(1)  Definition  of  correlation  tensors  for  random  velocity  components  in  three 

dimensions 

(2)  Combination  with  Navier-Stokes  equations 

(3)  Definition  of  time  averages 

(4)  Solution  of  equations  for  very  small  and  very  large  values  of  Reynolds  number 

(5)  Dryden  and  von  Karman  power  spectra 

A particular  result  of  the  theoretical  work  that  is  important  to  the  subject  problem 
is  the  generalized  power  spectrum  for  transverse  components  of  turbulence,  developed 
by  von  Karman.  The  analytical  expression  is  given  at  the  top  center  of  figure  15  in  non- 
dimensional  form,  involving  frequency  in  the  form  of  a dimensionless  wave  number  k\ 
The  wave  number  is  defined  in  figure  15  by  an  equation,  in  which  the  quantity  L is  the 
so-called  scale  of  turbulence  in  units  of  distance. 

The  characteristics  of  the  spectrum  are  revealed  by  the  log-log  plot  on  the  left  side 
of  figure  15.  It  is  to  be  noted  that  the  spectrum  approaches  a constant  value  at  low  values 
of  wave  number  k'  and  approaches  an  asymptotic  slope  of  -5/3  at  the  higher  values  of 
k'.  Thus  most  of  the  power  in  the  spectrum  is  contributed  by  the  lower  frequencies. 

In  actual  application,  values  of  the  scale  of  turbulence  L for  the  atmosphere  must 
be  considered  explicitly.  The  effects  of  variations  in  L are  illustrated  by  the  log-log 
plot  on  the  right  side  of  figure  15.  It  is  to  be  noted  that  the  mean-square  values  of  the 
several  curves  are  all  unity  and  that  the  value  of  L determines  the  "roll-off"  frequency 
between  the  flat  and  sloping  regions  of  the  spectrum.  Thus  an  increasing  value  of  L 
reduces  the  magnitude  of  the  power  for  frequencies  above  the  roll-off  value  and  increases 
the  magnitude  at  the  very  low  frequencies. 

Airplane  Frequency  Responses 

The  next  term  to  be  considered  in  the  input-output  relation  is  the  frequency 
response  function.  This  quantity  is  of  great  importance  because  it  embodies  all  the 
dynamic  characteristics  of  the  airplane.  Although  the  procedure  for  the  calculation  of 
the  frequency  responses  is  applicable  to  the  response  to  any  turbulence  component,  the 
symbology  used  in  this  section  is  for  a response  to  the  vertical  component  as  an  example. 
Thus  the  input  gust  field  is  a sinusoidal  variation  of  the  vertical  component  Wg.  The 
modal  method  of  calculating  the  airplane  frequency  responses  to  a one -dimensional  sinus- 
oidal gust  field  is  described,  and  the  example  considered  is  response  in  the  classical 
longitudinal  mode  of  motion. 
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| Mathematical  model.-  The  motions  and  deformations  of  the  airplane  are  described 

j by  a finite  number  of  rigid-body  and  elastic  modes.  The  normal  displacement  is 
expressed  as 

I 

\ n 

z(x,y,t)  = ^ ^i(x,y)zi(t)  (23) 

i=l 

where  zA  represents  generalized  coordinates  and  ^ represents  mode  shapes  including 
rigid-body  modes  (e.g.,  i = 1,2,3  are  modes  in  which  there  is  freedom  in  fore  and  aft 
displacement,  in  plunge  (normal  displacement),  and  in  pitch,  respectively;  i = 4,5,.  . .n 
are  elastic  modes). 

Equations  of  motion.  - The  relations  between  the  motions  and  the  forces  are  often 
most  conveniently  derived  by  the  method  of  Lagrange,  which,  of  course,  is  based  on 
kinetic  and  potential  energies  and  on  virtual  work  from  nonconservative  forces.  The 
motion  of  the  airplane  is  expressed  as  small  perturbations  of  the  mode  displacements 
and  velocities  from  an  equilibrium  flight  condition  such  as  steady  level  flight.  The 
forces  and  motions  are  then  linearly  related  as  indicated  by  the  equation 


MijZj  + coj  M^z^  + Qjj  - Qig 


(i  = 1,2,3,.  . .n;  j = 1,2,3,.  . .n) 


(24) 


where 


There  results  an  array  of  equations,  one  equation  for  each  mode.  With 


the  exception  of  the  terms  on  the  right  side,  the  equations  of  motion  and  the  generalized 
forces  are  the  same  as  those  used  in  dynamic  stability  and  flutter  analysis.  However,  a 
different  number  of  modes  may  be  used  than  in  a gust-response  calculation. 


Generalized  forces.-  The  coefficients  in  equation  (24)  are  defined  next. 
Inertia:  The  generalized  mass  is  defined  by  the  equation 


Mij  = y £i(x,y)£j(x,y)dm 


(25) 


where  m is  mass  per  unit  area  and  S is  the  area  of  the  airplane  in  the  XY-plane. 
Often  the  elastic  modes  chosen  are  the  natural  modes  of  the  airplane,  in  which  case  the 
inertia  terms  are  simplified  by  orthogonality  between  the  modes.  Then  = 0 if 
iV  j,  leaving  only  the  generalized  masses  for  each  mode. 

Stiffness:  The  generalized  stiffness  is  designated  where  cuj  is  the 

natural  circular  frequency  of  the  ith  mode. 

Aerodynamic  force:  The  generalized  aerodynamic  force  for  the  ith  mode  due  to 
motion  in  the  jth  mode  is  designated  Q^j.  The  generalized  aerodynamic  gust  force  for 
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(26) 


the  ith  mode  is  designated  Qjg.  These  two  forces  are  defined  by  the  equations 

Qij  = £ite»y)Pjtx»y>t)dx  dy 

where  pj  is  pressure  due  to  the  jth  mode,  and 

Qig  = ?i(x,y)pg(x,y,t)dx  dy  (27) 

where  pg  is  pressure  due  to  the  gust  field. 

Pressure  distribution.-  Pressure  distribution  is  determined  from  linearized  aero- 
dynamic theory  for  thin  planar  lifting  surfaces.  Pressure  due  to  motion  in  the  jth  mode 
is  defined  by  the  equation 

Pj(x,y,t)  = jy  I(x-| ,y-r; ,t , M) Wj (| ,77 ,t) d£  dr?  (28) 

S 

where  Wj  is  the  downwash  on  the  wing  surface  at  a point  (£,77)  and  I is  an  aerodynamic 
influence  function  relating  pj  at  a point  (x,y)  to  wj  at  all  other  points.  The  downwash 
due  to  the  motion  and  deformation  in  the  jth  mode  is  expressed  in  terms  of  the  slope  of 
the  lifting  surface  and  its  normal  velocity  as 

wi  = (v£  + lt)4i(x’y)zj<t>  <29) 

Pressure  due  to  gust  is  defined  by  the  equation 

Pg(x,y,t)  = yj  I(x-£,y-r/,t,M)wg(£,rj,t)d£  dr/  (30) 

S 

The  downwash  due  to  the  gust  field  wg  is  described  in  figure  16.  The  desired  quantity 
is  the  gust  downwash  or  gust  velocity  acting  at  a chordwise  station  on  the  surface  at  x 
referred  to  an  airplane  reference  point,  say  a point  at  the  apex  of  the  wing;  x is  expressed 
in  terms  of  the  distance  traveled  by  the  airplane  Vt  in  the  earth-fixed  gust  field 
Wg  = wge*wx/^.  The  gust  downwash  is  then 

wg=Wge-‘“x/Ve1"‘  (31) 

and  is  illustrated  in  figure  17.  Passage  of  the  lifting  surface  through  the  sinusoidal  gust 
velocity  field  produces  an  unsteady  flow.  One  of  the  features  is  the  penetration  of  the 
gust  field  by  the  wing.  There  is,  consequently,  a variation  of  gust  downwash  along  the 
chord  as  indicated  in  figure  17. 
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Unsteady  flow.-  The  effect  of  gust  penetration  and  also  of  the  wake  in  unsteady  flow 
is  illustrated  in  figure  18.  The  effect  of  the  flow  in  the  wake  is  common  to  both  gust  dis- 
turbances and  motion  of  the  lifting  surface,  as  already  pointed  out  in  the  paper  by 
E.  Carson  Yates,  Jr.  In  figure  18,  wg  has  been  approximated  by  a series  of  step  gusts. 
A rough  indication  of  the  interaction  between  the  flows  on  the  wing  and  in  the  wake  in  a 
step  gust  is  given  for  two-dimensional  flow  in  the  sketches  at  the  lower  left  side  of  the 
figure.  In  the  top  sketch  the  wing  has  not  yet  penetrated  the  step  gust.  In  the  second 
sketch  the  forward  section  is  immersed.  The  clockwise  arrow  indicates  that  an  incre- 
mental increase  in  circulation  has  occurred,  while  the  counterclockwise  arrow  indicates 
an  equal  and  opposite  circulation  concurrent  with  the  first  arrow.  Thus,  the  two  circula- 
tions cancel  and  there  is  no  net  lift  on  the  wing.  In  the  third  sketch  the  wing  is  immersed 
still  further.  The  counterclockwise  arrow  on  the  right  represents  the  countervortex  gen- 
erated in  the  preceding  sketch  and  remains  at  the  same  point  in  space  relative  to  the  gust 
front.  The  matching  vortex  (not  shown)  remains  bound  to  the  wing.  The  countervortex 
on  the  right  induces  a downwash  on  the  wing  that  is  less  than  the  downwash  from  the  bound 
vortex,  and  consequently  an  increment  in  lift  L is  developed.  At  the  same  time,  as  a 
result  of  the  additional  penetration,  another  increment  in  circulation  is  developed  that  is 
canceled  by  another  countervortex.  The  bottom  sketch  indicates  conditions  after  the  wing 
has  been  fully  immersed  in  the  gust  for  some  distance.  The  countervortices  remain  in 
the  wake  where  they  were  shed.  There  is  a circulation  about  the  wing  having  a strength 
equal  and  opposite  to  the  sum  of  the  strengths  of  the  wake  vortices  as  is  specified  by  the 
Kelvin  circulation  theorem;  that  is,  the  total  vorticity  is  zero.  Owing  to  the  distances 
between  the  wake  vortices  and  the  wing,  the  downwash  from  the  wake  vortices  is  much 
less  than  that  from  the  wing  vortices,  and  the  lift  is  approaching  the  steady-state  value. 
After  the  wing  is  fully  immersed,  the  penetration  effect  is  nearly  complete  and  the 
remainder  of  the  transient  lift  buildup  is  somewhat  similar  to  that  accompanying  a sud- 
den change  in  angle  of  attack  (Wagner  function).  The  characteristics  of  the  lift  growth 
due  to  a step  gust  (Ktissner  function)  are  indicated  by  the  sketch  at  the  lower  right  in 
figure  18. 

Practical  Methods  for  Calculating  Gust  Forces  on  Wings  of  Finite  Aspect  Ratio 

The  pressure  distribution  needed  to  determine  generalized  gust  forces  from  equa- 
tion (27)  is  obtained  from  solutions  of  a lifting-surface  equation  (e.g.,  eq.  (30),  with  the 
use  of  the  gust  downwash  described  by  eq.  (31)).  The  formulation  and  solution  of 
pressure -downwash  relations  for  wing  configurations  are  highly  complex.  A number  of 
methods  have  been  developed  for  the  various  speed  ranges.  These  methods  have  already 
been  described  in  considerable  detail  in  the  paper  by  E.  Carson  Yates,  Jr.  Two  examples 
are  very  briefly  discussed  herein. 
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For  three-dimensional  subsonic  flow  the  so-called  kernel  function  method  is  widely 
used.  The  form  of  the  aerodynamic  equation  differs  from  that  of  equation  (30);  it  is  an 
integral  equation 


wge 


-icox/V 


pg(£,J7,<o)K(x-£,y-tj,w,M)d£  drj 


(32) 


where  K is  the  kernel  function.  An  inverse  solution  is  obtained  by  collocation  of  down- 
wash  at  a finite  number  of  points  on  the  surface.  The  unknown  pressure  is  represented 
by  a linear  combination  of  assumed  pressure  modes  having  coefficients  to  be  obtained  as 
solutions.  Solutions  are  obtained  by  numerical  methods  with  a high-speed  digital 
computer. 

For  supersonic  speeds  the  Mach  box  method  is  most  frequently  used,  although  the 
kernel  function  method  can  also  be  employed.  As  is  suggested  by  the  name,  in  the  Mach 
box  method  the  wing  is  divided  into  "boxes"  as  indicated  by  the  following  sketch: 


Mach  line 


The  equation  relating  the  pressure  on  a box  m at  (x,y)  to  the  gust  downwash  at  all 
boxes  is 


Pg,m<x>y) 


lmn 


wg,n  ^®n 


(33) 


where  Imn  is  an  aerodynamic  influence  matrix  and  ASn  is  the  surface  area  of  box  n. 
It  can  be  noted  that  equation  (33)  is  similar  in  form  to  equation  (30). 

For  further  information  on  these  methods  of  calculating  pressure  distributions,  the 
content  and  references  of  the  paper  in  the  present  compilation  by  E.  Carson  Yates,  Jr., 
should  be  reviewed. 
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After  the  determination  of  pressures  due  to  the  sinusoidal  gust  field,  the  general- 
ized gust  forces  are  obtained  from  equation  (27).  A sample  gust  force  is  indicated  by  the 
following  sketch: 


The  gust  forces  are,  in  general,  complex  numbers;  the  amplitude  approaches  zero  as  the 
frequency  approaches  infinity;  the  amplitude  is  usually,  but  not  always,  a maximum  at 
zero  frequency. 


Operations  With  Equations  of  Motion 

Stability  analyses.-  Although  stability  analyses  are  not  really  a part  of  gust- 
response  calculations,  they  are  mentioned  because  certainly  one  desires  to  avoid  calcu- 
lating the  gust  response  for  an  unstable  airplane.  In  a trend  study  in  which  numerous 
airplane  parameters  are  changed  to  determine  the  effect  on  gust  response,  it  is  not  dif- 
ficult to  choose  thoughtlessly  combinations  which  may  result  in  an  unstable  airplane. 
Incidentally,  it  is  not  easy  to  detect  the  presence  of  an  instability  from  an  examination  of 
the  gust  response  only. 

Solutions  for  frequency  responses  of  the  generalized  coordinates.  - The  direct  solu- 
tion of  the  equations  of  motion  yields  frequency  responses  of  the  mode  displacements 
zj/wg.  Some  of  these  responses,  such  as  pitch  angle  and  its  derivatives,  are  of  interest 
in  themselves.  However,  many  other  responses  must  be  determined  from  various  com- 
binations of  the  responses  of  the  generalized  coordinates. 


Frequency  reapunses  of  selected  quantities.  - The  calculation  of  responses  such  as 


pressures,  loads,  and  accelerations  is  described  in  this  section.  Pressures  are  obtain- 
able from  the  equation 


_p_ =£g  + y 

wg  wg  ^ wg 


(34) 
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Values  of  p^wg  are  obtained  from  equation  (28)  with  w-^  wg  from  equation  (29)  in 
terms  of  Zjj  wg  from  the  solutions  of  the  equations  of  motion.  The  values  of  Pg/wg 
are  obtained  from  equations  (30)  and  (31). 

Two  methods  for  calculating  bending  moment  (a  load  response)  are  widely  used. 
One,  called  mode  displacement,  is  perhaps  the  easiest  because  it  requires  only  the  solu- 
tions for  the  generalized  coordinates.  However,  it  requires  a larger  number  of  modes 
for  a given  accuracy  than  does  the  alternate  method.  This  method  is  based  on  beam 
theory,  and  the  expression  for  the  bending-moment  frequency  response  function  is 


H-M  = M-  = El 
M Wg 


82£j(x,y)  Zj 

0x2  wg 


(35) 


The  second  method  is  the  loads -summation  approach.  The  bending  moment  is  obtained 
by  appropriate  integrations  of  inertial  loading  from  modal  accelerations  plus  the  aerody- 
namic pressures  from  the  modal  motion  and  gust  velocity.  The  loading  to  be  integrated 
is 

+ h-  (36) 

wg 

The  pressures  p^wg  and  Pg^wg  are  obtained  in  the  same  manner  as  Pj^wg  and 
Pg/wg  in  equation  (34). 


-mu>2^(x,y)5-  + ~ 

wg  wg 


CALCULATED  RESULTS 


Frequency  Responses 

Examples  of  results  obtained  from  the  methods  of  calculating  frequency  responses 
are  given  in  figure  19  for  a B-47  jet  bomber  airplane.  The  purpose  of  these  results  is  to 
indicate  how  the  responses  are  affected  by  the  various  approximations  of  the  airplane 
motions  and  deformations.  Attention  is  directed  first  to  the  left-hand  side  of  figure  19 
where  are  plotted  the  frequency-response  moduli  for  normal  acceleration  at  a point  on 
the  structure  corresponding  to  the  center  of  gravity  of  the  undeformed  airplane  (as  would 
be  measured  by  an  accelerometer).  The  one-degree-of-freedom  response  indicated  by 
the  dashed  line  is  the  response  for  the  airplane  considered  rigid  and  free  to  plunge  only. 
The  addition  of  rigid-body  pitching  motion  results  in  the  two-degree-of-freedom  response 
indicated  by  the  dashed-dotted  line.  Note  the  appearance  of  a resonant  peak  at  the  natural 
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frequency  of  the  short-period  mode.  The  solid  line  represents  the  three-degree-of- 
j freedom  response  that  results  from  the  addition  of  the  first  elastic  mode,  which  is  pre- 
! dominantly  a wing  bending  deformation.  This  response  is  double-humped. 

On  the  right-hand  side  of  figure  19  are  plotted  wing-root  bending  moments  for  the 
various  degrees  of  freedom.  It  is  obvious  that  the  wing  bending  mode  is  the  predominant 
contributor  to  the  bending-moment  frequency  response  and  cannot  be  ignored.  These 
results  and  a description  of  the  method  of  calculation  are  presented  in  references  1 and  4. 

Calculated  power  spectra  and  some  statistical  parameters  of  the  airplane  responses 
are  presented  next.  First,  however,  the  pertinent  relations  are  reviewed.  The  input- 
output  relation  is 

*ztf)  = |Hz(f)|2^wg(f) 

The  mean-square  value  of  response  z is 

az2  = f $z(f)df 
v 0 

For  a Gaussian  process  the  average  frequency  of  exceeding  a response  peak  of  level  z 
is 


where 


N(z)  = Nn  ze 


2 Or, 


1/2 


For  convenience  in  subsequent  applications 


and  hence 


2Az^crw  2 

N(z)  = N0jZe 


I 


(37) 


(38) 
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Power  Spectra  and  Statistical  Parameters 

In  figure  20  all  terms  in  the  inpuUoutput  relation  and  the  statistical  parameters 
are  shown  for  the  wing-bending-moment  response  of  the  airplane  for  which  frequency 
responses  were  shown  in  figure  19. 

The  von  Karman  spectrum  in  terms  of  frequency  in  cps  for  L = 2500  feet 
(762  meters),  which  is  a representative  turbulence-scale  value,  is  plotted  in  linear  scale 
on  the  left  side  of  figure  20.  Note  the  rapidity  of  the  attenuation  as  the  frequency 
increases. 

The  square  of  the  modulus  of  the  bending-moment  frequency  response  is  plotted  in 
the  center.  Plotted  on  the  right  side  is  the  product  of  the  turbulence  spectrum  and  the 
square  of  the  modulus  of  the  frequency  response;  this  product  is,  of  course,  the  response 
spectrum.  It  can  be  seen  that  the  wing  bending  mode,  peaking  at  about  1.5  cps,  is  the 
dominant  contributor  to  the  value  of  A^2  and  that  N0  is  1.33  cps,  which  is  also  indic- 
ative of  the  effect  of  the  bending  mode.  It  can  be  noted  too  that  the  short-period  mode  is 
readily  identifiable  at  f = 0.5  cps. 

Effects  of  varying  some  turbulence  and  airplane  characteristics  are  shown  in  fig- 
ures 21  to  23.  The  curves  from  figure  20  are  used  as  reference  conditions. 

The  effect  of  changing  the  scale  of  turbulence  from  2500  feet  (762  meters)  to 
500  feet  (152  meters)  is  indicated  in  figure  21.  The  level  of  the  turbulence  spectrum  is 
increased  in  the  range  shown.  The  frequency  response,  of  course,  is  not  changed.  The 
resulting  bending-moment  power  spectrum  is  increased  in  amplitude  but  not  changed  in 
shape.  Therefore,  the  value  of  A— 2 has  been  increased  by  a factor  of  3 and  the  value 
of  Nq  is  essentially  unchanged. 

The  effect  of  a 50-percent  increase  in  the  frequency  of  the  wing  bending  mode  is 
indicated  in  figure  22.  The  input  spectrum  is  not  shown;  however,  it  is  the  same  as  for 
the  original  turbulence-scale  value  (L  = 2500  feet  (762  meters)).  On  the  left  are  shown 
the  moduli  of  the  frequency  responses  and  on  the  right  the  corresponding  bending-moment 
power  spectra.  The  amplitude  of  the  bending-mode  peak  in  the  power  spectrum  has  been 
appreciably  reduced  for  the  higher  natural  frequency  case  (case  n)  as  the  result  of  the 
attenuation  of  the  turbulence  spectrum  with  increasing  frequency.  This  attenuation  has 
little  influence  on  the  value  of  A^2,  however,  because  the  width  of  the  frequency 

response  is  proportional  to  the  natural  frequency  and  is  therefore  larger  for  the  higher 
frequency  mode.  The  decrease  in  A—2,  consequently,  is  only  about  10  percent.  The 

value  of  Nq,  however,  has  increased  by  about  40  percent  as  a result  of  the  increase  in 
the  natural  frequency.  (Recall  that  Nq  is  a function  of  the  second  moment  of  the 
spectrum.) 
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The  effect  of  increasing  the  damping  ratio  (ratio  of  damping  to  critical  damping)  of 
the  wing  bending  mode  by  about  40  percent  is  shown  in  figure  23.  The  result,  primarily, 
is  the  reduction  of  the  magnitude  of  the  resonant  peak  of  the  bending-mode  frequency 
response  (left  side)  with  an  associated  reduction  in  the  area  under  the  bending-moment 
spectrum  (right  side).  The  parameter  A— 2 is  reduced  by  about  30  percent  and  N0  is 

reduced  by  about  5 percent.  For  low  values  of  the  damping  ratio  of  a mode  (£  < 0.1),  an 
increase  in  damping  ratio  is  effective  in  reducing  the  value  of  A—2. 

Thus  the  procedure  for  calculating  some  statistical  parameters  that  describe  air- 
plane responses  to  short  patches  of  atmospheric  turbulence  has  been  surveyed.  This 
procedure  was  based  on  the  application  of  random-process  theory  with  simplification 
afforded  by  particular  statistical  properties  of  the  turbulence  patches  and  the  lineariza- 
tion of  the  aerodynamics  and  the  airplane  dynamic  system.  The  question  to  be  considered 
next  is,  can  these  properties  be  verified? 

VERIFICATION  FROM  FLIGHT  MEASUREMENTS 


Properties  of  Short  Samples  of  Turbulence 


Isotropy.-  Power  spectra  of  atmospheric  turbulence  in  a thunderstorm  are  pre- 
sented in  figure  24  for  the  three  orthogonal  components  (vertical,  wg;  lateral,  vg;  and 
longitudinal,  ug)  together  with  the  respective  root-mean-square  values.  The  frequency 

argument  is  spatial  frequency  ^ j in  rad/ft  (rad/m).  It  is  to  be  noted  that  the  values 

V v o 

of  aj  are  based  on  an  integration  from  a lower  limit  of  n = = 10"°  because  the 

spectrum  could  not  be  determined  accurately  at  lower  frequencies. 


The  spectra  and  the  truncated  root-mean-square  (rms)  values  for  the  vertical  and 
lateral  components  are  nearly  the  same.  The  spectrum  and  truncated  rms  value  for  the 
longitudinal  component  are  lower  than  those  for  the  other  components.  However,  this  mea- 
sured difference  is  not  necessarily  an  indication  of  nonisotropy  because  the  shape  of  the 
theoretical  spectrum  for  the  longitudinal  component  also  differs  from  the  shapes  for  the 
other  components.  The  theoretical  value  of  cxljUg  based  on  the  lower  limit  of  integration 
is  indicated  in  the  lower  right  corner  of  figure  24.  The  measured  value  is  not  greatly  dif- 
ferent from  the  theoretical  value,  and  so  isotropy  is  approximated. 


Stationarity.-  Spectra  and  truncated  rms  values  for  two  halves  of  a 200 -second 
sample  of  turbulence  in  a thunderstorm  are  shown  in  figure  25.  Ideally  the  results 
should  be  the  same.  It  is  apparent  that  some  nonstationarity  exists  in  this  sample. 

Probability  distribution.-  Data  from  a turbulence  sample  in  a thunderstorm  were 
processed  to  determine  the  probability  of  exceeding  given  levels.  The  measured  data 
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were  then  plotted  on  a chart  on  which  a Gaussian  or  normal  distribution  appears  as  a 
straight  line,  as  shown  in  figure  26.  The  degree  of  agreement  of  the  measured  and  nor- 
mal curves  is  judged  good  enough  for  an  assumption  of  normality,  although  the  data  indi- 
cate a tendency  for  the  larger  values  to  occur  more  frequently  than  for  a normal 
distribution. 

Power  spectra.-  The  curves  in  figure  27  show  the  results  of  fitting  the  von  Karman 
power  spectrum  to  a spectrum  determined  from  measurements  during  flight  in  a thunder- 
storm by  matching  the  truncated  rms  values  and  choosing  the  value  of  L for  best  fit. 

The  match  is  fairly  good.  For  this  sample  the  value  of  L was  5600  feet  (1707  meters); 
however,  similar  comparisons  with  many  other  measured  spectra  indicate  some  vari- 
ability in  the  value  of  L.  A reasonable  average  appears  to  be  about  2500  feet 
(762  meters)  for  altitudes  above  2500  feet  (762  meters). 

Additional  power  spectra  of  turbulence  for  various  weather  conditions  are  displayed 
in  figure  28.  The  rms  values  are  representative  of  the  turbulence  intensities  associated 
with  the  different  meteorological  conditions.  The  spectra,  although  irregular,  all  are 
proportional  to  ft’5/3. 


Verification  of  Airplane  Frequency  Responses 

Airplane  frequency  responses  can  be  determined  from  power  spectra  of  turbulence 
and  of  airplane  responses  processed  from  measurements  taken  during  flight.  The  sim- 
plest relationship  is  the  inverse  of  the  input-output  relation  previously  presented;  that  is, 


(39) 


Other  relations  exist  in  random-process  theory  that  permit  phase  information  to  be 
determined  as  well. 


Frequency  responses  determined  from  flight  measurements  are  compared  with 
calculated  frequency  responses  for  several  airplanes.  In  some  of  the  figures  showing 
these  comparisons,  the  expression  "transfer  function"  is  used  synonymously  for  fre- 
quency response  function,  although  strictly  speaking  it  should  not  be. 

Both  measured  and  calculated  frequency  responses  for  bending  moment  at  three 
semispan  stations  on  the  wing  of  a B-47  airplane  are  shown  in  figure  29.  The  ordinate 
is  scaled  in  units  of  acceleration  per  unit  gust  velocity.  This  unusual  scale  was  obtained 
by  dividing  the  bending  strain  in  turbulence  by  the  bending  strain  per  unit  acceleration  in 
a slow  pull-up  maneuver.  This  procedure  was  used  in  lieu  of  an  elaborate  calibration  of 
the  strain  gages  on  the  airplane  by  application  of  known  forces.  The  result  is  a measure 
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of  the  dynamic  loads  in  turbulence  relative  to  statically  applied  loads.  While  the  agree- 
ment between  calculated  and  measured  results  is  not  close,  it  is  not  bad  considering  the 
complexity  of  the  problem.  (This  was,  as  far  as  is  known,  the  first  time  frequency 
responses  were  obtained  from  flight  measurements  and  also  the  first  time  they  were  cal- 
culated for  an  airplane  in  turbulence  for  comparison  with  flight  data.) 

In  figure  30  plots  of  calculated  and  measured  frequency  responses  and  power  spectra 
for  bending  moments  in  the  wing  of  the  B-52  airplane  are  presented.  All  functions  indi- 
cate appreciable  responses  from  the  first  elastic  mode  below  1 cps  and  from  a higher 
elastic  mode  near  2 cps.  The  calculated  values  overestimate  the  response  at  the  lower 
frequencies  and  underestimate  at  the  higher  frequencies.  Another  feature,  as  indicated 
by  the  power  spectra,  is  that  the  contribution  of  the  higher  frequency  elastic  mode  to  the 
rms  value  is  appreciably  less  than  that  from  the  first  elastic  mode. 

The  sketch  in  figure  31  depicts  the  B-58  airplane.  Fairly  extensive  analytical  and 
flight  studies  of  local  acceleration  responses  have  been  made  with  this  airplane.  Some 
of  the  results  for  vertical  acceleration  components  are  shown  in  figures  32  to  34.  The 
particular  stations  considered  are  indicated  in  figure  31;  acceleration  A428  is  at  the 
pilot's  station,  acceleration  A1  is  at  the  nominal  center  of  gravity,  and  acceleration  All 
is  at  the  aft  end  of  the  fuselage.  The  moduli  (or  magnitudes)  of  the  frequency  responses 
are  plotted  in  figures  32  to  34.  The  flight  speed  is  subsonic. 

In  figure  32  fairly  good  agreement  exists  between  the  measured  and  computed 
responses  at  the  center  of  gravity  on  the  basis  of  two  rigid-body  and  six  elastic  modes. 

At  the  pilot's  station  (fig.  33)  the  two  sets  of  responses  agree  fairly  well  at  the  short- 
period  mode  near  1 cps;  however,  at  the  higher  frequencies  the  calculated  response  is 
consistently  higher  than  the  response  based  on  the  flight  test.  The  results  shown  in  fig- 
ure 34  for  the  aft  station  indicate  considerably  poorer  agreement  for  modal  responses  at 
4 cps  and  at  higher  frequencies. 

The  statistical  parameters  An  and  Nq  are  shown  in  figure  35  as  functions  of  the 
fuselage  station.  The  values  of  An  from  calculations  and  flight  measurements  are  in 
very  good  agreement  at  the  three  stations  where  flight  data  were  obtained.  The  effect  on 
An  of  the  relatively  poorer  agreement  between  calculated  and  measured  frequency 
responses  at  the  higher  frequencies  is  minimized  as  a result  of  the  low  level  of  the  tur- 
bulence spectrum  in  this  frequency  range.  The  agreement  between  calculated  and  mea- 
sured No  is  not  as  good  as  that  for  An.  The  second  moment  of  the  response  spectrum 
tends  to  make  the  effects  of  differences  in  the  frequency  response  functions  more 
pronounced. 
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APPLICATION  TO  DESIGN 


Concepts 

At  the  outset  of  this  presentation,  the  characteristics  of  airplane  responses  to  tur- 
bulence during  routine  flight  operations  were  described  in  terms  of  the  statistical  param- 
eter N(z),  the  average  frequency  of  exceeding  a response  peak  of  level  z,  which  is 
significant  from  the  standpoint  of  the  occurrence  of  single  extreme  loads.  Also,  a 
description  was  given  of  the  relation  of  the  statistics  of  response  to  the  statistics  of  tur- 
bulence on  the  basis  of  the  simplifications  permitted  by  the  consideration  of  short  samples 
of  turbulence.  The  short  samples,  of  course,  are  not  representative  of  the  turbulence 
experienced  in  routine  flights. 

In  this  section,  a description  is  given  of  a procedure  used  to  synthesize  for  design 
purposes  the  parameter  N(z)  for  routine  flight  by  using  the  results  of  short  samples  of 
turbulence  and  the  measured  probability  of  distribution  of  turbulence  intensity  in  the 
atmosphere.  In  a sense,  a full  circle  will  have  been  completed,  in  that  this  paper  started 
with  an  indication  of  the  need  to  describe  the  overall  load  response  experience  in  terms 
of  N(z)  and  it  ends  with  an  estimate  of  N(z). 

A reminder  of  events  in  a routine  flight  is  provided  by  the  VGH  record  shown  in 
figure  2.  As  implied  by  the  nature  of  the  acceleration  trace  an,  the  turbulence  encoun- 
tered is  intermittent  and  variable  in  intensity.  It  is  noted  that  the  altitude  and  airspeed 
change  during  the  flight.  Fuel  is  consumed  and  therefore  the  weight  of  the  airplane 
changes.  The  changes  in  the  airplane  flight  conditions  produce  changes  in  the  airplane 
frequency  response  that  must  be  accounted  for  in  the  procedure  for  synthesizing  a sta- 
tistical description  of  the  responses  for  an  extended  flight.  Pertinent  characteristics 
that  must  be  considered  are  summarized  in  the  following  listing: 

(1)  Turbulence  characteristics: 

Intermittence 

Variable  intensity  (nonstationary) 

Variation  in  scale  L 

(2)  Airplane  characteristics: 

Variation  in  magnitude  and  distribution  of  weight 
Airspeed  variation 
Altitude  variation 

The  basic  approach  to  applying  the  relations  developed  for  short  samples  of  turbu- 
lence to  account  for  the  characteristics  of  general  flight  experience  just  listed  includes 
the  following  steps: 
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(1)  The  total  expected  turbulence  experience  is  synthesized  as  a summation  of 
individual  patches  of  turbulence  for  which  random -process  methods  are  valid. 

(2)  The  average  frequency  of  exceeding  a given  response  peak  of  level  z (that  is, 
N(z))  is  calculated  for  each  patch. 

(3)  The  value  of  N(z)  for  the  total  experience  is  obtained  from  the  summation  of 
the  values  of  N(z)  for  the  patches,  weighted  by  the  probability  of  occurrence  of  the 
patches. 


The  concept  of  individual  patches  is  illustrated  by  the  sketch  at  the  top  of  figure  36. 
The  patch  designated  dg  represents  distance  flown  in  smooth  air,  and  the  other  patches 
represent  turbulence  having  various  root-mean-square  intensities  (i  = I,  n,  HI). 
Probabilities  of  encountering  patches  of  given  intensities  are  defined  by  dj/dj  = p(q), 
and  the  distribution  of  p(q)  with  intensity  aj  is  illustrated  by  the  sketch  at  the  lower 
left  of  this  figure.  For  the  limiting  case,  in  which  the  turbulence  is  represented  by  a 
continuous  variation  in  rms  intensity,  the  probability  is  expressed  as  the  density  function 
p(o),  as  shown  in  the  lower  right  sketch. 


The  corresponding  representation  of  N(z)  in  terms  of  the  individual  patches  is 
expressed  as  a summation  of  contributions  from  each  of  the  patches  based  on  the  rela- 
tions developed  from  random-process  theory  and  weighted  by  the  distance  flown  in  each 
patch.  That  is,  on  the  basis  of  equation  (38), 


N(z) 


djN) 


0,1 


2°12Ai2 
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For  the  continuous  variation  of  intensity,  the  summation  becomes  the  integral  involving 
the  probability  density  p(<x).  That  is, 

__z2_ 
p00  2o2Az2 

N(z)=J  Ngp(a)e  da  (41) 

From  measurements  made  during  many  routine  flights,  the  probability  density  p(a)  has 
been  determined  empirically  and  curve  fitting  has  resulted  in  the  following  expression 
for  N(z)  at  any  given  altitude: 


N(z)  = P^Nge 


ac,lAz 


+ P2Nge 


z 

°c,2Az 


(42) 
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di  do 

In  this  equation  Pi=  — and  Pp  = — where 

d>p  dq> 


dj  is  the  flight  distance  in  "nonstorm" 


conditions,  d2  is  the  flight  distance  in  "storm"  conditions,  d-p  is  the  total  flight  dis- 
tance, ac  j is  the  rms  intensity  of  composite  nonstorm  turbulence  velocity,  and  crc  2 

is  the  rms  intensity  of  composite  storm  turbulence  velocity.  The  designations  nonstorm 
and  storm  are  only  very  broadly  related  to  meteorological  conditions  in  the  sense  that 
generally  the  intensity  <jq  g is  larger  than  a£  j and  the  probability  P2  is  smaller 

than  Pi,  as  might  be  expected.  The  function  N(z)  was  fitted  by  two  exponential  terms 
and  the  respective  designations  nonstorm  and  storm  are  used  primarily  for  convenience. 
A graphical  illustration  of  equation  (42)  is  shown  in  figure  37  in  the  form  of  a semiloga- 
rithmic  plot.  From  extensive  measurements  of  turbulence,  the  parameters  P^,  P2, 
°c,l>  °c,2  *n  eclu&tion  (42)  were  established  to  be  functions  of  altitude  as  shown  in 

figure  38. 


The  remaining  parameters  in  equation  (42),  Nq  and  Az,  also  depend  on  altitude 
and  are  affected  by  airplane  weight,  airplane  speed,  and  turbulence  scale  L as  well. 
The  procedure  for  accounting  for  the  effects  on  the  variations  in  all  these  quantities  in 
establishing  a design  function  N(z)  is  called  "mission  analysis." 


Mission  Analysis 

The  initial  step  in  mission  analysis  is  the  establishment  of  a representative  flight 
profile  for  design  purposes.  An  example  is  indicated  in  figure  39  as  the  variation  of 
altitude  h with  flight  distance.  The  associated  variations  of  airspeed  V and  airplane 
weight  W are  also  shown.  The  variation  of  the  scale  of  turbulence  L during  the 
representative  flight  is  also  illustrated  (fig.  40). 

In  the  next  step  the  total  flight  distance  is  divided  into  a number  of  stages,  and  the 
quantities  4>Wg(f),  |Hz(f)|2,  $z(f),  Az,  N0,  Pj,  P2,  crcl,  and  oq2  are  deter- 
mined for  each  stage.  Examples  of  the  variations  of  Az,  Nq,  Pi,  P2,  a 1,  and 
ctc,2  *or  ea°h  stage  of  flight  are  shown  in  figures  40  and  41. 

The  final  step  in  the  mission  analysis  involves  the  computation  of  N(z)  for  each 
stage  of  flight  by  use  of  equation  (42)  and  the  summation  operation  to  obtain  Nrp(z),  the 
total  N(z)  for  the  entire  flight.  This  step  is  illustrated  in  figure  42.  Each  semilog 
plot  for  an  individual  stage  is  of  the  same  form  as  that  illustrated  in  figure  37.  The  sum- 
mation operation  is  described  by  the  equation  at  the  bottom  of  figure  42. 

The  total  value  N-p(z)  is  the  basis  for  establishing  the  design  load  for  a selected 
risk  level,  provided  that  the  flight  profile  chosen  for  the  mission  analysis  is  truly  repre- 
sentative of  the  type  of  service  in  which  the  airplane  is  used. 
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The  adequacy  of  this  procedure  was  investigated  by  applying  the  mission-analysis 
method  to  the  determination  of  Nt(z)  for  the  load  factor  n of  an  airplane  type  that 
was  gust  critical  and  that  had  been  in  satisfactory  service  for  a number  of  years.  The 
results  compared  with  data  obtained  from  flight  instruments  over  a period  of  about  50  000 
flight  hours  are  presented  in  figure  43.  The  agreement  of  measured  and  calculated 
results  is  reasonably  good.  The  calculated  values  are  slightly  unconservative  at  the 
higher  levels,  but  are  considered  satisfactory. 

The  coverage  of  this  subject  in  a single  paper  is,  of  necessity,  broad  and  incom- 
plete. There  are  a number  of  related  subjects  that  were  not  discussed  in  detail.  These 
subjects  include  the  responses  of  the  lateral  modes  of  motion,  cross -spectral  relations 
and  two-dimensional  turbulence  problems,  treatment  of  combined  loads,  flight  measure- 
ments of  turbulence  velocities  and  airplane  responses,  methods  of  processing  measured 
random  time  functions  to  obtain  power  spectra,  and  statistical  error  analysis.  The 
reader  is  referred  to  the  present  bibliography  and  to  the  extensive  bibliography  in  ref- 
erence 1 for  further  information  on  these  subjects. 
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Figure  J>.~  Sample  response  time  histories. 
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Turbulence  acceleration  data  for  fleet  of  two-engine  turboprop  airplanes 
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Figure  5*-  V-n  diagram. 
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Time,  sec 

Figure  6.-  Sample  time  histories  of  vertical  component  of  turbulence  velocity. 
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ure  10.-  Example  of  frequenc; 
function  from  subject  of  mec' 
vibrations . 
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Figure  11.-  Simple  example  of  input-output  relation  for  random  disturbance 


$(w)  = — x Fourier  transform  of  autocorrelation  function 
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Figure  12,-  Relation  of  power  spectrum  to  random  time  function. 
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generalized  power  spectrum  for  transverse  components  of  turbulence 
the  effects  of  variations  in  L. 
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Normal  acceleration,  an,  g-units 
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Figure  18.-  Effect  of  gust  penetration  and  wake  in  a harmonically  oscillating  air stream. 
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Figure  19.-  Effect  of  various  airplane  motions  and  deformations  on  calculated  frequency 

responses  for  swept -wing  subsonic  jet  bomber. 
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Figure  20.-  Terms  in  input-output  relation  and  statistical  parameters  for  wing -bending 
moment  response  of  swept-wing  subsonic  jet  bomber. 
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Figure  21.-  Effect  of  variation  in  turbulence  scale 
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Figure  23.-  Effect  of  variation  in  damping  ratio  of  wing  bending  mode. 
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Figure  24.-  Isotropy  as  determined  from  measurements  during  flight  in  a thunderstorm. 
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Spatial  frequency,  S2,  rad/m 

Figure  25.-  Stationarity  as  determined  during  flight  in  a thunderstorm.  (The  length  of 
total  sample  is  25  n.  mi.,  and  the  time  is  200  sec.) 
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Figure  26.-  Probability  distribution  as  determined  from  measurements  during  flight 

in  a thunderstorm. 
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Figure  29.-  Comparison  of  calculated  and  measured  bending -moment  transfer 

functions  for  B-47  airplane. 
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Figure  50.-  Comparison  of  measured  and  calculated  ving-bending-moment  gust  response  for  B-52  airplane 


Figure  Jl. - B-58  airplane. 
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Figure  32.-  Comparison  of  measured  and  computed  frequency  response  functions 
for  acceleration  A1  (center  of  gravity)  of  B-58  airplane. 
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Figure  33  •-  Comparison  of  measured  and  computed  frequency  Figure  3^*-  Comparison  of  measured  and  computed  frequency 

response  functions  for  acceleration  A^28  (pilot 1 s response  functions  for  acceleration  All  (aft  fuselage 

station)  of  B-58  airplane.  station)  of  B-58  airplane. 
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Figure  35  •-  Comparison  of  measured  and  computed  values  of  An  and  Nq  as 
functions  of  fuselage  station  for  the  B-58  airplane. 
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8.  GUST  ALLEVIATION 


By  William  H.  Phillips 
Langley  Research  Center 

ABSTRACT 

A discussion  is  presented  of  the  response  of  an  airplane  to  turbulence,  including 
techniques  for  the  alleviation  of  lateral  and  longitudinal  motions.  A simplified  theoreti- 
cal treatment  of  the  longitudinal  response  to  vertical  gusts,  which  allows  calculation  of 
the  effects  of  various  types  of  gust-alleviation  systems,  is  presented.  Flight  experi- 
ments on  various  gust-alleviation  systems  are  reviewed.  A brief  discussion  is  given  of 
the  application  of  these  systems  to  different  types  of  airplanes.  Finally,  methods  of 
refinement  of  the  simplified  theory  to  include  effects  of  horizontal  gusts,  unsteady  lift 
effects,  and  isotropic  turbulence  are  described. 


INTRODUCTION 


The  subject  of  gust  alleviation  has  been  a matter  of  concern  to  aeronautical  engi- 
neers since  the  earliest  days  of  aviation.  Gusts  are  responsible  for  some  of  the  more 
severe  loading  conditions  on  an  airplane,  and  these  conditions  are  usually  the  critical 
design  conditions  on  transport  or  bomber  types  which  are  not  intended  for  violent  maneu- 
vering. Also,  many  people  are  susceptible  to  airsickness  during  flight  through  rough  air. 

In  recent  years,  with  the  trend  in  airplane  design  toward  long,  slender  fuselages 
and  thinner  wings,  structural  oscillations  have  become  a serious  problem.  These  oscil- 
lations may  cause  fatigue  of  the  structure  and  may  even  incapacitate  the  pilot,  thereby 
causing  loss  of  control.  The  adverse  effects  caused  by  gusts  include  the  loads  and 
stresses  caused  by  a single  extreme  load  and  the  fatigue  damage  caused  by  repeated 
loads.  They  also  involve  motions  and  deformations  of  the  airplane  which  may  cause 
upsets  and  loss  of  control  and  physiological  effects  resulting  in  deterioration  of  crew 
performance  and  passenger  discomfort. 

Despite  the  serious  nature  of  gust-response  problems,  attempts  to  alleviate  the 
effects  of  gusts  have  been  rather  rare  in  the  past.  Even  at  present,  none  of  our  existing 
commercial  airplanes  include  any  provisions  for  gust  alleviation.  The  slow  progress  in 
this  area  may  be  attributed  to  the  fact  that  many  serious  problems  exist  in  the  design  of 
such  systems.  Techniques  for  analyzing  such  problems  have  in  some  cases  been  devel- 
oped fairly  recently.  These  techniques  include  random  process  theory  and  computerized 
techniques  for  calculating  the  dynamic  response  of  systems  with  many  degrees  of  free- 
dom. Also,  electronic  devices  and  servomechanisms  of  the  required  reliability  for  use 
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in  the  primary  flight  control  systems  of  airplanes  are  just  now  becoming  available.  The 
subject  of  gust  alleviation  is  quite  appropriate  to  illustrate  how  some  of  the  more  ! 

advanced  analytical  and  computing  techniques  can  help  solve  problems  which  have  not 
been  handled  adequately  in  the  past. 

Some  of  the  lack  of  interest  in  practical  gust-alleviation  systems  may  be  attributed 
to  the  trend  to  flight  at  higher  altitudes  and  the  improved  techniques  for  avoidance  of  bad 
weather  made  possible  by  turbojet  power  plants  and  weather  radar  systems.  j 

In  the  design  of  recently  proposed  military  airplanes,  however,  particularly  those 
intended  for  high-speed  flight  at  low  altitudes  where  gust  disturbances  may  be  expected 
to  be  most  severe,  a great  deal  of  effort  has  been  put  into  the  analysis  of  systems  to 
alleviate  these  effects. 

In  the  commercial  airplane  field,  the  probable  future  development  of  V/STOL  types 
and  the  expansion  of  short-haul  service  may  revive  interest  in  gust  alleviation  for  sub- 
sonic airplanes.  Current  interest  in  these  problems  is  expected  to  lead  to  the  eventual 
development  of  practical  gust-alleviation  systems  for  use  on  both  military  and  commer- 
cial airplanes. 

In  this  paper  on  gust  alleviation,  the  nature  of  the  disturbances  caused  by  flight 
through  turbulence  is  reviewed.  A theoretical  analysis  is  presented  of  the  longitudinal 
response  of  a rigid  airplane  and  of  the  effectiveness  of  various  types  of  controls  in 
reducing  the  response.  Experimental  studies  of  several  types  of  gust-alleviation  systems 
are  recounted.  Finally,  a brief  introduction  to  analytical  techniques  for  the  calculation  of 
response  cf  airplanes  to  a two-dimensional  random  turbulence  field  is  given. 

SYMBOLS 


b wing  span 

c mean  aerodynamic  chord  of  wing 

Cm  pitching-moment  coefficient,  — — — 

| — ,oV2Sc 

2 

Cz  vertical-force  coefficient,  — - — 

|py2S 

D differential  operator,  — 

ds 
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d increment  of  distance  along  longitudinal  axis 

g acceleration  of  gravity,  9.81  meters  per  second^ 

ky  radius  of  gyration  of  airplane  about  Y-axis 

kv 

Ky  nondimensional  radius-of-gyration  factor,  — > *- 

c 

K ratio  between  flap  deflection  and  quantity  measured  by  gust  detector  with 

elevator  fixed 

L lift 

L*  longitudinal  integral  scale  of  turbulence  (see  ref.  22) 

l ratio  of  tail  length  to  mean  aerodynamic  chord  of  wing 

ln  ratio  of  distance  between  angle-of-attack  vane  and  center  of  gravity  to  mean 

aerodynamic  chord  of  wing 

m mass  of  airplane 

M pitching  moment  (positive  nose -up) 

n normal  acceleration 

q pitching  velocity,  8 

s distance  measured  in  chords,  — 

’ c 

S wing  area 

t time 

Ug  horizontal  velocity  of  gust  (positive  rearward) 

V velocity  of  center  of  gravity  of  airplane  with  respect  to  still  air 
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w 


X 

y 

z 

0! 

°fe 

°b 

*% 

y(y) 


% 


6y 

€ 

0 

M 

« 

P 


velocity  along  Z-axis 

vertical  velocity  of  gust  (positive  upward) 

mean  square  value  of  vertical  gust  velocity 

distance  along  longitudinal  axis 

distance  along  lateral  axis 

vertical  force  (positive  downward) 

angle  of  attack 

angle  of  attack  due  to  gust,  (see  fig.  5) 

angle  between  X-axis  and  velocity  vector  V (see  fig.  5) 
angle  of  attack  of  wing 

function  expressing  spanwise  distribution  of  lift  due  to  uniform  angle  of  attack 
elevator  deflection 
flap  deflection 

deflection  of  angle-of-attack  vane 
downwash  angle  at  tail 

angle  of  pitch  relative  to  horizontal  (see  fig.  5) 
relative -density  factor, 

distance 
air  density 
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r nondimensional  time  lag  of  servomechanism,  expressed  in  chords  traveled 

4>n  power  spectrum  of  normal  acceleration 

0we  power  spectrum  of  effective  vertical  gust  velocity 

0w  power  spectrum  of  vertical  gust 

correlation  function 
o>  frequency 

u)n  natural  frequency  of  system 


Subscripts: 


elevator 


H 


due  to  horizontal  gust 


tail 


due  to  vertical  gust 


w 


wing 


A dot  over  a quantity  indicates  differentiation  with  respect  to  time. 

Stability  derivatives  are  indicated  by  subscript  notation;  for  example,  C/  = dCz. 

a da 

Rotary  derivatives  are  defined  as  indicated  by  the  following  examples: 

8CZ 


CZq  ./qc 


CzDq' 


2 V/ 
9CZ 


81 


qc“ 

\4V2 


:D6f 


'^Da 


9CZ 

jV 

\2  Vj 

BC-7 


CzD2a ~ 


dCr 


dfc 

2V> 
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A subscript  following  a stability  derivative  indicates  component  of  airplane  which  con- 
tributes the  derivative;  for  example, 


variation  of  pitching- moment  coefficient  with  flap  deflection  contributed  by 
wing 


variation  of  vertical-force  coefficient  with  elevator  deflection  contributed  by 
tail 


NATURE  AND  EFFECTS  OF  RESPONSE  TO  TURBULENCE 


In  order  to  determine  the  most  effective  means  of  providing  smooth  flight,  it  is 
helpful  to  examine  the  motion  of  a typical  airplane  in  rough  air.  A typical  record  of  the 
accelerations  and  angular  motions  of  an  airplane  in  flight  through  rough  air  is  shown  in 
figure  1.  This  figure  shows  that  the  airplane  is  disturbed  about  all  axes.  The  distur- 
bance shown  is  for  a particular  magnitude  of  turbulence,  but  the  relative  amplitudes  of 
the  various  quantities  plotted  would  tend  to  remain  the  same  for  various  intensities  of 
turbulence.  This  figure  shows  that  the  quantity  of  most  concern  is  the  normal  acceler- 
ation, inasmuch  as  the  values  reached  (1.7g  and  -0.5g)  are  a relatively  large  percentage 
of  the  design  limit  load  factors  (typically  for  a transport  airplane,  2.5g  and  -l.Og)  and  are 
also  large  enough  to  disturb  passengers  because  of  the  physiological  sensation  of  changes 
in  body  weight.  The  lateral  acceleration  is  relatively  much  smaller.  Corresponding 
angular  displacements  are  only  a few  degrees  and  are  comparable  to  those  experienced 
in  other  modes  of  travel.  Nevertheless,  these  angular  motions  may  be  a factor  in 
inducing  motion  sickness  because  of  the  sensitivity  of  the  inner  ear  to  angular  motions. 
The  data  of  figure  1 also  show  that  the  motion  is  of  an  irregular  oscillatory  nature.  This 
characteristic  is  of  importance  in  determining  the  analytical  technique  required  for  study 
of  the  motion. 

Little  information  is  available  as  to  the  relative  importance  of  various  factors 
which  might  contribute  to  airsickness.  Some  research  on  this  subject  was  conducted 
during  World  War  II  at  Wesleyan  University.  In  these  tests  a large  number  of  men  were 
subjected  to  vertical  oscillations  in  a device  similar  to  an  elevator.  Some  of  the  results 
obtained  in  these  tests  are  shown  in  figure  2.  This  figure  shows  the  percentage  of  men 
who  became  sick  within  a period  of  20  minutes  when  they  were  subjected  to  oscillations 
of  various  periods.  These  data  appear  to  indicate  that  oscillations  of  3-  to  4-second 
periods  are  more  likely  to  cause  airsickness  than  oscillations  of  1-  to  2-second  periods. 
In  the  design  of  a device  to  improve  passenger  comfort,  therefore,  it  may  not  be  neces- 
sary to  emphasize  the  reduction  of  response  to  gusts  of  very  short  periods.  Higher  fre- 
quency disturbances,  however,  in  the  range  from  1 to  10  cycles  per  second,  may  be 
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serious  from  the  standpoint  of  structural  fatigue  and,  if  they  are  of  sufficient  amplitude, 
may  interfere  with  the  pilot's  vision  or  control  coordination  because  of  resonant  response 
of  parts  of  the  body. 

TECHNIQUES  FOR  LATERAL  AND  LONGITUDINAL  GUST  ALLEVIATION 

Calculation  of  the  response  of  airplanes  is  ordinarily  simplified  by  separation  of 
the  complete  equations  of  motion  into  a symmetric  group  (longitudinal  motion)  and  an 
asymmetric  group  (lateral  motion).  (See  ref.  1,  ch.  4.)  In  flight  through  turbulence,  as 
shown  in  figure  1,  both  longitudinal  and  lateral  motions  are  excited  simultaneously. 
Nevertheless,  the  justification  for  separation  of  the  analysis  of  longitudinal  and  lateral 
motions  remains  valid  provided  the  disturbed  motions  are  sufficiently  small  to  apply  the 
usual  assumptions  of  linearity. 


Lateral  Motion 

As  shown  previously  in  figure  1,  the  lateral  acceleration  experienced  in  flight 
through  turbulence  is  much  smaller  than  the  normal  acceleration.  This  difference 
results  from  the  fact  that  the  side  force  due  to  sideslip  of  a conventional  airplane  is 
ordinarily  only  about  10  percent  of  the  normal  force  due  to  change  in  angle  of  attack. 

For  this  reason,  the  major  emphasis  in  suppressing  lateral  response  is  placed  on  the 
elimination  of  angular  motions  in  roll  and  yaw.  These  motions  can  be  sensed  by  rate  or 
displacement  gyroscopes  and  controlled  by  the  existing  aileron  and  rudder  control  sur- 
faces. Devices  known  as  yaw  dampers  or  stability  augmentation  systems  provide  this 
function  on  many  existing  airplanes.  Existing  autopilots  on  commercial  airliners  incor- 
porate these  features. 

The  lateral  motions  of  an  airplane  in  turbulence  may  be  calculated  by  estimating 
the  disturbing  forces  and  moments  (yawing  moment,  rolling  moment,  and  side  force)  due 
to  passage  through  random  turbulence  and  applying  them  as  forcing  functions  to  the  clas- 
sical lateral-stability  equations.  Procedures  for  making  these  calculations  are  given  in 
reference  2.  The  design  of  stability  augmentation  systems  to  suppress  the  angular 
motions  is  a problem  in  regulator  theory  which  may  be  handled  by  techniques  described 
in  books  on  servomechanisms,  as  for  example,  reference  3.  Because  conventional  tech- 
niques are  capable  of  providing  satisfactory  systems  for  alleviating  the  lateral  motions, 
these  techniques  are  not  discussed  further  herein. 


Longitudinal  Motion 

The  longitudinal  motion  of  an  airplane  in  turbulence  consists  of  changes  in  both  pitch 
angle  and  normal  acceleration.  The  use  of  the  elevator  control  to  reduce  angular  motions 
in  pitch,  however,  does  not  eliminate  the  vertical  accelerations,  which  result  from  th< 
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direct  effect  of  lift  changes  caused  by  variations  in  vertical  gust  velocity.  In  fact,  main- 
taining the  airplane  at  a constant  angle  of  pitch  increases  the  acceleration  caused  by  low- 
frequency  gusts  because  a stable  airplane  tends  to  relieve  changes  in  acceleration  by 
pitching  into  the  gusts.  In  order  to  avoid  the  vertical  accelerations  due  to  rough  air,  the 
additional  lift  caused  by  a change  in  angle  of  attack  from  the  steady  flight  condition  must 
be  eliminated.  The  gust  disturbance  must  first  be  sensed  by  a suitable  instrument;  for 
example,  an  angle-of-attack  vane  or  an  accelerometer.  The  output  of  the  sensor  is  then 
used  to  operate  control  surfaces  to  offset  the  effect  of  the  gust. 

The  following  methods  might  be  considered  to  accomplish  this  result:  (a)  Pitching 
the  whole  airplane  by  use  of  the  elevators  to  maintain  a constant  angle  of  attack  during 
passage  through  gusts,  (b)  variation  of  wing  incidence  to  maintain  a constant  angle  of 
attack  during  passage  through  gusts,  and  (c)  operation  of  flaps  or  other  controls  to  offset 
the  lift  increments  on  the  wing.  In  connection  with  methods  (b)  and  (c),  a problem  of 
longitudinal  control  arises.  Normally,  control  of  the  airplane  by  the  elevator  is  accom- 
plished by  changing  the  angle  of  attack.  If  the  lift  increment  due  to  change  in  angle  of 
attack  is  eliminated,  the  elevators  will  be  ineffective  for  producing  a change  in  the  direc- 
tion of  the  flight  path.  The  alleviation  system  must  therefore  incorporate  means  to 
restore  this  control  capability. 


THEORETICAL  ANALYSIS 

In  the  past,  many  calculations  of  gust  loads  on  airplanes,  as  well  as  analyses  of 
gust-alleviation  devices,  were  made  by  assuming  some  type  of  discrete  gust  such  as  a 
step  gust  or  a ramp  gust.  In  practice,  however,  as  shown  in  figure  1,  the  actual  gust 
variations  are  of  an  irregular,  oscillatory  nature.  It  is  now  well  known  that  any  such 
gust  variation,  either  of  the  continuous  or  discrete  type,  may  be  expressed  as  the  sum  of 
sinusoidal  waves  or  various  frequencies  and  amplitudes.  For  this  reason,  the  most  gen- 
eral type  of  analysis  may  be  made  by  calculating  the  response  of  the  airplane  to  sinus- 
oidal gusts  of  various  frequencies.  The  actual  distribution  of  gust  amplitudes  as  a func- 
tion of  frequency  which  occurs  in  the  atmosphere  is  known  as  the  gust  spectrum,  and  an 
analysis  which  takes  into  account  such  a distribution  is  known  as  a spectral  analysis.  In 
paper  no.  7 by  Kermit  G.  Pratt,  the  techniques  for  calculating  the  response  of  an  airplane 
to  turbulence  by  use  of  random  process  theory  were  described.  As  an  example,  the 
method  for  obtaining  the  output  power  spectrum  of  normal  acceleration  as  the  product  of 
the  power  spectrum  of  vertical  gusts  and  the  square  of  the  system  frequency  response  is 
illustrated  in  figure  3.  Some  of  the  experimental  results  presented  subsequently  use 
this  form  of  representation. 

In  order  to  obtain  the  system  frequency  response  required  by  this  technique,  the 
response  of  the  airplane  is  calculated  to  sinusoidal  gusts  of  constant  amplitude  and 
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various  frequencies.  This  response  may  be  readily  calculated  from  the  transfer  function 
relating  the  response  and  input  variables. 

System  Under  Consideration 

A simplified  sketch  of  the  type  of  vane-controlled  acceleration  alleviator  analyzed 
herein  is  shown  in  figure  4.  The  servomechanism  which  operates  the  flap  is  assumed  to 
require  no  force  at  its  input.  In  practice,  electrical  signals  generated  by  transducers  at 
the  vane  and  control  stick  would  be  applied  as  inputs  to  the  flap  servomechanism.  The 
pilot's  control  input  is  fed  to  the  flap  as  well  as  to  the  elevator  to  avoid  the  loss  of  longi- 
tudinal control  which  was  stated  previously  to  result  if  the  lift  due  to  change  in  angle  of 
attack  is  eliminated. 


Assumptions  Made  in  Analysis 

The  assumptions  made  in  the  analysis  described  herein  are  as  follows: 

(1)  Only  longitudinal  response  is  calculated. 

(2)  Airspeed  is  assumed  constant. 

(3)  Only  rigid-body  motions  of  the  airplane  are  included. 

(4)  The  airplane  has  a conventional  straight -wing  configuration,  with  tail  surfaces 

aft  of  the  wing. 

(5)  Only  vertical  gusts  are  considered,  and  these  gusts  are  assumed  constant 

across  the  span  at  any  instant. 

(6)  Unsteady  lift  effects  are  not  treated  in  full  detail. 

These  assumptions  restrict  the  scope  of  the  analysis  so  that  some  of  the  aspects  of 
gust  alleviation  discussed  previously,  such  as  structural  oscillations,  are  neglected.  The 
important  problem  of  reducing  the  vertical  accelerations  of  a conventional,  subsonic  air- 
plane in  cruising  flight  may,  however,  be  investigated  with  adequate  accuracy  by  this 
theory.  The  effects  of  relaxing  some  of  these  assumptions  to  allow  consideration  of  a 
wider  scope  of  problems  are  discussed  subsequently. 

Reference  Axes 

A fundamental  consideration  in  calculating  response  of  an  airplane  to  gusts  is  the 
selection  of  correct  reference  frames  for  the  dynamic  equations.  All  inertia  forces 
resulting  from  acceleration  of  the  airplane  must  be  referred  to  an  inertial  coordinate 
system;  that  is,  one  which  remains  fixed  in  space.  On  the  other  hand,  aerodynamic 
forces  result  from  motion  of  the  airplane  with  respect  to  the  air  mass  in  its  vicinity 
which,  under  gusty  conditions,  is  moving  with  respect  to  the  inertial  frame.  These 
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considerations  may  be  taken  into  account,  when  considering  only  vertical  gusts,  by  a 
diagram  such  as  figure  5.  From  this  figure,  certain  relations  for  the  angle  of  attack 
with  respect  to  the  air  mass  and  with  respect  to  the  fixed  inertial  frame,  the  angle  of 
attack  of  the  wing,  and  the  angle  indicated  by  a free-floating  vane  mounted  on  a nose 
boom  are  as  follows: 


we 

V 


<%  = + “g 

6w  = -a0-  otgelnD  + D 9ln 

Similar  relations  may  be  derived  for  the  angle  of  attack  at  the  tail.  In  setting  up  the 
equations  of  motion,  it  is  convenient  to  consider  the  contributions  to  the  lift  and  moments 
of  the  wing  and  tail  separately.  In  this  way,  the  lag  effects  between  the  gust  hitting  the 
vane,  wing,  and  tail,  as  well  as  lag  in  downwash,  may  be  accounted  for  in  a logical  man- 
ner. Such  effects  are  called  "penetration  effects."  These  effects  should  be  taken  into 
account  for  an  accurate  calculation  of  the  dynamic  motions  of  an  airplane  penetrating 
gusts. 


Derivation  of  Equations 

The  derivation  of  the  equations  is  based  on  a procedure  similar  to  that  used  in 
the  classical  dynamic  stability  theory  (ref.  1,  ch.  4).  Inasmuch  as  this  derivation  is 
described  in  reference  4,  it  is  not  repeated  in  full  herein.  The  procedure  used  consists, 
first,  in  calculating  the  forces  and  moments  produced  by  the  wing  and  tail  owing  to  small 
increments  in  total  angle  of  attack  and  pitching  velocity.  The  equations  are  formed  by 
equating  the  force  to  the  mass  times  vertical  acceleration,  and  the  moment  to  the  pitching 
inertia  times  pitching  angular  acceleration.  Contributions  of  the  rigid-body  motion  and 
the  gust  velocity  to  the  total  angle  of  attack  may  then  be  separated,  placing  the  gust- 
induced  terms  on  the  right-hand  side  of  the  equations  as  forcing  functions.  Finally,  fol- 
lowing nondimensionalization  of  the  equations,  the  contributions  of  the  wing  and  tail  to  the 
coefficient  of  each  variable  may  be  collected  to  obtain  expressions  for  each  stability 
derivative  in  terms  of  the  wing  and  tail  contributions.  If  a gust-alleviation  system  is 
incorporated  into  the  airplane,  effects  of  flap  or  elevator  deflection  resulting  from 
operation  of  the  system  may  be  collected  along  with  the  rigid  airplane  wing  and  tail 
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contributions  to  the  derivatives.  The  gust-alleviation  system  may  therefore  be  treated 
by  considering  it  to  modify  some  of  the  stability  derivatives  of  the  basic  airplane. 

Lag  Effects 

Basically,  the  classical  dynamic  stability  theory  depends  on  the  assumption  that  all 
the  aerodynamic  forces  and  moments  may  be  calculated  from  a knowledge  of  the  state  of 
the  airplane  at  a given  instant.  By  the  state  of  the  airplane  is  meant  the  instantaneous 
values  of  the  variables  which  define  its  attitude  and  motion.  For  example,  if  the  value  of 
the  angle  of  attack  at  a given  instant  is  known,  the  associated  pitching  moment  may  be 
obtained  from  the  derivative  CmQr  It  was  shown  by  Cowley  and  Glauert  in  1921  (ref.  5) 
that  only  one  aerodynamic  lag  effect  is  of  sufficient  importance  to  require  consideration 
in  calculating  the  short-period  longitudinal  motion.  This  effect  is  the  lag  of  downwash 
which  causes  the  appearance  of  a moment  generated  by  the  tail  owing  to  the  lift  on  the 
wing  at  a slightly  earlier  time;  this  time  is  that  required  for  the  downwash  to  travel  from 
the  wing  to  the  tail.  Cowley  and  Glauert  showed  how  this  effect  could  be  approximated  in 
the  equations  by  introducing  a moment  proportional  to  the  rate  of  change  of  angle  of 
attack  Cm^.  In  this  way,  all  the  moments  may  still  be  calculated  from  the  condition  of 
the  airplane  at  a given  instant.  This  approximation  may  be  shown  to  be  very  good  pro- 
vided the  time  lag  involved  is  short  compared  to  the  natural  period  of  the  motion  under 
consideration.  This  assumption  is  excellent  in  almost  all  cases  of  longitudinal  motion 
inasmuch  as  the  lag  corresponds  to  the  time  for  the  airplane  to  travel  one  tail  length, 
whereas  the  period  of  the  short-period  longitudinal  mode  typically  corresponds  to  a dis- 
tance traveled  of  from  about  10  to  100  or  more  tail  lengths. 

In  calculating  the  response  of  a gust- alleviation  system,  other  lag  (and  lead)  effects 
are  introduced.  For  example,  the  gust  encounters  a vane  or  other  sensor  mounted  ahead 
of  the  nose  before  it  affects  the  wing.  The  subsequent  effect  of  the  gust  on  the  tail  lags 
the  effect  on  the  wing.  A servomechanism  introduced  between  the  vane  and  the  flap 
causes  lag  in  the  flap  response.  Rigorous  treatment  of  these  effects  would  introduce  a 
great  deal  of  complication  in  the  equations.  For  example,  including  a constant  time  lead 
for  encounter  of  the  gust  with  the  vane  ahead  of  the  wing  changes  the  conventional  differ- 
ential equations  into  differential-difference  equations,  which  have  an  infinite  number  of 
roots.  Representation  of  the  flap  servomechanism  by  its  complete  equations  of  motion 
or  transfer  function  would  increase  the  order  of  the  system  of  equations.  These  lag  and 
lead  effects,  however,  are  ail  of  the  same  order  of  magnitude  as  the  lag  of  downwash  for 
which  the  simple  approximation  introduced  by  Cowley  and  Glauert  has  been  shown  to  be 
adequate.  Therefore,  the  approximation  of  all  of  these  lag  effects  as  contributions  to 
derivatives  depending  on  the  rate  of  change  of  the  variables  involved  should  be  sufficiently 
accurate.  In  this  way  the  gust-alleviation  system  may  be  analyzed  without  increasing  the 
order  of  the  basic  airplane  equations,  and  the  physical  effects  of  various  design  features 
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of  the  system  may  be  seen  by  examining  their  contributions  to  the  basic  airplane  stability 
derivatives. 


Effect  of  System  on  Stability  Derivatives 

Though  the  complete  derivation  of  these  equations  is  not  presented  herein,  the  final 
equations  in  nondimensional  form  are 

2MD(ob  - e)  - - \ DaoCZDa  - \ D0CZq  - 6fCZ6f  - | D6fCzD6f 

= 6eCz6e  + ofeCZa  + \ D«g(czDa  - CZq) 


2MKy2D20  - o^CmQ;  - | | D0Cmq  - 6fCm6f  - | D6fCmD6f 

= 6ecm§e  + a%Cma  + ^Dag(^mDa  - cmqj 


The  values  of  the  derivatives  in  terms  of  the  contributions  of  the  tail  and  wing-fuselage 
combination  are 


CZD«f  ■ 21  Wi  % 

These  equations  refer  to  the  basic  airplane.  The  gust  inputs  appear  as  forcing  terms  on 
the  right-hand  side  of  the  equations.  The  terms  on  the  right-hand  side  involving  the 
rotary  derivatives  Czq,  anc*  so  f°rth  result  from  the  penetration  effects  referred 

to  previously. 


'mD6 


f = 21  86f  CmQ!t 
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A similar  set  of  equations  results  when  the  action  of  a gust-alleviation  system  such 
as  that  shown  in  figure  4 is  considered.  The  effect  of  the  alleviation  system  may  be  con- 
sidered simply  to  change  the  derivatives  of  the  basic  airplane.  Expressions  for  these 
changed  derivatives  are  rather  lengthy  but  two  of  them  are  given  as  examples.  First, 
make  the  following  substitution  for  the  flap  deflection  in  the  preceding  equations  t 


Sf  = K6ve"TD 

The  expressions  for  the  derivatives  then  become 


CzDa  = -2CZo£  l fl  ♦ K ±-(r  + ij]  + 2(Cz6£)wTK 

Values  of  pitching-moment  derivatives  Cm(X  and  CmDa  may  be  obtained  by  substi- 
tuting Cm  for  Cz  in  the  preceding  expression.  These  expressions  make  it  clear  that 
the  system  provides  a powerful  capability  to  modify  the  derivatives.  By  adjusting  the 
gain  constant  K,  the  ratio  of  flap  deflection  to  vane  deflection,  the  effective  lift-curve 
slope  of  the  airplane  Cz^  may  be  reduced  to  zero.  Similarly,  the  static  stability  CmQ! 
may  be  varied  widely  in  either  the  stable  or  unstable  direction,  depending  on  the  values  of 
Cmgj  and  8e/96f.  If  the  flaps  move  up  to  counteract  an  upward  gust  and  the  resulting 

pitching  moment  due  to  the  flaps  is  positive,  the  flaps  will  add  an  unstable  increment  to 
cmtf  Neglect  of  these  very  powerful  effects  of  a gust-alleviation  system  on  airplane 

stability  has  been  responsible  for  some  of  the  disappointing  results  obtained  in  some  of 
the  experimental  systems  which  have  been  tried. 


Calculated  Effects  of  Different  Control  Surfaces 

In  order  to  give  a general  idea  of  the  effects  of  different  types  of  gust-aiieviation 
systems,  some  calculated  results  are  now  presented.  For  comparison  with  results  to  be 
presented  subsequently,  figure  6 shows  the  response  of  the  basic  airplane  to  sinusoidal 
gusts  of  various  frequencies.  These  and  subsequent  calculations  in  this  section  have 
been  made  for  an  airplane  similar  to  the  Douglas  DC-3  flying  at  200  miles  per  hour 
(89.4  meters  per  second).  The  curves  of  figure  6 show  that  at  very  low  frequencies  the 
acceleration  is  reduced  because  the  airplane,  as  a result  of  its  static  stability,  tends  to 
maintain  a constant  angle  of  attack  with  respect  to  the  airstream.  The  curves  approach 
a constant  value  at  the  higher  frequencies  plotted.  This  constant  value  results  from  the 
neglect  of  unsteady  lift  effects,  structural  oscillations,  and  the  random  variations  of  gust 
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velocity  across  the  span.  If  these  factors  were  taken  into  account,  the  response  would  be 
expected  to  reach  the  constant  value  shown  (nearly  equal  to  the  acceleration  caused  by  a 
steady  angle-of-attack  change  equal  to  the  gust  amplitude)  over  some  intermediate  range 
of  frequencies.  Narrow  peaks  corresponding  to  excited  structural  modes  might  appear 
in  the  curve  at  higher  frequencies,  and  the  curves  would  eventually  approach  zero  with 
increasing  frequency  because  of  unsteady  lift  effects  and  because  of  the  reduction  of 
average  angle  of  attack  due  to  random  gust  variations  across  the  span. 

Elevators 

In  order  to  study  the  possibilities  of  different  systems  of  acceleration  alleviation, 
it  is  helpful  to  consider  the  control  motions  that  would  be  required  theoretically  to  pro- 
duce zero  acceleration  of  the  center  of  gravity  during  flight  through  gusts.  Elimination 
of  the  vertical  accelerations  does  not  necessarily  avoid  pitching  of  the  airplane.  There- 
fore, pitching  motions  occurring  with  the  different  methods  of  control  are  also  of  interest. 

Figure  7 shows  the  elevator  motion  required  to  produce  zero  acceleration  of  the 
center  of  gravity  in  flight  through  gusts  of  various  frequencies  and  the  resulting  pitching 
velocities.  The  elevator  motion  required  increases  almost  linearly  with  frequency  and 
reaches  very  large  values  at  high  frequencies.  In  addition,  it  is  found  that  the  phase 
angle  of  the  elevator  motion,  not  shown  in  the  figure,  must  lead  the  angle-of-attack  varia- 
tion due  to  the  gust  by  amounts  increasing  from  90°  at  low  frequencies  to  160°  at  high 
frequencies.  Such  large  phase  leads  are  difficult  to  obtain  in  practice  and  indicate  the 
reason  for  the  inability  of  a human  pilot  to  counteract  successfully  the  effects  of  gusts. 
The  pitching  velocities  shown  in  figure  7 also  reach  very  high  values  compared  to  those 
of  the  basic  airplane.  These  high  values  of  pitching  velocity  result  from  the  fact  that  with 
elevator  control  it  is  necessary  to  rotate  the  whole  airplane  to  maintain  a constant  angle 
of  attack  during  passage  through  the  gusts.  These  large  pitching  velocities  are  undesir- 
able because  of  the  changes  in  vertical  acceleration  which  they  cause  at  points  some  dis- 
tance from  the  center  of  gravity.  For  example,  in  this  case  the  vertical  acceleration  at 
a point  2 chord  lengths  from  the  center  of  gravity  would  be  greater  than  that  of  the  basic 
airplane  with  no  acceleration  alleviator  at  frequencies  greater  than  2 cycles  per  second. 
The  use  of  elevator  control,  therefore,  does  not  appear  very  promising  as  a means  for 
producing  smooth  flight. 


Trailing-Edge  Flaps  on  Wing 

It  might  be  thought  that  operation  of  the  flaps  to  offset  the  lift  increment  due  to  gusts 
would  overcome  these  objections  because  the  flaps  can  produce  lift  increments  without  the 
necessity  of  rotating  the  entire  airplane.  Figure  8 shows  the  flap  motion  required  to  pro- 
duce zero  acceleration  of  the  center  of  gravity  and  the  resulting  pitching  velocity.  For 
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these  calculations  it  was  assumed  that  the  landing  flaps  were  used  as  the  acceleration- 
alleviation  device.  These  results  show  that  the  pitching  motions  produced  by  the  use  of 
the  flaps  are  even  larger  than  those  produced  by  the  elevator.  These  large  pitching 
motions  result  mainly  from  the  action  of  the  downwash  from  the  flaps  on  the  tail.  This 
downwash  acts  in  the  same  direction  as  the  gusts  and  therefore  produces  large  pitching 
motions  of  the  airplane.  Furthermore,  in  certain  frequency  ranges  the  phase  relation- 
ship of  these  pitching  motions  is  such  that  the  angle-of-attack  change  of  the  airplane  adds 
to  that  of  the  gusts  and  as  a result  still  more  flap  deflection  is  required  to  offset  the 
acceleration  increments.  These  results  indicate  that  the  use  of  conventional  trailing- 
edge  flaps  as  an  acceleration-alleviation  device  is  not  likely  to  prove  successful. 

The  theory  worked  out  previously  may  be  used  to  show  what  flap  characteristics 
would  be  required  to  eliminate  accelerations  and  pitching  motions  of  the  airplane  without 
use  of  the  elevator.  Consider  again  the  airplane  approaching  a small  gust  disturbance. 
When  the  flap  moves  up  to  offset  the  gust,  the  pitching  moment  produced  by  the  flap  about 
the  wing  quarter -chord  point  should  be  zero.  Then,  when  the  tail  penetrates  the  gusts, 
the  downwash  due  to  flap  deflection  combined  with  the  downwash  due  to  the  wing  lift  should 
just  offset  the  gust  velocity  at  the  tail.  These  characteristics  are  not  obtainable  with 
ordinary  flap  designs  since  the  flap  ordinarily  produces  a pitching  moment  about  the  wing 
quarter-chord  point  and  produces  downwash  in  the  opposite  direction  from  that  required 
to  offset  the  effect  of  the  gust  at  the  tail.  The  desired  characteristics  might  be  obtained, 
however,  by  some  modifications  to  the  usual  flap  design.  The  flap  pitching  moment  could 
be  reduced  to  zero  by  linking  the  flap  directly  to  the  elevator  (or  to  a portion  of  the  eleva- 
tor). The  reversed  direction  of  downwash  due  to  flap  deflection  might  possibly  be 
obtained  by  linking  a small  portion  of  the  flap  near  the  fusela  ge  to  deflect  in  the  opposite 
direction  from  the  main  portion  of  the  flap  farther  outboard. 

Practical  considerations  may  limit  the  alleviation  produced  by  this  system  to  some- 
thing less  than  the  complete  elimination  of  airplane  response,  because  complete  allevia- 
tion effectively  reduces  the  variation  of  pitching  moment  with  angle  of  attack,  or  longitu- 
dinal stability,  to  zero.  It  is  necessary  to  preserve  some  longitudinal  stability  so  as  to 
obtain  desirable  control  characteristics.  A considerable  amount  of  acceleration  allevia- 
tion may,  however,  be  provided  while  maintaining  satisfactory  control  characteristics. 

For  example,  figure  9 shows  the  response  of  an  airplane  to  sinusoidal  gusts  when  it  is 
equipped  with  a vane-type  acceleration  alleviator.  Characteristics  have  been  adjusted  to 
provide  a stable  value  of  Crri(X  The  normal  accelerations  at  all  frequencies  are  reduced 
to  about  one-fifth  of  those  for  the  basic  airplane,  while  the  pitching  velocities  remain  low. 
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Flaps  and  Elevators  in  Conjunction 

Another  possibility  which  might  be  considered  is  the  use  of  the  flaps  and  elevators 
in  conjunction.  By  the  use  of  these  two  controls  it  is  theoretically  possible  to  reduce  both 
the  accelerations  and  pitching  motions  due  to  gusts  to  zero.  A physical  picture  of  how 
this  might  be  accomplished  may  be  obtained  as  follows:  Consider  an  airplane  flying 
through  a small  gust  disturbance.  When  the  wing  reaches  the  gust,  the  flaps  must  be 
deflected  up  to  produce  a lift  increment  opposing  that  from  the  angle  of  attack.  This  flap 
deflection  produces  a pitching  moment  which  must  be  offset  by  an  elevator  motion.  Then, 
when  the  airplane  has  moved  to  a position  where  the  gust  acts  on  the  tail,  the  elevator 
must  deflect  in  such  a way  as  to  counteract  the  effects  of  the  gusts  and  the  downwash  due 
to  the  flap  deflection.  Since  these  downwash  effects  lag  behind  the  flap  motion,  the  eleva- 
tor motion  must  also  lag  behind  the  flap  motion  by  a phase  lag  which  depends  on  the  gust 
frequency.  A servomechanism  might  be  designed  with  the  desired  phase  characteristics, 
but  this  method  appears  somewhat  complicated.  Another  possibility  is  to  use  a closed- 
loop  pitch  control  in  which  pitching  disturbances  of  the  airplane,  regardless  of  their 
source,  are  sensed  by  a gyro  and  the  elevator  is  moved  to  maintain  the  pitch  angle 
constant. 


Response  to  Pilot's  Control 

As  noted  previously,  the  pilot's  control  in  the  vane-controlled  alleviation  system  of 
figure  4 is  connected  to  the  flaps  as  well  as  the  elevators  so  as  to  avoid  the  loss  of  con- 
trol capability  caused  by  the  operation  of  the  alleviation  system. 

When  the  pilot  deflects  the  elevator,  the  resulting  events  may  be  described  as  fol- 
lows: First,  the  flap  moves  down  producing  lift  in  the  desired  direction.  Then,  as  the 
airplane  rotates  in  response  to  the  elevator,  the  angle  of  attack  measured  by  the  vane 
increases  and  causes  the  flaps  to  move  back  up  to  their  neutral  position.  This  type  of 
control  would  therefore  be  expected  to  increase  the  speed  of  response  of  the  airplane  to 
elevator  control  motions.  Figure  10  shows  the  response  to  a step  motion  of  the  elevator 
for  the  airplane  with  the  vane-type  acceleration  alleviator  as  compared  to  the  motion  of 
the  basic  airplane.  The  response  is  seen  to  be  much  faster,  but  there  is  no  tendency  to 
oscillate  or  overshoot.  This  type  of  action  has  in  recent  years  been  termed  "direct  lift 
control"  and  has  been  found  to  be  advantageous  for  maneuvers  requiring  accurate  altitude 
control,  such  as  landing  approach. 

Control  Characteristics  Required  for  Complete  Alleviation 

The  appropriate  combination  of  flap  effectiveness,  pitching  moments,  and  downwash 
characteristics  should  intuitively  result  in  perfect  gust  alleviation.  This  condition  occurs 
when  the  flap  lift  just  offsets  the  lift  increment  on  the  wing  due  to  the  gust,  the  flap 
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pitching  moment  offsets  the  pitching  moment  on  the  wing  due  to  the  gust,  and  the  flap 
downwash,  trailing  back  in  the  airstream  along  with  the  gust,  just  offsets  the  gust  velocity 
at  the  tail.  This  same  conclusion  is  found  directly  from  the  preceding  theoretical  devel- 
opment. The  values  of  the  flap  characteristics  and  gain  constants  required  to  satisfy  this 
condition  are 
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By  substituting  these  values  in  the  transfer  functions  giving  the  vertical  and  pitching 
response  of  the  airplane  owing  to  gust  inputs,  the  numerator  terms  all  go  identically  to 
zero.  The  agreement  between  intuitive  reasoning  and  the  results  of  the  approximate 
analytical  development  lend  confidence  to  the  belief  that  the  assumptions  of  the  theory  are 
sufficiently  accurate  for  practical  calculations,  particularly  in  the  case  of  a system 
designed  to  provide  a high  degree  of  gust  alleviation. 


EXPERIMENTAL  RESULTS 

Many  of  the  early  methods  employed  in  attempts  at  gust  alleviation  were  devised 
without  adequate  analysis  by  their  inventors.  As  an  illustration  of  such  early  methods,  an 
airplane  built  by  Waterman  about  1930  is  shown  in  figure  11.  In  this  airplane,  the  wings 
were  attached  to  the  fuselage  by  skewed  hinges.  In  flight,  the  lift  on  the  wings  was  bal- 
anced by  the  force  of  a pneumatic  strut  which  acted  as  a spring  and  allowed  the  wings  to 
deflect  in  flight  through  rough  air.  A similar  effect  is  obtained  automatically  with  swept- 
back  wings  since  bending  of  a sweptback  wing  under  a load  reduces  the  angle  of  attack  of 
the  tips.  These  methods  are  seriously  limited  in  their  application,  however,  because  they 
interfere  with  the  provision  of  adequate  lateral  control.  Deflection  of  the  ailerons  deflects 
the  wing  in  a manner  which  produces  a rolling  moment  opposing  that  from  the  ailerons. 

As  a result,  the  lateral  control  effectiveness  may  be  reduced  and  the  reversal  speed 
excessively  lowered. 
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Several  serious  attempts  have  been  made  in  the  past  to  develop  gust-alleviation 
systems  and  test  them  in  flight.  These  projects  are  now  described  briefly  and,  where 
possible,  comparison  to  theoretical  predictions  is  made. 

British 

In  England,  shortly  after  World  War  n,  a large  commercial  airplane  which  incor- 
porated a system  to  alleviate  wing  bending  moments  caused  by  gusts  was  designed.  The 
ailerons  were  to  deflect  symmetrically  in  response  to  the  output  of  some  type  of  gust 
detector  so  as  to  reduce  the  wing  loads.  The  designers  hoped  thereby  to  reduce  the 
required  weight  and  strength  of  the  wing.  As  it  turned  out,  this  airplane  never  went  into 
service,  but  the  proposal  stimulated  interest  in  a flight  project  in  which  a system  of  this 
type  was  tried  in  a Lancaster  aircraft  (refs.  6 and  7).  The  system  utilized  a vane  as  a 
gust  detector  to  operate  the  ailerons  symmetrically  through  a hydraulic  servomechanism. 
The  system  was  built  with  little  preliminary  analysis,  and  when  the  pilot  engaged  the  sys- 
tem for  the  first  time,  the  flight  in  rough  air  seemed  appreciably  more  bumpy  than  with- 
out the  system.  By  reversing  the  sign  of  the  gain  constant  relating  aileron  deflection  to 
vane  deflection,  the  ride  was  made  somewhat  smoother. 

The  explanation  of  these  effects  can  be  seen  from  the  foregoing  theory.  The  aile- 
rons, in  deflecting  up  for  an  up  gust,  would  relieve  the  load  on  the  tips  as  intended,  but 
they  would  also  produce  a positive  pitching  moment,  thereby  reducing  the  static  stability 
of  the  airplane  and  causing  it  to  nose  up  more  in  response  to  an  up  gust.  Furthermore, 
the  reduced  load  on  the  tips  gave  a spanwise  lift  distribution  which  caused  increased  down- 
wash  at  the  tail,  thereby  adding  to  the  noseup  moment.  The  system,  therefore,  reduced 
the  natural  tendency  of  the  airplane  to  nose  into  the  gusts  at  low  frequencies,  and  thereby 
increased  the  acceleration  response  in  this  range.  As  noted  previously,  the  low-frequency 
accelerations  are  the  ones  most  uncomfortable  to  the  human  occupants.  The  system  actu- 
ally reduced  some  of  the  response  at  higher  frequencies,  but  at  still  higher  frequencies 
the  system  destabilized  the  wing  first  symmetrical  bending  mode  at  3 cycles  per  second. 
This  condition  further  aggravated  the  roughness  of  the  ride. 

Tests  on  C-47  Airplane 

A second  experimental  program  was  conducted  on  a C-47  airplane  (refs.  8 and  9). 
The  objectives  of  this  program  were  similar  to  those  of  the  British  experiment.  The 
ailerons  were  arranged  to  deflect  symmetrically  upward  with  upward  wing  bending  by 
means  of  a linkage  system  which  added  this  component  of  deflection  to  that  of  the  conven- 
tional aileron  linkage.  Since  the  wing  deflection  provides  a large  available  driving  force, 
no  servomechanism  was  required,  and  as  a result  it  was  hoped  that  the  system  would  be 
sufficiently  reliable  to  use  on  service  airplanes.  This  system  suffers  from  the  same 
objections  as  the  British  system.  In  addition,  a further  limitation  was  encountered 
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because  the  inertia  of  the  ailerons,  combined  with  the  flexibility  of  the  operating  linkage, 
caused  the  aileron  deflection  to  lag  behind  the  wing  deflection.  Such  a condition  is  very 
conducive  to  flutter.  In  order  to  avoid  flutter,  the  gain  between  aileron  deflection  and 
wing  bending  had  to  be  kept  to  a relatively  low  value.  The  system,  with  this  limitation, 
was  able  to  reduce  the  mean  wing  bending  moments  by  only  about  9 percent,  and  the  effect 
on  riding  comfort  was  not  noticeable. 


NACA 

A third  set  of  flight  experiments  was  conducted  by  the  NACA  in  the  period  from 
about  1952  to  1960.  The  results  of  this  program  may  be  found  in  references  10  to  14 
which  contain  a complete  discussion  of  the  project.  In  the  present  paper,  emphasis  is 
placed  on  pointing  out  the  various  considerations,  procedures,  and  analyses  that  enter 
into  the  design  and  testing  of  a system  of  this  type. 

The  airplane  used  for  the  tests  was  a small  twin-engine  transport.  The  objective 
of  the  tests  was  to  study  various  systems  which  had  been  previously  analyzed  in  the  theo- 
retical work  and  to  demonstrate  the  feasibility  of  a gust-alleviation  system  employing 
wing  flaps  and  other  control  surfaces  operated  by  a servomechanism. 

Vane  design.-  Provision  was  made  for  testing  the  system  with  various  combinations 
of  the  aerodynamic  derivatives  influencing  the  response,  and  with  either  a vane  or  accel- 
erometer sensor.  A picture  of  the  airplane  with  the  nose  boom  and  vane  installation  is 
shown  in  figure  12.  The  vane  was  designed  to  follow  the  gust  fluctuations  as  accurately 
as  possible.  It  was  constructed  of  balsa  wood  and,  with  its  syncro  pickup,  was  shown  by 
wind-tunnel  tests  to  have  a natural  frequency  of  26  cycles  per  second  and  a damping  ratio 
of  0.6  at  an  airspeed  of  220  feet  per  second  (67.06  meters  per  second).  It  was  realized 
that  the  output  of  a vane  measuring  the  gusts  at  one  point  would  contain  high-frequency 
fluctuations  which,  because  of  their  small  spatial  extent,  would  probably  not  affect  the 
entire  wing  of  the  airplane.  This  so-called  ”s panwise  averaging  effect"  is  important  in 
designing  a gust-alleviation  system  for  best  performance  and  is  discussed  more  fully 
subsequently.  For  these  tests,  the  decision  was  made  to  incorporate  the  necessary  fil- 
tering of  the  vane  output  in  the  control  mechanisms  operating  the  flaps,  rather  than  to 
incorporate  any  filtering  in  the  dynamics  of  the  vane  itself.  In  this  way,  the  vane  data 
could  also  be  used  to  obtain  an  accurate  record  of  the  gust  input. 

Control  surfaces.-  A photograph  showing  the  modified  control  surfaces  of  the  test 

airplane  is  shown  in  figure  i.3.  Provision  was  made  to  connect  a portion  of  the  elevator 

to  the  flap  through  an  adjustable  linkage  to  vary  (Cmg  \ . Since  this  section  of  the  ele- 

\ f/w 

vator  moved  in  phase  with  the  flap,  it  could  be  considered  to  add  directly  to  the  flap 
pitching  moments.  Provision  was  made  to  vary  the  downwash  due  to  flap  deflection 
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3e/a6f  by  splitting  the  trailing-edge  flaps  into  two  sections.  The  small  inboard  portion 
could  be  geared  to  the  outboard  section  with  a ratio  between  0 and  ±1.0.  The  outboard 
section  of  the  landing  flaps  was  connected  to  the  ailerons  so  that  in  the  alleviation  mode 
the  outboard  flaps  and  ailerons  moved  together  symmetrically  for  gust  alleviation  and 
differentially  for  lateral  control.  The  flaps  were  redesigned  structurally  to  allow  full 
deflection  in  either  direction  at  any  speed  within  the  capabilities  of  the  test  airplane. 
Landings  were  made  with  flaps  up  for  the  test  program,  but  in  case  a practical  gust 
alleviator  should  be  designed,  the  additional  problem  of  retaining  the  landing  function  of 
the  flaps  would  have  to  be  solved.  The  inboard  portion  of  the  elevator  remained  con- 
nected to  the  pilot's  control  stick.  The  critical  requirement  for  elevator  control  was 
getting  the  tail  down  for  landing  with  the  alleviation  system  locked.  The  elevator  of 
reduced  area  was  adequate  for  this  purpose  with  the  center-of-gravity  position  used  in 
the  tests  and  was  also  satisfactory  for  control  in  flight  with  the  alleviation  system  in 
operation. 

Control  system  and  safety  provisions.-  A two-stage  electrohydraulic  servomecha- 
nism was  used  to  operate  the  flaps.  The  system  operated  essentially  as  shown  in  fig- 
ure 4,  but  the  electrical  outputs  of  the  vane,  control  stick,  and  accelerometer  could  be 
combined  in  any  desired  proportion  as  inputs  to  the  servoamplifier.  The  flap  position 
was  proportional  to  the  amplifier  input  under  steady-state  conditions. 

Lateral  control  in  the  alleviation  mode  was  supplied  through  an  additional  hydraulic 
servomechanism  with  mechanical  input.  The  output  of  this  system  deflected  the  flap  sys- 
tem asymmetrically  through  a mixing  linkage. 

A problem  which  must  always  be  considered  in  installing  modified  control  systems 
in  an  existing  airplane  is  that  of  reversion  to  the  original  airplane  system  in  case  of  any 
failure.  In  the  system  under  consideration,  the  pilot's  control  wheel  remained  connected 
to  the  basic  airplane  controls  through  the  original  cable  system.  In  the  alleviation  mode, 
the  airplane  was  flown  from  the  copilot's  side,  and  the  pilot's  wheel  simply  followed  the 
surface  movements.  In  case  of  any  malfunction,  a separate  hydraulic  system  was  pro- 
vided which  could  mechanically  clamp  the  wing  flaps  in  neutral  and  simultaneously  dis- 
connect the  controls  from  the  output  of  the  hydraulic  servomechanisms.  Symmetrical 
deflection  of  the  ailerons  in  the  alleviation  mode  was  permitted  by  allowing  the  hydraulic 
system  to  overpower  preloaded  spring  struts  in  the  aileron  linkage  of  the  basic  airplane 
control  system.  These  struts  had  sufficient  preload  to  allow  adequate  manual  control  of 
the  ailerons.  When  this  system  was  being  designed,  electronic  systems  had  a poor  repu- 
tation for  reliability,  and  elaborate  safety  precautions  were  necessary.  With  the  pres- 
ent reliability  and  background  of  experience  with  electronic  components,  together  with 
techniques  of  redundancy,  sufficient  reliability  could  probably  be  provided  in  a system  of 
this  type  to  avoid  the  need  for  these  rather  complex  reversion  systems. 
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Structural  feedback  considerations.-  A complicated  problem  which  requires  con- 
sideration in  the  design  of  any  automatic  control  system  is  the  possibility  that  control 
movements  will  excite  structural  vibrations  which,  in  turn,  will  be  picked  up  by  the  sen- 
sors involved  in  the  system  and  amplified  through  the  servomechanisms  to  produce  an 
increasing  oscillation.  Such  a condition  is  often  termed  "structural  feedback,"  and  can 
lead  to  dangerous  oscillations  similar  to  control-surface  flutter.  Such  a condition  is 
particularly  of  concern  in  the  case  of  a gust-alleviation  system  because  the  wing  flaps 
produce  a powerful  aerodynamic  force  input,  comparable  in  magnitude  to  that  of  a severe 
gust  hitting  the  airplane.  With  the  present  state  of  the  art  of  servomechanism  and  flutter 
analysis,  an  organization  with  sufficient  resources  could  make  a rational  analysis  of  this 
problem  by  taking  into  account  the  numerous  vibration  modes  of  the  structure  as  well  as 
the  rigid-body  motions  of  the  airplane.  Such  analyses,  in  fact,  are  made  routinely  for 
many  of  our  modern  airplanes.  A frequent  objective  of  such  analyses  is  the  design  of 
"modal  suppression  systems,"  which  serve  to  damp  rather  than  amplify  the  structural 
modes.  Some  mention  of  these  systems  is  made  subsequently  herein. 

In  the  case  of  the  gust-alleviation  system  under  consideration,  however,  modern 
digital  computing  techniques  did  not  exist,  and  safety  could  be  assured  only  through  con- 
servative design  techniques  and  cautious  avoidance  of  potentially  dangerous  conditions. 

As  will  be  seen,  this  approach  placed  a penalty  on  the  performance  of  the  system  which 
could  probably  be  avoided  with  a more  complete  analysis. 

Ground  vibration  tests.-  A rather  complete  set  of  ground  vibration  tests  was  made 
on  the  test  airplane  to  determine  the  frequencies  and  mode  shapes  of  the  primary  struc- 
tural modes.  The  lowest  natural  frequency  of  the  structure  was  the  first  wing  bending 
mode  at  8.0  cycles  per  second.  Inasmuch  as  this  frequency  was  considerably  above  the 
frequencies  which  might  be  suspected  of  producing  motion  sickness  (see  fig.  2),  the  flap 
servomechanism  was  designed  to  have  its  response  highly  attenuated  at  8.0  cycles  per 
second  so  that  interaction  with  the  structural  mode  would  be  unlikely.  This  attenuation 
was  also  increased  by  velocity  saturation  of  the  servo  which  would  provide  still  more 
attenuation  at  larger  input  amplitudes.  Thus,  if  any  oscillation  should  start,  its  amplitude 
would  be  limited. 

Frequency-response  tests.-  Rather  complete  frequency-response  tests  were  also 
made  on  the  control  system.  In  these  tests,  a sinusoidal  voltage  simulating  output  of  the 
vane  synchro  was  applied  to  the  servoamplifier.  The  resulting  motion  of  the  flaps,  which 
were  spring  loaded  to  simulate  the  aerodynamic  hinge  moments  acting  in  flight,  was 
recorded.  By  combining  the  results  of  the  ground  vibration  tests  and  the  servo  frequency- 
response  tests,  an  approximate  analysis  could  be  made  to  determine  the  possibility  of 
instability  caused  by  structural  feedback.  For  the  vane -controlled  system,  this  possibility 
was  found  to  be  remote  because  wing  bending  caused  very  little  response  of  the  structure 
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at  the  location  of  the  vane.  With  an  accelerometer  pickup,  however,  a more  rigorous 
analysis  would  be  required  to  draw  any  definite  conclusions.  The  acceleration  at  any 
point  undergoing  structural  vibration  increases  as  the  amplitude  and  as  the  square  of  the 
frequency.  For  this  reason,  higher  frequency  modes  which  may  appear  to  have  small 
amplitude  can  result  in  a large  accelerometer  output.  In  conducting  flight  tests  with  the 
accelerometer-controlled  system,  the  gain  of  the  accelerometer  signal  was  gradually 
increased  from  zero  while  the  pilot  applied  pulse  input  disturbances  to  the  flap  system. 
The  gain  was  then  limited  to  a value  which  gave  a well-damped  response. 

Measurement  of  aerodynamic  parameters.  - In  order  to  calculate  linkage  ratios  and 
gain  settings  to  be  used  in  the  flight  tests,  rather  complete  aerodynamic  data  on  the  air- 
plane were  required.  These  data  may  be  obtained  most  accurately  by  using  a combina- 
tion of  flight  tests  and  analytical  procedures.  In  the  case  of  the  airplane  under  considera- 
tion, values  of  the  derivatives  Cza,  CmQ!,  and  the  sum  of  the  damping  derivatives 
Cmq  + could  be  obtained  by  analyzing  the  records  from  abrupt  pull-ups  produced 

by  step  or  pulse  inputs  to  the  elevator.  The  value  of  8e/8a  was  obtained  from  available 
empirical  data  based  on  wind-tunnel  measurements.  A knowledge  of  this  value  allows 
separation  of  the  values  of  Cmq  and  Cmp^.  In  a similar  manner,  values  of  the  flap 

lift  and  moment  derivatives  were  obtained  by  applying  step  inputs  to  the  full-span  flap 
through  the  gust-alleviation  servo.  Again,  estimates  had  to  be  made  of  the  downwash  due 
to  the  flaps  9e/6f  and  of  the  effects  on  downwash  of  the  inboard  flap  gearing. 

Method  of  flight  testing.-  Flight  testing  of  a gust-alleviation  system  is  difficult 
because  the  characteristics  of  the  gust  input  are  not  under  the  control  of  the  experi- 
menter. If  an  isolated,  reproducible  gust  could  be  found,  the  problem  of  flight  testing 
would  be  simplified.  Unfortunately,  the  atmospheric  turbulence  is  of  a random  nature 
and  stretches  of  continuous  turbulence  are  rare,  particularly  in  favorable  weather  condi- 
tions. In  a conventional  airplane,  the  pilot  can  give  a subjective  judgment  of  the  severity 
of  turbulence  by  noting  the  magnitude  of  accelerations  experienced,  but  in  testing  a gust- 
alleviation  system  a smoother  ride  might  result  either  from  an  effective  system  or  a 
decrease  in  the  intensity  of  turbulence.  For  these  reasons,  measurements  of  the  turbu- 
lence input  as  well  as  the  airplane  response  must  be  made.  Vertical  gust  velocity  is 
measured  from  the  indications  of  an  angle-of-attack  vane  corrected  for  motions  of  the 
airplane  as  measured  by  an  accelerometer  and  pitching -velocity  recorder. 

Spectral-analysis  techniques.-  Because  of  the  random  nature  of  the  turbulence, 
power-spectral  analysis  of  the  data  is  required.  By  this  technique  a time  history  of  a 
randomly  varying  quantity,  such  as  vertical  gust  velocity,  is  converted  into  a plot  showing 
the  square  of  the  amplitude  of  each  sinusoidal  component  of  the  quantity  over  a small 
range  of  frequencies  against  the  frequency.  In  order  to  obtain  an  accurate  power  spec- 
trum, the  sample  length  should  be  about  20  times  the  wavelength  of  the  lowest  frequency 
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component  being  studied.  Furthermore,  the  process  is  assumed  to  be  stationary  over 
this  entire  period;  that  is,  the  process  producing  the  turbulence  is  assumed  to  remain 
constant  over  the  sample  period.  Unfortunately,  atmospheric  turbulence  is  rarely  a sta- 
tionary process,  and  patches  of  smooth  air  or  turbulence  of  different  magnitudes  are 
encountered  at  frequent  intervals.  As  a result,  power-spectral  analysis  rarely  yields 
results  having  the  degree  of  accuracy  of  more  conventional  flight  measurements. 

At  the  time  the  flight  tests  of  the  gust-alleviation  system  were  started,  power  spec- 
tra were  obtained  by  using  an  analog  device  which  required  transferring  the  flight  data  to 
magnetic  tape  and  then  running  the  tape  as  a continuous  loop  through  a series  of  tuned 
filters  to  determine  the  frequency  content.  Later  in  the  test  program,  digital  computa- 
tion techniques  were  used,  though  the  computer  time  required  for  these  analyses  was 
quite  long.  More  recently,  improved  methods  of  spectral  analysis,  sometimes  called 
FFA  (fast  Fourier  analysis),  and  higher  speed  digital  computers  make  the  determination 
of  spectra  considerably  faster. 


Characteristics  of  atmospheric  turbulence.-  A few  typical  results  from  the  flight 
program  are  now  shown.  The  power  spectrum  of  atmospheric  turbulence,  as  indicated 
by  the  gust  angle  of  attack,  is  shown  for  two  runs  in  figure  14.  Typically,  power  spectra 
are  plotted  on  log-log  paper  to  allow  coverage  of  a wide  range  of  the  variables  under  con- 
sideration and  of  frequency.  The  quantity  of  the  ordinate  scale,  in  this  case  degree^/cycle 
per  second,  is  squared  because  the  definition  of  power  spectrum,  which  had  its  origin  in 
the  measurement  of  the  resistive  power  loss  of  electric  current  in  a resistor  (I^R), 
requires  that  the  square  of  the  magnitude  of  the  harmonic  content  be  plotted.  From  the 
engineer's  viewpoint,  the  log-log  paper  tends  to  mask  differences  between  different  spec- 
tra, whereas  the  squaring  of  the  ordinate  tends  to  exaggerate  them.  Thus,  care  is 
required  in  evaluating  the  true  physical  significance  of  quantities  plotted  in  this  way. 


The  data  for  the  basic  airplane  cover  a range  of  frequencies  from  0.05  to  10  cycles 
per  second,  which  at  the  test  airspeed  of  220  feet  per  second  (67.06  meters  per  second), 
corresponds  to  a range  of  gust  wavelengths  of  from  about  4400  feet  (1341.12  meters) 
down  to  22  feet  (6.71  meters).  Over  this  entire  range  the  power  spectrum  shows  a nega- 
tive slope  of  about  -2.  This  value  is  typical  of  the  spectrum  of  atmospheric  turbulence. 
According  to  the  theory  of  isotropic  turbulence,  the  slope  should  be  -5/3,  but  the  accuracy 
of  spectral  determinations  is  not  good  enough  to  distinguish  readily  between  the  two  val- 
ues. The  slope  of  -2  means,  physically,  that  the  actual  amplitudes  of  gust  velocities  vary 
approximately  inversely  as  th.eir  frecjiiencies.  This  rapid,  decrease  of  irmut 


with  increasing  frequency  furnishes  another  reason  why,  in  the  design  of  a gust-alleviation 
system,  the  low  frequencies  are  often  important  and  cannot,  in  any  case,  be  neglected. 


Flight  test  results.-  A comparison  of  the  power  spectra  for  the  normal  acceleration 
for  the  basic  airplane  and  for  the  airplane  with  a vane-type  gust-alleviation  system  is 


527 


shown  in  figure  15.  Note  that  these  data  are  for  slightly  different  atmospheric  conditions 
and  the  results  should  not  be  compared  directly.  Also,  the  conditions  are  not  those  given 
in  figure  14.  Two  points  of  interest  are  apparent,  however.  First,  the  alleviation  system 
has  little  effect  at  frequencies  above  about  2 cycles  per  second.  This  result  may  be 
attributed  to  the  attenuation  of  the  response  of  the  flap  servomechanism  at  high  frequen- 
cies. Second,  the  wing  bending  frequency  shows  up  as  a slight  peak  at  8 cycles  per  sec- 
ond. Because  of  the  small  magnitude  of  the  gust  input  at  this  frequency,  however,  the 
response  is  quite  small. 

In  order  to  compare  the  responses  with  the  alleviation  system  on  and  off,  the  values 
of  the  power  spectra  of  normal  acceleration  were  divided  by  the  values  of  power  spectra 
of  gust  angle  of  attack  at  corresponding  frequencies,  and  the  square  root  of  the  result  was 
taken.  The  result  is  a plot  of  the  ratio  of  normal  acceleration  to  gust  angle  of  attack  as  a 
function  of  frequency,  similar  to  that  obtained  from  the  frequency-response  analysis. 

This  result  as  well  as  similar  data  for  pitching  velocity  are  shown  in  figure  16.  In  the 
frequency  range  of  greatest  interest  for  passenger  comfort,  for  example  0.2  to  0.5  cycle 
per  second,  the  acceleration  response  was  cut  to  about  half  that  of  the  basic  airplane. 

For  the  particular  case  shown,  the  pitching-velocity  response  of  the  basic  airplane  was 
reduced  also. 

The  results  shown  are  typical  of  those  for  various  cases  studied.  In  general,  the 
trends  in  the  results  caused  by  varying  the  gearing  between  flaps  and  vane,  inboard  and 
outboard  flaps,  or  between  flaps  and  auxiliary  elevators,  were  in  good  agreement  with  the 
predictions  of  the  theory.  The  maximum  alleviation  obtained,  however,  was  somewhat 
disappointing  inasmuch  as  the  theory  indicated  that  the  response  could  be  reduced  to  a 
much  lower  value.  The  primary  reason  for  this  limitation  in  the  effectiveness  of  the  sys- 
tem is  believed  to  be  the  attenuation  of  the  flap  response  at  high  frequencies  and,  in  par- 
ticular, the  velocity  saturation  characteristic  which  had  been  included  as  a safeguard 
against  flutter.  In  detailed  examination  of  the  time  histories  of  response  to  turbulence, 
the  flaps  could  be  seen  to  lag  behind  the  desired  motion  whenever  a particularly  large 
gust  input  was  encountered.  The  result  of  this  lag  was  a peak  in  the  acceleration  response 
caused  by  the  failure  of  the  flap  to  offset  the  gust  completely.  In  retrospect,  it  appears 
that  a servomechanism  with  more  nearly  linear  characteristics  and  higher  frequency 
response  could  have  been  used  with  safety.  The  resulting  alleviation  would  have  more 
closely  approached  the  theoretical  predictions. 

Work  of  Rene  Hirsch  in  France.-  No  resume  of  flight  experience  with  gust- 
alleviation  systems  would  be  complete  without  mentioning  the  work  of  a Frenchman,  Rene 
Hirsch,  who  has  apparently  devoted  much  of  his  life  to  this  subject.  About  1938,  Hirsch 
completed  a thesis  on  analysis  and  model  tests  of  a gust-alleviating  airplane.  In  this  era, 
when  servomechanisms  were  in  an  early  state  of  development,  Hirsch  was  forced  to  rely 
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on  aerodynamic  forces  to  actuate  his  system.  He  conceived  the  idea  of  using  forces  on 
the  horizontal  tail,  which  was  mounted  with  freedom  of  vertical  movement,  to  operate 
trailing-edge  flaps  on  the  wing  through  a direct  mechanical  linkage.  The  use  of  a sur- 
face aft  of  the  wing  to  detect  the  gusts  might  at  first  seem  illogical,  but,  as  has  been 
shown,  the  long-wavelength  gusts  are  the  ones  of  greatest  importance.  For  these  gusts, 
little  difference  in  phase  relationship  exists  between  the  flap  motion  and  the  gust  whether 
the  gust  is  sensed  at  the  nose  or  tail  of  the  airplane.  The  recognition  of  the  importance 
of  long-period  disturbances  was  one  area  in  which  Hirsch  showed  greater  insight  than 
most  of  his  contemporaries. 

Hirsch  also  recognized  the  need  to  restore  pilot  control  when  the  lift  of  the  airplane 
was  made  insensitive  to  angle  of  attack.  This  ability  followed  naturally  with  his  setup 
because,  with  conventional  elevators  on  the  horizontal  tail,  a rearward  stick  movement 
would  raise  the  elevators,  putting  a down  load  on  the  tail,  and  thereby  moving  the  flaps 
down.  The  effect  was  identical  to  that  obtained  in  the  vane-controlled  system  discussed 
previously  by  feeding  a signal  from  the  control  stick  to  the  flap  servomechanism.  Hirsch 
also  showed  how  to  design  his  system  to  give  approximate  compensation  of  horizontal 
gusts.  As  a bonus,  as  his  airplane  slowed  down,  the  elevators  would  be  raised  and  the 
flaps  would  automatically  go  down  to  their  landing  position.  The  same  effect  could  be 
obtained  on  the  vane -controlled  system  by  spring  loading  the  vane  in  the  downward  direc- 
tion. Hirsch  made  a remarkably  complete  analysis  of  the  static  characteristics  of  his 
system  by  taking  into  account  the  hinge-moment  derivatives  due  to  deflection  and  due  to 
angle  of  attack  of  the  many  movable  surfaces  on  his  design.  At  the  time  of  this  analysis, 
these  concepts  were  quite  new.  In  addition,  he  made  a wind-tunnel  test  of  a dynamic 
model  of  his  airplane.  The  model  was  mounted  in  the  tunnel  with  freedom  to  move  ver- 
tically and  was  subjected  to  a gust  produced  by  a venetian-blind  arrangement  ahead  of  the 
model.  He  showed  that  the  model  with  surfaces  fixed  would  bang  against  the  top  of  the 
tunnel  under  the  influence  of  the  simulated  gust,  whereas  the  alleviated  model  was  rela- 
tively undisturbed.  This  type  of  dynamic  model  testing  of  partly  restrained  models  was 
years  ahead  of  its  time  and  has  come  into  wide  use  more  recently  for  flutter  model  testing. 

Hirsch's  work  was  apparently  interrupted  by  World  War  H,  but  after  the  war  he 
further  demonstrated  his  concept  by  constructing  a small  clean  twin-engine  airplane 
which  incorporated  his  system.  A photograph  of  this  airplane  is  shown  in  figure  17,  and 
a line  drawing  showing  the  interior  arrangement  is  shown  in  figure  18.  Reports 
describing  flight  tests  of  the  airplane  are  given  in  references  15  and  16.  The  proper 
operation  of  this  system  might  be  a subject  of  concern  because  of  the  number  of  hinged, 
moving,  aerodynamically  actuated  parts.  Hirsch  used  a double-hinged  flap  to  obtain 
greater  lift  increments  and  linearity  of  hinge  moments.  This  flap  was  actuated  by  the 
horizontal  tail,  which  changed  dihedral  about  chordwise  hinges  at  the  root.  Not  satisfied 
with  alleviating  vertical  gusts,  he  also  detected  rolling  gusts  by  hinging  the  wing  tips 
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about  a chordwise  axis  and  using  these  surfaces  to  deflect  the  flaps  asymmetrically. 
Finally,  to  restore  aerodynamic  damping  in  roll  and  pitch  to  the  airplane,  he  incorpo- 
rated large  bellows-type  actuators  operated  by  dynamic  pressure  and  controlled  by  wind- 
driven  rate  gyroscopes.  Hirsch  had  such  confidence  in  his  system  that  he  designed  the 
airplane  to  a load  factor  of  2g,  taking  advantage  of  the  saving  in  wing  weight  to  improve 
performance. 

Despite  the  complex-sounding  features  of  the  design,  the  system  was  well  engi- 
neered and  the  airplane  made  many  successful  flights.  Tests  were  made  with  recording 
instruments  and  the  results,  presented  in  the  form  of  time  histories,  show  that  the  degree 
of  gust  alleviation  attained  was  very  similar  to  that  of  the  NACA  airplane. 

RECENT  DEVELOPMENTS 

Despite  the  promising  results  obtained  with  two  of  the  gust-alleviation  systems 
described,  no  practical  use  of  systems  to  reduce  the  accelerations  associated  with  the 
rigid-body  response  of  airplanes  has  been  made.  This  lack  of  practical  application  in 
modern  airplanes  probably  results  from  two  considerations.  First,  as  airplanes  were 
designed  for  higher  speeds  and  employed  thinner  wing  sections,  the  structural  frequencies 
decreased.  The  problem  of  providing  adequate  alleviation  in  the  range  of  frequencies  of 
interest  for  passenger  comfort  without  exciting  structural  modes  therefore  became  more 
difficult.  Second,  as  jet  airplanes  flew  at  higher  altitudes,  they  encountered  turbulence 
less  frequently  and  the  problem  was  therefore  less  serious.  Increased  application  of  low- 
altitude  flying  for  short-haul  service,  using  STOL-type  airplanes  with  light  wing  loading 
may  bring  about  a revival  of  interest  in  this  form  of  gust  alleviation.  At  the  other  end  of 
the  speed  range,  the  supersonic  transport,  because  of  its  slender  shape  and  thin  surfaces, 
requires  increased  attention  to  the  design  of  automatic  control  systems  to  improve  the 
damping  of  structural  modes  of  oscillation. 

In  recent  years,  the  gust-response  problems  of  high-speed  military  airplanes  have 
received  renewed  attention.  Fighter  airplanes  flying  near  sea  level  at  high  subsonic 
speeds,  and  therefore  at  high  dynamic  pressure,  can  subject  the  pilot  to  a very  rough  ride. 
The  larger  military  airplanes,  both  bombers  and  transports,  have  suffered  from  fatigue 
problems,  often  as  a result  of  service  flying  hours  far  exceeding  the  original  design  val- 
ues. Since  the  life  is  largely  determined  by  frequently  repeated  gust  loads  of  all  ampli- 
tudes, means  have  been  sought  to  alleviate  these  loads.  In  some  of  the  newer  proposed 
supersonic  aircraft  designs,  the  long,  slender  fuselages  have  been  found  to  contribute  to 
excessive  vibration  at  the  pilot's  station. 
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Fighter  Airplanes 


Various  methods  have  been  studied  and  tested  to  help  solve  these  problems.  In  the 
case  of  the  subsonic  fighter  airplane,  the  relative  density  factor  is  so  great  that  the 
short-period  longitudinal  oscillation  has  a relatively  long  wavelength,  perhaps  1000  to 
1500  feet  (304.8  to  457.2  meters),  where  the  gust  input  amplitude  is  becoming  large.  If 
the  airplane  has  poor  damping  in  pitch,  resulting  in  a resonance  peak  at  the  short-period 
frequency,  the  use  of  a pitch  damper  may  considerably  reduce  the  response,  both  in  pitch 
and  in  normal  acceleration.  The  use  of  high  wing  loading  and  wings  with  low  aspect  ratio 
or  high  sweep  angle  to  reduce  the  lift-curve  slope  may  also  be  beneficial.  These  tech- 
niques can  reduce  the  accelerations  to  only  a certain  point,  however,  before  they  start  to 
interfere  with  other  desired  performance  characteristics. 

As  a general  rule,  tr ailing-edge  flaps,  particularly  on  the  outboard  portion  of  the 
wing,  are  unsuitable  for  providing  gust  alleviation  on  a high-speed  fighter  airplane.  At 
high-dynamic-pressure  conditions,  such  surfaces  are  usually  approaching  their  reversal 
speed.  Even  if  they  remained  effective,  they  are  generally  so  far  aft  of  the  center  of 
gravity  that  they  produce  excessive  pitching  moments.  Inboard  flaps  on  a swept  wing 
might  avoid  this  problem,  but  on  a low-aspect-ratio  or  delta-wing  configuration  they 
would  still  be  likely  to  give  excessive  pitching  moments.  As  shown  previously,  such 
pitching  moments  must  be  offset  by  deflection  of  the  horizontal  tail,  which  would  largely 
offset  their  effectiveness  by  producing  lift  in  the  opposite  direction.  Perhaps  the  most 
promising  method  to  provide  effective  gust  alleviation  on  a high-speed  fighter  airplane 
would  be  to  deflect  the  whole  wing.  A wing  deflection  of  only  1°  would,  at  a speed  of 
1000  feet  per  second  (304.8  meters  per  second),  be  enough  to  offset  the  effect  of  a 17-foot- 
per-second  (5.2-meter-per-second)  gust. 

The  foregoing  concept  leads  to  the  following  arrangement  which  would  appear  to 
offer  promise  as  a gust-alleviation  system  for  a high-speed  fighter  airplane.  A variable- 
incidence  wing,  operated  through  a rapid-response  servomechanism  in  accordance  with 
the  output  of  a vane  or  similar  sensor,  would  offset  the  effects  of  the  gusts  on  the  wing. 

The  wing  itself  would  produce  small  pitching  moments  about  the  center  of  gravity.  To 
offset  the  gusts  and  downwash  effects  at  the  tail,  the  use  of  a highly  effective  pitch  damper 
operating  from  a rate  gyro  would  appear  preferable  to  a device  which  varied  the  stabilizer 
incidence,  with  the  appropriate  lag,  in  response  to  the  gust  sensor  signal.  This  arrange- 
ment would  avoid  critical  dependence  of  the  longitudinal  stability  on  the  tail-to-sensor 
gain  constant.  A system  of  this  type  has  not  yet,  to  the  writer's  knowledge,  been  ana- 
lyzed. Any  such  analysis  should,  of  course,  include  effects  of  structural  modes  which 
might  be  excited  by  the  system. 
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Large,  Flexible  Airplanes 

Frequently,  large  bomber  or  transport  airplanes  are  equipped  with  stability  aug- 
mentation systems  to  improve  the  damping  of  the  short-period  longitudinal  mode  or  the 
Dutch  roll  mode.  These  systems  are  designed  to  operate  over  a limited  frequency  range, 
or  bandwidth,  to  avoid  interaction  with  higher  frequency  structural  modes.  In  some 
cases,  however,  excessive  shaking  of  the  cockpit  has  been  experienced  in  flight  through 
rough  air,  thereby  making  it  difficult  for  the  pilot  to  read  his  instruments.  Also,  as 
noted  previously,  fatigue  damage  to  the  structure  has  occurred  because  of  repeated 
stresses  caused  by  flying  through  mild  or  moderate  turbulence.  Several  analytical  and 
flight  projects  have  been  undertaken  to  develop  systems  to  alleviate  these  effects.  These 
projects  have  been  given  various  acronyms,  such  as  GASDSAS  (gust  alleviation  and  struc- 
tural dynamic  stability  augmentation),  LAMS  (load  alleviation  and  modal  stabilization), 
and  others,  which  may  be  seen  in  the  literature  (refs.  17  to  19). 

The  structural  modes  of  a flexible  airplane  usually  have  very  low  damping,  with  the 
result  that  a spectrum  of  the  response  carried  out  to  high  frequencies  will  usually  show  a 
series  of  sharp  peaks,  one  at  each  major  structural  mode.  The  object  of  modal  suppres- 
sion systems  has  been  to  improve  the  damping  of  these  modes,  thereby  cutting  down  the 
peaks,  without  interfering  with  the  rigid-body  modes  or  the  operation  of  the  existing  sta- 
bility augmentation  system. 

Because  the  sensors  and  servos  used  in  a modal  suppression  system  must  operate 
out  to  high  frequencies,  the  probability  of  reducing  the  damping  of  a structural  mode  or 
producing  flutter  always  exists.  Such  systems  must  therefore  be  analyzed  in  detail.  The 
stability  equations  for  such  systems  are  systems  of  linear  differential  equations  similar 
to  those  of  the  basic  airplane,  but  of  higher  order  and  therefore  more  complicated.  The 
need  to  provide  satisfactory  damping  of  the  structural  modes  for  widely  varying  flight 
conditions  and  aircraft  loading  further  complicates  the  design  problem.  General  rules 
for  the  design  of  such  systems  cannot  be  formulated  because  each  airplane  presents 
special  problems.  A few  considerations  which  may  aid  in  arriving  at  a preliminary 
design  can,  however,  be  presented. 

In  order  to  sense  structural  modes  independently  of  the  rigid-body  motions  of  an 
airplane,  it  is  possible  to  employ  the  difference  in  the  outputs  of  two  sensors.  For 
example,  by  taking  the  difference  between  the  outputs  of  accelerometers  at  the  center  of 
gravity  and  at  the  rear  of  the  fuselage,  the  rigid-body  normal  acceleration  may  be  elimi- 
nated, thereby  leaving  a signal  proportional  to  pitching  acceleration  plus  the  contribution 
of  structural  modes.  If  the  difference  between  the  outputs  of  pitching  accelerometers  is 
used,  the  only  signal  remaining  is  that  due  to  structural  modes.  Combinations  of  sensors 
at  various  locations  may  be  used  to  emphasize  the  contributions  of  particular  structural 
modes. 
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In  order  to  be  effective  in  damping  a particular  mode,  both  the  sensor  and  the  con- 
trol surface  must  be  affected  by  that  mode.  In  other  words,  the  force  exerted  by  the  con- 
trol surface  must  move  through  a distance  so  as  to  perform  work  in  damping  a particular 
mode.  This  problem  is  illustrated  in  figure  19.  The  various  modes  have  different  nodal 
points  and  different  directions  of  displacement  at  any  given  location.  As  a result,  an 
instrument  providing  a stabilizing  signal  to  one  mode  will  most  likely  destabilize  some 
other  mode.  This  dilemma  has  resulted  in  the  scheme  called  ILAF  (identical  location  of 
accelerometer  and  force).  By  locating  an  acceleration  sensor  as  close  as  possible  to  the 
control  surface  which  it  operates,  at  least  the  direction  of  the  acceleration  and  the 
resulting  damping  effect  on  the  structure  will  always  be  consistent,  regardless  of  which 
mode  is  excited.  If  a given  control  surface  is  at  the  nodal  point  of  some  modes,  however, 
it  will  be  ineffective  in  damping  these  modes.  The  use  of  another  control  surface  may 
therefore  be  required.  Small  auxiliary  canard  surfaces  near  the  cockpit  have  been  shown 
to  be  effective  in  damping  fuselage  vibrations.  Such  surfaces  were  tested  in  the  XB-70 
program. 


DISCUSSION  OF  ASSUMPTIONS  OF  THEORY 

The  assumptions  made  in  the  theoretical  analysis  were  listed  previously.  The 
methods  of  extending  the  analysis  to  remove  some  of  these  assumptions  are  now  dis- 
cussed. Some  remarks  have  been  made  previously  on  the  methods  for  including  lateral 
motions  in  the  analysis  and  of  the  effects  of  variations  in  configuration  and  of  structural 
flexibility.  This  section  includes  consideration  of  the  effects  of  speed  variations,  hori- 
zontal gusts,  unsteady  lift  effects,  and  isotropic  turbulence. 

Speed  Variations 

The  effect  of  including  speed  as  an  additional  degree  of  freedom  is  the  introduction 
of  the  long-period,  or  phugoid,  mode  in  the  airplane  response.  The  phugoid  mode  has 
low  damping  and  can  be  readily  excited  by  gusts,  but  experience  has  shown  that  the  human 
pilot  with  suitable  instruments  and  external  references  has  no  difficulty  in  controlling  this 
mode  of  motion.  The  pilot's  ability  to  control  this  motion  is  likely  to  be  equally  good  in 
the  case  of  a gust-alleviated  airplane  when  adequate  means  are  provided  to  control  the 
flight  path.  Furthermore,  the  changes  in  normal  acceleration  associated  with  this  long- 
period  mode  are  small.  The  omission  of  this  degree  of  freedom,  which  is  equivalent  to 
the  assumption  that  the  speed  is  constrained  to  a constant  value  by  the  pilot,  is  therefore 
justified  in  studies  primarily  concerned  with  acceleration  alleviation. 


533 


Horizontal  Gusts 


The  relative  magnitudes  of  the  lift  increments  due  to  horizontal  and  vertical  gusts 
may  be  determined  as  follows:  The  lift  may  be  expressed  by  the  formula 

L = oCLcI  V2S 

Wg 

For  a vertical  gust,  Og  = the  change  in  lift  due  to  a gust  of  this  magnitude  is 
therefore 


ALV  = wgCLaf  S 

For  a horizontal  gust,  when  the  airplane  is  flown  at  the  lift  coefficient  CL 

ALH  = CLf  2VugS 

The  ratio  of  lift  increments  is  therefore 

alH  _ 2CL 
ALV  CLa 

For  cruising  flight,  with  ~ 0.25  and  Cj^  ~ 5.0  per  radian,  the  ratio  ALjjy/ALy 

is  about  0.1.  The  horizontal  gusts  are  therefore  relatively  unimportant  in  this  condition. 
In  landing  approach,  with  CL  ~ 1.0,  the  ratio  may  reach  about  0.5.  For  a STOL  airplane 
operating  at  ~ 4.0,  however,  horizontal  gusts  become  more  important  than  vertical 
gusts  in  affecting  the  motion  of  the  airplane. 

Unsteady  Lift  Effects 

Though  unsteady  lift  effects  were  neglected  in  the  theory  presented  previously, 
early  analyses  of  response  to  gusts  placed  undue  emphasis  on  this  aspect  of  the  theory, 
often  completely  neglecting  important  factors  such  as  the  pitching  response  of  the  air- 
plane. The  reason  for  this  trend  was  the  desire  to  calculate  response  to  discrete,  sharp- 
edge  gusts  for  determination  of  design  loads.  In  the  theory  presented,  lift  is  assumed  to 
appear  instantly  when  the  angle  of  attack  changes  or  the  flap  is  deflected.  The  result  of 
this  assumption,  from  the  frequency-response  viewpoint,  is  to  cause  the  transfer  function 
relating  normal  acceleration  to  gust  angle  to  maintain  a constant  value  as  the  gust  fre- 
quency approaches  infinity  (see  fig.  6).  In  practice,  the  response  would  be  attenuated  at 
high  frequencies  because  of  the  lag  in  buildup  of  lift.  This  attenuation  does  not  become 
appreciable,  however,  until  frequencies  beyond  those  associated  with  the  rigid-body 
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motion  of  the  airplane  are  reached.  In  the  case  shown  in  figure  6,  the  response  would 
not  be  reduced  by  50  percent  until  a frequency  of  about  6 cycles  per  second.  As  shown 
subsequently,  the  effect  of  gust  variations  across  the  span  causes  the  lift  to  be  attenuated 
at  a considerably  lower  frequency.  The  reduction  in  the  input  amplitude  with  increasing 
frequency  in  atmospheric  turbulence  further  reduces  the  need  for  refinement  of  the  cal- 
culations at  high  frequencies.  It  may  be  concluded,  therefore,  that  for  consideration  of 
rigid-body  motions,  such  effects  may  be  safely  neglected.  In  calculations  involving 
higher  frequency  effects,  such  as  flutter,  penetration  of  sharp-edge  gusts,  excitation  of 
structural  modes,  and  so  forth,  unsteady  lift  effects  should  be  considered. 

Isotropic  Turbulence 

When  an  airplane  is  flying  through  rough  air,  it  has  been  found  that  the  disturbances 
are  similar  whether  the  airplane  flies  on  a north-south  or  east-west  course.  The  math- 
ematical model  of  turbulence  of  this  type,  called  isotropic  turbulence,  is  generally  thought 
to  be  a good  representation  of  actual  atmospheric  turbulence.  A somewhat  more  exact 
description  of  this  concept  is  therefore  desirable. 

In  order  to  visualize  the  concept  of  isotropic  turbulence,  it  is  better  to  consider  the 
observer  to  be  at  rest  with  respect  to  the  general  air  mass,  as  if  he  were  in  a balloon, 
rather  than  flying  through  it  as  in  an  airplane.  If  the  observer  feels  a gust,  he  would 
assume  that  for  some  small  distance  in  his  vicinity  the  gust  velocity  would  be  approxi- 
mately the  same.  At  a point  a great  distance  away,  however,  the  gust  velocity  would 
probably  have  no  relation  to  the  gust  velocity  that  he  was  feeling.  The  relation  between 
the  two  gust  velocities  as  a function  of  the  distance  between  the  points  of  observation  is 
known  mathematically  as  the  correlation  function.  The  definition  of  the  correlation  func- 
tion is  shown  in  the  following  sketch: 


i rs 

Sf  2S  J_s 


Wg(x)wg(x  + s)dx 


To  be  more  exact,  the  gust  velocity  must  be  resolved  into  components  along  and  perpen- 
dicular to  the  line  joining  the  two  points  in  question.  The  correlation  function  for  the  gust 
components  along  the  line  is  called  the  longitudinal  correlation  function;  that  for  gust  com- 
ponents normal  to  the  line  and  lying  in  the  same  plane  is  called  the  transverse  correlation 
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function.  The  theory  of  isotropic  turbulence  shows  that  these  two  correlation  functions 
are  different  but  related.  Return  now  to  the  definition  of  isotropic  turbulence.  The  tur- 
bulence is  said  to  be  isotropic  if  these  correlation  functions  depend  only  on  the  distance 
between  the  two  points  and  not  on  the  direction  of  the  line  joining  the  two  points. 

As  shown  in  textbooks  dealing  with  random  processes  (see  ref.  20,  for  example), 
the  correlation  function  is  related  to  the  power  spectrum,  the  power  spectrum  being  the 
Fourier  transform  of  the  correlation  function.  From  the  data  on  the  power  spectrum  of 
atmospheric  turbulence,  therefore,  the  correlation  function  may  be  derived  or  vice  versa. 

Calculation  of  Lift  on  a Wing  in  Isotropic  Turbulence 

The  assumption  that  the  gust  velocity  is  constant  across  the  wing  span  might  be 
thought  to  be  valid  for  gust  wavelengths  that  are  long  compared  to  the  span.  For  wave- 
lengths that  are  short  compared  to  the  span,  however,  the  probability  is  good  that  if  the 
gust  velocity  is  varying  along  the  flight  path,  it  will  also  be  varying  across  the  span.  The 
resulting  lift  of  the  wing  will  be  reduced  in  amplitude  as  compared  to  that  calculated  on 
the  basis  of  a constant  gust  velocity  across  the  span.  The  effect  of  the  varying  gust 
velocities  across  the  span  will  be  averaged  by  the  wing,  hence  the  term  "spanwise  aver- 
aging effect." 

A rigorous  calculation  of  the  statistical  or  probable  value  of  the  lift  variations  on 
the  wing  as  a function  of  gust  wavelength  in  isotropic  turbulence  can  be  made  by  using 
formulations  based  on  either  power  spectra  or  correlation  functions.  The  power-spectral 
approach  is  explained  in  reference  1,  chapter  10.  It  is  thought,  however,  that  the  approach 
based  on  correlation  functions  is  somewhat  easier  to  understand.  This  method  is  there- 
fore described. 

The  power  spectra  or  correlation  functions  measured  by  a small  sensor,  such  as  a 
vane,  traversing  the  atmosphere,  have  been  called  "point  correlation  functions."  As  an 
airplane  flies  through  the  air,  it  is  influenced  by  gust  velocities  in  a two-dimensional 
region  defined  by  the  flight  path  and  the  wing  span.  The  power  spectra  or  correlation 
functions  for  the  wing  lift  variations  have  therefore  been  called  "two  dimensional."  If 
considerations  are  again  restricted  to  the  effect  of  vertical  gust  velocities,  the  correla- 
tion function  relating  the  gust  velocities  at  any  two  points  in  this  plane  can  be  seen  to  be 
the  transverse  point  correlation  function.  This  is  the  correlation  function  which  may  be 
derived  from  vane  measurements  as  the  airplane  flies  through  the  turbulence,  but  in 
accordance  with  the  assumptions  of  isotropic  turbulence  it  is  applied  to  obtain  the  cor- 
relation between  gust  velocities  at  any  two  points  in  the  planar  region  swept  out  by  the 
wing. 

The  expression  for  the  lift  on  a wing  subject  to  spanwise  variations  of  vertical  gust 
velocity  at  any  point  in  a two-dimensional  turbulence  field  is  shown  in  the  following  sketch: 


536 


In  this  expression  y(y)  is  the  spanwise  lift  distribution  on  the  wing  owing  to  a uniform 
angle  of  attack  of  unit  magnitude.  According  to  a theorem  in  linearized  airfoil  theory 
(ref.  21),  the  total  lift  on  a wing  with  any  arbitrary  distribution  of  angle  of  attack  may  be 
obtained  by  multiplying  the  angle  of  attack  at  any  spanwise  station  by  the  value  of  y(y) 
at  that  station  of  the  wing  in  reverse  flow  and  integrating  the  result  across  the  span. 

For  an  unswept  wing,  the  reverse-flow  provision  may  be  omitted. 

The  method  for  determining  the  correlation  function  for  the  lift  on  a wing  traversing 
a two-dimensional  turbulence  field  is  to  write  the  expression  for  the  lift  at  two  points 
along  the  path.  These  expressions  are  then  substituted  into  the  formula  for  the  correla- 
tion function  to  obtain  the  correlation  function  for  the  lift.  By  changing  the  order  of  inte- 
gration, this  expression  may  be  shown  to  contain,  as  one  term,  the  known  transverse  point 
correlation  function  for  vertical  gust  velocity.  With  this  knowledge,  the  resulting  integral 
may  be  evaluated.  These  steps  are 
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By  changing  the  order  of  integration 


y2)  dx  dyj  dy2 


Note  that  the  term  in  the  brackets  is  the  point  correlation  function  for  vertical  gusts. 

Perhaps  the  hardest  point  to  understand  in  the  derivation  is  the  realization  that  the 
argument  of  the  point  correlation  function  appearing  in  the  expression  is  the  diagonal 
distance,  or  hypotenuse,  of  a triangle  defined  b>  points  separated  a distance  d along 
the  flight  path  and  a lateral  displacement  y2  - across  the  wing  span.  As  shown  in 
the  following  sketch: 


the  two  vertical  gusts  appearing  in  the  correlation  function  are  separated  by  the  distance 
^y2  ~ + d^.  If  an  expression  for  the  point  correlation  function  is  assumed,  such  as 

2 

tyifj(k)  = e“K£  , which  may  be  plotted  as  shown  in  the  following  sketch, 


then  it  is  only  necessary  to  substitute  the  expression  for  the  hypotenuse  as  the  argument 
of  this  function  and  to  evaluate  the  integral  involving  this  function.  The  point  correlation 
function  following  this  substitution  is 

~K[y2-yi)2+d2l 

*w  = e L J 
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Hence  the  correlation  function  for  lift  is 


dYi  dy2 


The  power  spectrum  of  wing  lift  may  be  derived  from  the  correlation  function  if  desired. 
This  work  has  been  carried  out  for  various  assumed  point  correlation  functions  and  for 
several  wing  planforms  in  reference  22. 

An  example  of  these  results  is  shown  in  figure  20.  This  figure  shows  the  power 
spectra  of  effective  vertical  gust  velocity  0Wg  which,  when  considered  constant  across 
the  span,  will  give  the  same  lift  as  the  actual  randomly  varying  gust.  The  curves  may 
therefore  be  considered  proportional  to  the  power  spectra  of  wing  lift.  The  curve  for 

L 

— = 0 represents  the  point  spectrum,  inasmuch  as  the  wing  in  this  case  has  a span 
L* 

approaching  zero.  The  main  effect  of  finite  span  is  seen  to  be  a more  rapid  decrease  of 
the  higher  frequency  components  of  the  lift.  The  value  of  b/L*  of  0.25  (the  smallest 
value  shown),  however,  is  probably  much  too  large  for  actual  airplanes  in  view  of  the 
large  scale  of  atmospheric  turbulence  determined  from  flight  measurements.  A value  of 
b/L*  of  0.05  would  be  more  representative  of  actual  conditions. 

The  calculation  of  the  spanwise  averaging  effect  has  several  implications  for  gust- 
alleviation  systems.  As  stated  previously,  the  lift  reduction  due  to  this  effect  may 
become  important  at  a lower  frequency  than  that  due  to  unsteady  lift  effects.  The  effect 
is  still  small  at  the  usual  rigid-body  frequencies,  but  it  may  be  important  in  the  range  of 
wing  structural  frequencies.  In  calculations  of  structural  response  to  gusts,  therefore, 
the  effects  of  isotropic  turbulence  should  be  taken  into  account. 

While  this  paper  has  concentrated  on  longitudinal  response,  the  lateral  response  of 
an  airplane  is  also  of  interest.  The  assumption  of  constant  gust  velocity  across  the  span 
may  be  adequate  for  the  longitudinal  analysis,  but  for  calculations  of  lateral  response  it 
is  obvious  that  the  inputs  due  to  rolling  gusts  would  be  missed  completely  by  this  assump- 
tion. Several  reports  are  available  in  the  literature  showing  how  to  take  into  account  the 
effects  of  isotropic  turbulence  in  calculating  the  rolling  moments,  yawing  moments,  and 
lateral  forces  acting  on  an  airplane  in  flight  through  isotropic  turbulence  (refs.  2 and  23). 

The  consideration  of  the  statistical  nature  of  turbulence  also  makes  it  clear  that 
perfect  gust  alleviation  such  as  could  be  predicted  by  the  simplified  theory  cannot  be 
obtained  in  practice.  The  gust  sensed  by  a vane  on  the  center  line  of  the  airplane  may 
differ  from  that  acting  on  various  parts  of  the  wing  and  the  resulting  flap  motion  may  not 
be  exactly  that  required  to  counteract  the  gust.  Some  filtering  of  the  high-frequency 
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inputs  to  the  vane  would  be  desirable  because  these  gusts  are  less  likely  to  be  constant 
across  the  span.  An  interesting  problem  in  optimal  control  theory,  which  to  the  writer’s 
knowledge  has  not  been  solved,  would  be  to  calculate  the  filter  characteristics  to  provide 
optimal  gust  alleviation,  taking  into  account  the  location  of  the  vane  ahead  of  the  wing,  the 
spectrum  of  turbulence,  and  the  dynamic  characteristics  of  the  airplane  and  gust- 
alleviation  system. 
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Figure  1.-  Typical  record  of  motions  of  an  airplane  in  rough  air 


Percent 
of  men 
becoming 
sick 


or 

\ 

/ 

/ 

0 

t-d 

/ 

— 

renoa, sec 


Figure  2.-  Results  of  experiments  on  motion  sickness. 
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Figure  4.-  Linkage  for  vane -controlled  acceleration  alleviator. 


Figure  5«-  Symbols  and  axes  used  in  analysis. 
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Figure  6.-  Accelerations  of  transport  airplane  owing  to  sinusoidal  gust 
disturbance.  Airspeed,  200  mph  (89. A m/sec). 
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9*-  Motions  of  airplane  with  vane- type  acceleration  alleviator  owing 
sinusoidal  gust  disturbance. 
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Figure  10.-  Response  to  step  motion  of  elevator. 
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Figure  13.  - Twin-engine  transport  airplane  equipped  for  gust- alleviation  studies 
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Figure  17.-  Photograph  of  gust- alleviating  airplane  designed  by  Rene  Hirsch 


Figure  18.-  Line  drawing  showing  interior  arrangement  of  airplane  designed  hy  Rene  Hirsch. 


Small  auxiliary  surface 


Figure  19*-  Structural  mode  control. 
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Figure  20.-  Power  spectra  of  effective  vertical  gust  velocity  for  finioe-span 
wings  as  a function  of  dimensionless  frequency  (ref.  22). 


9.  HUMAN  RESPONSE  IN  CLOSED-LOOP  CONTROL 
OF  DYNAMIC  SYSTEMS 

By  James  J.  Adams 
Langley  Research  Center 

ABSTRACT 

This  lecture  describes  a model  matching  method  which  has  been  used  to  determine 
human  response  in  controlling  a wide  range  of  vehicles.  The  use  of  the  resulting  models 
of  human  response  to  determine  the  complete  pilot  plus  vehicle  system  response  is  dis- 
cussed. The  implications  of  the  results  on  system  performance  are  discussed,  and  sev- 
eral examples  in  which  the  answers  to  engineering  problems  are  obtained  are  presented. 

INTRODUCTION 

The  area  of  research  known  as  human  factors  covers  many  topics.  Some  special- 
ized topics,  which  are  studied  by  psychologists,  are  studies  of  control  compatibility, 
reflex  time,  the  effects  of  lighting  on  human  performance,  proper  display  arrangement, 
and  the  corresponding  eye  movements  of  the  subject.  Other  studies  have  a medical  aspect 
and  cover  detailed  studies  of  muscle  control,  eye  control,  and  the  sensing  ability  of  organs 
such  as  the  eye  and  the  semicircular  canals.  In  contrast  to  these  detailed  investigations, 
there  are  studies  of  a much  broader  nature  that  attempt  to  define  a man's  decision-making 
processes  and  the  trade-off  that  he  will  make  between  utility  and  cost. 

In  the  present  study,  an  engineering  view  is  taken  of  human  response  as  related  to 
all  of  the  topics  listed  previously,  but  it  does  not  treat  them  with  the  same  detail  as  does 
the  psychological  approach.  What  is  presented  and  defined  is  a linear  transfer  function 
that  describes  a pilot's  control  movements  in  controlling  a vehicle  to  some  position  or 
direction  which  he  has  decided  to  be  desirable. 

The  measurement  of  these  transfer  functions  is  first  described  in  some  detail. 

Next,  samples  of  these  transfer  functions  are  presented  to  illustrate  their  nature.  Finally, 
several  examples  of  the  application  of  these  transfer  functions  to  obtain  answers  to  engi- 
neering problems  are  presented. 

The  use  of  linear  functions  to  describe  pilot  response  is  maintained  throughout  the 
discussion  so  as  to  allow  the  use  of  linear  analysis  methods.  The  advantage  of  being  able 
to  use  the  very  powerful  and  thoroughly  developed  linear  methods  of  analysis  is  believed 
to  be  greater  than  the  small  advantage  that  might  be  derived  from  using  nonlinear  repre- 
sentations of  pilot  response,  which  would  provide  only  a slight  improvement  in  the  repre- 
sentation of  the  pilot. 
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SYMBOLS 


inertia,  slug-ft^  (kilogram-meter2) 
gravity,  ft/sec2  (meter  s/sec2) 

distance  between  pilot  center  of  gravity  and  vehicle  center  of  gravity, 
ft  (meters) 

gain  (or  coefficient) 

mass,  slugs  (kilograms) 

Laplace  operator,  per  second 

thrust,  lb  (newtons) 

time,  sec 

body  reference  axis 
displacement,  ft  (meters) 
general  pilot  gain 
control  deflection,  radians 
displayed  error,  volts 
damping  ratio 
attitude  angle,  radians 
pilot  log  coefficient,  radians/sec 


frequency,  radians/sec 


Subscripts: 


c command 

P pilot 

V vehicle 

1,2  particular  gains,  as  noted  in  text 

Dots  over  symbols  denote  differentiation  with  respect  to  time. 

REVIEW 

A review  of  linear  analysis  is  given  by  considering  a simple  problem.  Given  is  a 
single -degree -of -freedom  body,  with  inertia  I and  a pointing  requirement  as  illustrated  in 
figure  1.  The  line  labeled  6C  represents  the  line  to  some  target  at  which  the  vehicle 
axis  X must  point.  The  first  element  of  the  control  system  to  be  considered  is  illus- 
trated with  a spring,  which  is  assumed  to  be  adjusted  so  that  the  vehicle  will  tend  to  point 
toward  the  target.  The  dynamic  equation  of  motion  of  the  system  is  then 

Torque  =16 

= K(6C  - a) 


where  K is  a spring  constant.  The  equation  can  be  written  in  Laplace  notation,  where 
the  operator  is  used  to  denote  differentiation 

is2e  = k($c  - e) 


or  rewritten  as 


e(ls2  + k)  = K0C 


The  term  in  parentheses  is  known  as  the  auxiliary  equation,  or  the  system  characteristic 
equation.  The  time -domain  solution  of  the  differential  equation  is  known  to  be 


e = 


Ik, 


= sin||j  t 
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However,  the  usual  approach  is  to  determine  the  roots  of  the  characteristic  equation.  An 
imaginary  root  indicates  an  oscillatory  system  for  which  the  frequency  is  given  by 


This  system  undamped  natural  frequency  is  an  excellent  indicator  of  the  nature  of  the 
system  response  and  is  often  used  in  engineering  discussions  to  describe  the  system. 

A time  history  of  the  system  response  to  an  initial  error  is  given  in  figure  2. 

Since  the  motion  of  the  system  does  not  damp  out,  it  is  not  a satisfactory  system,  and 
damping  must  be  added.  The  addition  of  damping  is  illustrated  in  figure  3 with  a dashpot. 

The  system  equation  is  now 

is2e  = k (ec  - e)  + K2(ec  - e) 

where  K2  is  the  damping  coefficient.  The  system  characteristic  equation  is  now 

s2+^s  + £ = 0 

The  characteristic  that  is  determined  from  this  equation  for  engineering  discussion  is  the 
damping  ratio  £,  where 


The  ideal  damping  ratio  is  0.7,  which  is  a compromise  between  a system  response  that  is 
too  oscillatory  and  one  that  is  too  sluggish.  A time  history  of  system  response  to  an  ini- 
tial error  when  the  system  damping  ratio  is  0.7  is  illustrated  in  figure  4. 

From  consideration  of  performance  (that  is,  for  a system  that  provides  a quick 
response  to  commands  and  has  the  lowest  possible  error  in  the  presence  of  external 
disturbances),  it  is  desirable  to  have  as  high  a system  frequency  as  possible  as  well  as 
a damping  ratio  of  0.7.  However,  practical  considerations  usually  limit  the  system  fre- 
quency that  can  be  achieved.  One  of  these  considerations  is  control  lag. 

In  a practical  system,  static  stability  and  damping  are  not  supplied  by  springs  and 
dashpots  such  as  were  used  for  illustration  in  the  preceding  paragraphs.  Rather,  control- 
torque -producing  mechanisms  which  supply  torque  as  a function  of  error  and  rate  are 
used.  These  mechanisms  do  not  usually  supply  torque  as  a simple  function  of  error  and 
rate  but  have  some  lag  associated  with  their  operation.  The  effect  that  such  lags  can  have 
on  system  response  is  illustrated  by  considering  a system  which  has  no  damping: 
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s2  + Os  + 1 = 0 


If  the  control  is  applied  with  a controller  that  is  not  perfect  in  its  response  but  rather 
responds  with  a first-order  lag  with  a time  constant  of  1 second,  the  system  character- 
istic equation  becomes 


S2 


+ Os  + 1 

s + 1 


= 0 


or 


s3+  s2  + Os  + 1 = 0 


(1) 


which  factors  to 


(s  + 1.5)(s2  - 0.5s  + 0.7) 

and  the  quadratic  factor  indicates  that  the  system  is  unstable,  as  shown  by  the  negative 
coefficient  on  s.  This  system  would  respond  to  a command  or  an  external  disturbance 
with  a divergent  oscillation. 

This  example  illustrates,  in  an  exaggerated  case,  the  effect  of  control  lag  on  system 
response.  In  a practical  situation,  where  some  damping  was  provided,  the  control  coeffi- 
cients, or  gains,  would  be  adjusted  so  that  the  system  would  be  stable  but  the  system  fre- 
quency would  be  restricted. 

The  system  characteristic  set  down  above  is  usually  derived  in  a more  mathemati- 
cal manner.  The  equation-of-motion  derivation  is  as  follows: 

The  vehicle  equation  is 


s2e  = Kc6 

where  Kc  is  the  control  coefficient  and  6 is  control  deflection. 
The  control  equation  is 


The  command  equation  is 


s6  = - 6) 

6C  = K2(ec  - 8) 


559 


The  characteristic  determinant  is  then: 
s2  -Kc  0 

0 s + Kj_  -Kx  = s2  (s  + Kj)  + KcK!K2 
K2  0 1 

= s3  + iqs2  + KciqKs 

which  can  be  seen  to  be  equivalent  to  the  example  set  down  in  equation  (1) . 

From  a block-diagram  and  transfer-function  approach,  the  system  characteristic  is 
derived  as  follows.  The  block  diagram  of  the  example  system,  with  a first-order  lag  in 
the  controller  and  with  no  damping  function  provided,  is  shown  in  figure  5. 

The  system  response  is 
Ko  (■  Kl 

e 2\s  + Ki;s2  KgiqKc 

ec  i + k2  ( Kl  \Kc  s2(s  + Kl)  + K2K1Kc  s3  + Kls2  + K2K1Kc 

Vs  + Kl/  s2 

and  it  can  be  seen  that  the  denominator  is  equivalent  to  the  system  characteristic  equa- 
tion set  down  in  equation  (1).  The  system  characteristics  expressed  by  the  denominator 
are  known  as  the  system  closed  loop  characteristics. 

HUMAN-MODELING  TECHNIQUE 

A human  model  should  contain  all  of  the  control  concepts  discussed  in  the  previous 
paragraphs.  A suitable  model  in  transfer  function  form  is 

Output  _ § _ Kl  + ^2S 

Displayed  error  9C  - 9 (s  + 7-)  2 

The  numerator  of  this  transfer  function  indicates  that  the  model  assumes  a linear 
response  to  displayed  error  and  error  rate.  The  second-order  lag  function  indicated  by 
the  denominator  of  the  transfer  function  is  predicated  on  the  fact  that  the  subsystem 
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being  described  (namely,  the  pilot's  arm  and  control  stick)  does  have  inertia  and  there- 
fore a second-order  type  of  response  is  required.  The  assumption  of  critical  damping 
that  is  implicit  in  the  perfect-square  form  is  made  because  it  is  the  simplest  reasonable 
assumption  that  can  be  selected. 

An  analog  diagram  of  the  model  is  presented  in  figure  6.  This  compact  analog 
arrangement  provides  the  following  transfer  function,  which  is  slightly  different  from  the 
transfer  function  presented  at  the  beginning  of  the  section,  but  is  not  changed  essentially: 

6 _ Kjr  + KjK2s 
6 ~ (s  + t) 2 

This  model  was  matched  to  human  pilots  by  automatically  adjusting  the  gains  Kj,  K2, 
and  r in  the  following  manner.  In  a suitable  experimental  setup,  which  provided  a given, 
measurable  error  signal  to  the  pilot,  this  same  error  signal  was  used  as  the  input  to  the 
model.  The  pilot's  output  (his  control  stick  deflection)  was  summed  with  the  output  of 
the  model  to  form  a difference.  To  determine  whether  this  difference  was  due  to  the 
incorrect  setting  of  any  one  of  the  gains  in  the  model,  the  signal  at  that  gain  was  taken, 
transformed  into  the  output  form  by  the  use  of  an  approximate  representation  of  the 
remainder  of  the  pilot's  transformation,  and  compared  with  the  difference  to  see  whether 
it  was  correlated  with  the  difference.  This  correlation  was  performed  by  multiplying  the 
particular  signal  and  the  difference.  If  a correlation  existed  (the  signal  and  the  differ- 
ence were  in  phase),  the  multiplier  would  have  a biased  output.  This  output  was  then 
integrated,  and  the  output  of  the  integrator  was  used  to  provide  an  incremental  change  in 
the  particular  gain.  In  this  manner  the  gain  settings  are  caused  to  run  to  a value  that 
minimizes  the  difference  between  the  model  and  the  pilot,  and  when  the  minimum  is 
achieved  the  best  possible  representation  of  the  human  has  been  obtained. 

A mathematical  derivation  of  this  identification  process  is  as  follows:  First  it  is 
necessary  to  form  a suitable  function  of  the  difference  (diff)  between  the  pilot  and  the 
model  which  will  have  a minimum  value  for  some  particular  value  of  a given  gain,  which 
is  called  the  gain  a for  the  moment.  A suitable  function  is: 

f(diff)  = 

A plot  of  the  variation  of  this  function  of  the  difference  with  a is  shown  in  figure  7:  A 
steepest  descent  method  can  now  be  used  to  find  the  lowest  point  on  this  curve.  The 
method  satisfies  the  equation 


a=  -K 


8f(diff) 

9a; 
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which  indicates  that  if  a is  caused  to  change  at  a rate  proportional  to  the  slope  of  the 
curve,  then  a will  seek  the  point  where  the  slope  is  zero,  and  thus  the  minimum  value  of 
the  difference  will  be  found. 

The  operational  form  of  the  steepest  descent  equation  is  obtained  if  the  following 
two  transformations  are  made: 


_ 8f(diff)  9(diff) 

01  "K  9(diff)  9a 

a = -K(diff)^& 

9a 

To  illustrate  the  particular  form  of  the  last  equation,  take  for  example,  the  gain  K2  of 
the  model 

8(diff)  _ (Kls)e 
9K2  (s  + t)2 

However,  for  the  model  signal  at  K2,  which  is  called  6'  (fig.  6) 

6’  _ Kjs 
e (s  + r)2 


Then,  a substitution  can  be  made 

9(diff)  _ Kls  (s  + t)2  5,  _ g, 

9^2  (s  + t)2  Kis 

Thus,  it  can  be  seen  that  taking  the  model  signal  at  K2  and  multiplying  by  the  difference 
gives  a value  for  K2.  The  value  for  K2  can  be  used  to  adjust  K2  to  give  the  best 
possible  match  to  the  human  subject.  Similar  adjustment  loops  for  Kj  and  r can  be 
provided,  and  all  three  gains  can  be  adjusted  at  the  same  time.  A block  diagram  of  the 
gain-adjustment  loops  is  shown  in  figure  8.  A more  detailed  description  is  also  given  in 
reference  1. 

EXPERIMENTS 

The  automatic  model-matching  scheme  described  in  the  preceding  section  was  used 
to  determine  pilot  response  in  a series  of  compensatory-tracking  tasks.  A block  diagram 


562 


of  the  task  is  shown  in  figure  9.  A random  disturbance  was  injected  into  the  system  as 
shown.  The  pilot's  task  was  to  keep  the  moving  indicator  on  his  display  alined  as  nearly 
as  possible  with  a fixed  reference  mark.  This  experimental  arrangement  was  used  to 
determine  the  effect  of  vehicle  dynamics  on  pilot  response.  The  different  vehicle  dynam 
ics  tested  are  listed  in  table  I.  Also  listed  in  the  table  to  illustrate  what  these  different 
dynamics  mean  are  the  maximum  acceleration,  velocity,  and  displacement  that  would 
result  with  each  dynamics  for  a step-control  input. 

TABLE  I.-  PLANT  DYNAMICS 


Vehicle  transfer 
function 

Maximum  values  for  a 
10 -volt  step-control  input 

Acceleration, 

volts/sec 

Velocity, 

volts/sec 

Displacement, 

volts/sec 

1 

OO 

oo 

10 

1 

s + 1 

oo 

10 

10 

10 

s2  + 3s  + 10 

100 

17 

10 

2/s 

OO 

20 

oo 

10 

s(s  + 1) 

100 

100 

oo 

10 

s2 

100 

OO 

oo 

10 

s2(s  + 1) 

100 

OO 

oo 

These  dynamics  are  progressively  more  difficult  to  control  for  successive  functions  in  the 

list.  The  last  one,  ■ , represents  a boundary  for  stable  closed-loop  control  for  a 

s2(s  + 1) 

human  controller. 


RESULTS 

Typical  gains  measured  in  these  experiments  and  the  closed-loop-system  charac- 
teristics obtained  by  using  the  linear  pilot  model  transfer  function  together  with  the  linear 
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transfer  for  the  plant  are  presented  in  table  II.  The  important  points  to  notice  from  this 
table  are  that  for  successive  items  down  the  list  of  vehicle  dynamics,  the  pilot's  lag  coef- 
ficient t increases,  and  the  closed-loop  oscillatory  mode  of  motion  frequency  u>  and 
damping  ratio  £ decrease.  The  decrease  in  o>  and  £ indicates  that  system  perform- 
ance is  deteriorating,  and  the  normalized  error  e /disturbance  measured  in  the  experi- 
ments verifies  this  deterioration. 

TABLE  II.-  MEASURED  PILOT  GAINS  AND  CLOSED-LOOP  CHARACTERISTICS 


Dynamics 

Measured  gains 

Closed-loop  characteristics 

e /disturbance 

Kl 

T, 

rad/sec 

k2 

rad/sec 

? 

Real  roots 

2/s 

6.5 

4 

0 

4.0 

0.4 

-7.68 

0.26 

10 

s(s  + 1) 

5 

10 

3 

3.0 

0.3 

-6.3,  -13.0 

0.50 

10 

s2 

8 

15 

5 

2.5 

0.2 

-10.0,  -20.0 

0.75 

10 

s2(s  + 1.5) 

12 

28 

30 

f 2.5 
^ 28.4 

0 

.99 

-1.0 

1.0 

If  these  pilot  response  data  are  to  be  applied  to  other  dynamics  which  may  be  similar  to, 
but  not  exactly  like,  the  examples  tested,  the  following  rules  must  be  followed.  Consider 
the  pilot -transfer  function  rearranged  to  the  following  form: 


i 

e 


K2 

T 


S) 


Determine  the  dynamics  given  in  table  II  that  is  most  nearly  similar  to  the  dynamics  to  be 
studied.  Take  the  corresponding  value  of  r and  lead  time  constant  ^2/ 7 for  use  in 
the  model.  Then  adjust  the  static  gain  YL\j r to  provide  the  system-closed-loop  fre- 
quency indicated  in  the  table.  This  model  may  then  be  used  for  whatever  analytical  study 
it  is  desired  to  perform. 

Factors  other  than  the  vehicle  dynamics  in  the  closed-loop  system  were  also  studied 
for  their  effect  on  pilot  response.  These  other  factors  are  control  sensitivity,  display 
sensitivity,  and  disturbance  frequency.  It  was  found  that  these  factors  had  to  be  varied  to 
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extreme  values  in  order  to  have  a noticeable  effect  on  pilot  response.  Additional  infor- 
mation on  these  factors  can  be  found  in  reference  1. 

In  addition  to  the  single -axis  tasks,  measurements  of  pilot  response  were  also  made 
for  multiaxis  control  tasks.  In  these  multiaxis  tasks,  the  pilot  had  to  control  pitch,  roll, 
and  yaw  attitude  angles  by  using  a two-degree-of -freedom  control  stick  and  rudder  pedals. 
As  before,  the  pilot’s  gains  were  measured,  and  then  the  closed-loop-system  character- 
istics for  each  individual  axis  were  determined.  The  vehicle  dynamics  used  in  these 
tests  were  k/s^  on  each  axis.  The  significant  result  of  these  experiments  was  that  as 
additional  axes  of  control  were  added  to  the  pilot's  task,  he  altered  his  response  so  that 
the  system-closed-loop  frequency  was  reduced.  Some  typical  values  for  the  pitch-axis 
closed-loop  natural  frequency  are  presented  in  table  III  to  illustrate  this  point. 

TABLE  III.-  MULTIAXIS-CLOSED-LOOP 
OSCILLATORY  CHARACTERISTICS 


rad/sec 

S 

Pitch  axis  alone 

3.3 

0.36 

Pitch  axis  in  combination  with  roll 

2.5 

0.47 

Pitch  axis  in  combination  with  roll  and  yaw 

2.1 

0.68 

Additional  information  on  these  experiments  can  be  found  in  reference  2. 

To  proceed  to  even  more  realistic  and  difficult  control  tasks,  multiloop  control  situ- 
ations were  studied.  The  translation  control  of  a jet  supported  lunar  module  or  helicopter 
is  an  example  of  the  multiloop  type  of  control  situation.  The  variables  involved  are 
shown  in  figure  10.  In  this  situation  translation  x is  controlled  by  manipulation  of  pitch 
angle  8.  Pitch  angle,  in  turn,  is  controlled  by  operation  of  the  attitude  control  system. 
Thus,  attitude  control  forms  an  inner  loop  around  which  an  outer  loop  for  translation  is 
closed.  Consequently,  the  name  multiloop  task  is  appropriate.  It  has  been  determined 
that  pilot  response  in  a multiloop-control  task  can  be  represented  by  two  transfer  func- 
tions, located  in  series,  with  one  transfer  function  in  each  loop.  The  block  diagram  of  the 
system  is  shown  in  figure  11. 

It  was  found  that  the  pilot  transfer  functions  such  as  were  measured  in  the  multiaxis 
tasks  were  suitable  for  the  inner-loop  pilot  response.  Then,  by  a trial-and-error  matching 
of  time  histories  of  translation  response  to  a step  change  command,  the  outer-loop  pilot 
transfer  function  was  determined.  Typical  pilot  transfer  functions,  together  with  the 
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vehicle  transfer  functions,  for  a multiloop  lunar -module  translation  task  are: 
Inner  loop: 


Vehicle 

e _ 0.5 

6 s(s  + 0.5) 

Outer  loop: 

Vehicle 

x _ 5.36 

e s2 


Pilot 

5 2.67(1  + 0.41s) 

e (1  + 0.167s)2 


Pilot 

ec  . 0.009(1  + 9.2s) 
6 (1  + 0.1s)2 


The  system  characteristics  for  the  complete  system  are  two  oscillatory  modes  of  motion 
and  four  real  roots,  as  shown  in  table  IV. 


TABLE  IV.-  MULTILOOP  SYSTEM  CHARACTERISTICS 


Oscillatory 

rad/sec 

£ 

Real  roots 

1.11 

0.046 

-0.167,  -0.336,  -4.75 

10.2 

.99 

-6.85 

The  high-frequency  oscillatory  root  and  the  two  large  real  roots  are  control  modes  of 
motion  and  are  not  important  to  an  understanding  of  the  response  of  the  system.  The  low- 
frequency  oscillatory  root  is  the  attitude  mode  of  motion.  The  two  low  real  roots  are  the 
translation  mode  of  motion,  and  they  can  be  thought  of  as  representing  an  overdamped 
oscillatory  mode  of  motion  with  a frequency  of  0.24  radian  per  second.  When  the  trans- 
lation mode  of  motion  is  referred  to  in  this  manner,  and  its  frequency  is  compared  with 
the  frequency  of  the  attitude  mode  of  motion,  it  can  be  seen  that  translation  is  controlled 
at  a much  lower  frequency  than  is  attitude. 

Closing  the  outer  loop  around  the  inner  loop  also  affects  the  characteristics  of  the 
inner  loop.  If  the  inner  loop  alone  is  considered,  its  characteristics  include  an  oscillatory 
mode  of  motion  with  a frequency  of  1.0  radian  per  second  and  a damping  ratio  of  0.26. 

When  the  outer  loop  is  closed  around  this  inner  loop,  the  attitude  mode  of  motion  is  an 
oscillatory  mode  of  motion  with  a frequency  of  1.1  radians  per  second  and  a damping  ratio 
of  0.046.  Thus,  it  can  be  seen  that  in  the  complete  system,  the  damping  of  the  attitude 
mode  of  motion  is  greatly  reduced. 
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It  was  also  found  necessary  to  include  a limiter  on  the  output  of  the  outer -loop 
pilot  model  in  order  to  represent  the  pilot  properly.  Both  this  limiter  and  the  low  fre- 
quency of  the  translation  mode  of  motion  are  reflections  of  the  lack  of  tight  (or  precise) 
control  of  translation  as  compared  with  control  of  attitude. 

APPLICATIONS 
Damper  Failure  Problem 

If  the  pilot  transfer  functions  which  have  been  measured  are  correct,  they  should  be 
able  to  predict  system  performance.  The  closed-loop  system  characteristics,  which 
were  calculated  by  using  the  measured  transfer  functions,  are  certainly  very  reasonable 
and  indicate  that  the  measurements  are  correct.  A further  check  of  these  measurements 
has  been  made  by  using  the  transfer  functions  to  predict  system  response  in  new  situa- 
tions. Some  of  these  applications  are  presented  to  demonstrate  that  the  models  can  be 
used  to  provide  engineering  data  and  to  illustrate  how  the  applications  are  made. 

The  first  application  was  in  the  use  of  the  pilot  models  to  confirm  the  system  insta- 
bility that  occurs  following  a damper  failure.  The  control  task  was  the  translation  control 
of  a lunar  module.  Damping  stability  augmentation  was  included  in  the  vehicle  attitude - 
control  loop  and,  at  a time  unknown  to  the  pilot,  this  augmentation  was  removed  so  that 
a damper  failure  was  simulated.  The  situation  is  illustrated  in  the  block  diagram  of 
figure  12,  where  the  switch  shown  in  the  inner  loop  was  used  to  simulate  the  damper  fail- 
ure. When  human  subjects  were  presented  with  this  type  of  damper  failure  during  a 
1000-foot  (305-meter)  translation,  as  presented  with  a simplified  simulator,  the  pilot- 
vehicle  system  became  unstable.  An  example  time  history  is  shown  in  figure  13.  A 
divergent  oscillation  occurred  after  the  damper  failure,  and  the  divergence  continued  for 
approximately  15  seconds. 

For  the  purpose  of  applying  pilot  models  to  an  analysis  of  this  situation,  it  was 
assumed  that  the  pilot  would  continue,  for  some  length  of  time  after  damper  failure, 
controlling  with  the  same  transfer  function  that  he  had  been  using  before  failure.  The 
system  was  initially  stable,  of  course,  with  system  characteristics  similar  to  those  pre- 
sented in  the  previous  section  on  multiloop  control  tasks.  When  the  inner-loop-vehicle 
transfer  function  was  changed  from  that  representing  a vehicle  with  damping  augmenta- 
tion — r to  one  with  no  damping  k/s2,  the  computed  system  characteristics  indi- 

s(s  + 0.5) 

cated  an  unstable  attitude  mode  of  motion,  further,  when  the  inner -loop  pilot  model  was 
then  changed  to  correspond  to  measured  pilot  response  with  a vehicle  with  no  damping, 
the  system  again  became  stable. 
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The  fact  that  analysis  made  by  using  the  pilot  models  does  confirm  the  changes 
from  stable  to  unstable  system  response  noted  in  simulator  experiments  with  human  sub- 
jects shows  that  the  models  are  correct  and  can  be  used  in  engineering  analyses. 

Langley  Lunar  Landing  Research  Facility 

This  section  describes  the  application  of  pilot  models  to  the  design  of  a large,  full- 
scale,  simulator  to  be  used  in  the  study  of  lunar -landing  problems.  The  simulator  was 
designed  to  support  5/6  of  the  weight  of  the  vehicle  by  means  of  an  overhead  cable,  thus 
simulating  lunar  gravity.  It  was  necessary  to  keep  the  cable  directly  over  the  vehicle  in 
order  to  simulate  lunar  gravity  properly.  This  simulation  was  to  be  accomplished  by  use 
of  a servomechanism  to  drive  an  overhead  bridge  in  such  a way  that  the  cable  angle  would 
always  be  controlled  to  zero.  It  was  in  the  design  study  of  this  overhead  drive  system 
that  the  pilot  models  were  used.  The  block  diagram  of  the  system  (fig.  14)  shows  the 
multiloop  translation-control  system  mentioned  previously  along  with  an  additional 
block  representing  the  servo  drive  mechanism  which  would  be  present  in  the  simulator. 

Initial  studies  of  the  drive  system  by  itself  indicated  that  it  could  be  adjusted  to 
have  an  oscillatory  response  which  would  have  either  a poorly  damped  2.5-second 
period  or  a well -damped  4 -second  period.  The  question  that  needed  to  be  answered  was 
whether  these  characteristics  would  be  in  a range  that  would  affect  the  response  of  the 
complete  man-vehicle -simulator  system,  and,  if  so,  which  would  be  the  better  to  use. 

Accordingly,  the  response  of  the  complete  system,  in  which  models  were  used  for 
the  pilot,  was  computed  for  a configuration  in  which  no  drive-system  dynamics  was 
included  and  for  the  two  configurations  in  which  the  drive  system  mentioned  previously 
was  used.  The  response  to  a 200-foot  (61-meter)  change  in  position  command  is  shown 
in  figure  15.  Using  the  pilot -vehicle  combination  response  as  a standard  for  comparison, 
it  can  be  seen  that  both  drive  system  configurations  do  affect  the  response  of  the  system, 
and  that  the  high-gain  system  (the  2.5-second  period  characteristic  system)  affects  the 
response  the  least.  From  these  results  it  was  concluded  that  the  drive  system  should  be 
adjusted  to  have  as  high  a frequency  as  possible,  and  that,  even  so,  the  simulator  would 
be  slightly  more  difficult  to  control  than  the  actual  vehicle. 

When  the  simulator  was  put  into  operation,  the  results  of  the  design  computations 
were  checked  by  making  test  runs  with  each  of  the  two  drive  system  characteristics.  The 
experiments  confirmed  the  computations  in  that  the  response  with  the  low-gain  system 
showed  a clear  deterioration  in  damping  of  the  attitude  mode  of  motion,  and  the  pilots 
reported  that  the  system  was  definitely  more  difficult  to  control  than  the  high-gain  system. 
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Kinesthetic  Control 


Another  method  of  control  for  which  it  was  desired  to  obtain  some  insight  is  that  of 
kinesthetic  control.  With  this  method  the  operator  controls  vehicle  attitude  by  shifting 
his  center  of  gravity.  Usually,  the  vehicles  considered  as  candidates  for  this  type  of  con- 
trol are  very  small,  and  the  acceleration  of  the  operator,  as  he  moves  about,  reacts  with 
the  vehicle  in  a manner  that  could  be  significant.  Thus,  the  system  has  many  additional 
coupling  terms  that  are  not  present  in  a conventional  control  system.  Therefore,  an 
analysis  was  made  by  using  pilot  models  to  determine  the  effects  of  these  additional 
coupling  terms. 

Since  the  system  does  have  these  additional  coupling  terms,  it  is  much  more  con- 
venient to  describe  the  system  by  using  equations  of  motion  rather  than  transfer  functions. 
In  this  type  of  description  the  pilot  transfer  function  is  split  up,  with  the  numerator  being 
included  in  the  command  equation  and  the  denominator  being  included  in  the  control  equa- 
tion. The  equations  are,  then 

Vehicle  equations: 

(iy  + Ip  + mph2)ev  + (l-p  + mph2)  0p  + mphx  = mpgh^9p  + 6yj 
niphfly  + mph0p  + (rap  + myjx  = T0y 

Control  equation: 

/ip  + mph2^0y  + flp  + mph2^0p  + mphx  = mpgh(0p  + 6yj  + ^i^p^c  “ ep)  + T2^P 


Command  equation: 


0P,c  = Kl(eV,c  " °v)  + K2  (^V,c  " ®v) 

The  variables  are  defined  in  figure  16,  along  with  a block  diagram  of  the  system.  The 
outer-loop  pilot  model,  which  is  not  included  in  the  system  equations  presented  above,  is 
the  same  as  mentioned  in  the  section  "Langley  Lunar  Landing  Research  Facility." 

As  the  first  step  in  determining  the  gains  of  the  pilot  model,  the  gains  Tj  and  T2 
were  adjusted  to  provide  the  proper  control  response  characteristics;  that  is,  a frequency 
of  10  radians  per  second  and  a damping  ratio  of  1.0.  These  values  were  taken  as  being 
representative  values  for  control  response  when  the  vehicle  is  of  the  acceleration  type 
K/s2 . The  adjustment  was  made  by  using  a single  degree  of  freedom  in  control-deflection 
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response  to  control-deflection  command.  In  this  particular  case,  the  unstable  nature  of 
the  controller  (the  inverted  pendulum  configuration  of  the  pilot)  was  taken  into  account. 
This  state  gain  Tj  was  made  large  enough  to  give  the  controller  a stable  characteristic 
with  a frequency  of  10  radians  per  second.  Then  these  controller  gains  were  used  in  the 
complete,  coupled  system  to  determine  the  characteristics  of  the  system  response  to  a 
commanded  control  deflection.  It  was  found  that  the  control  response  characteristics 
were  improved  by  the  coupling  terms.  The  frequency  increased  to  15  radians  per  second, 
and  the  damping  ratio  increased  to  1.4. 

Next,  the  gains  Kj  and  K2  were  adjusted  to  provide  the  proper  pitch -angle 
response  (a  frequency  of  1.0  radian  per  second  and  a damping  ratio  of  0.3,  as  has  been 
shown  to  be  typical  for  an  inner  attitude  loop  in  a multiloop  control  task).  Again,  these 
gains  were  established  by  using  a single-degree -of-freedom  response  to  a pitch-angle 
command.  When  these  gains  were  combined  with  the  complete,  coupled  system,  the  pitch- 
angle  response  was  degraded.  The  frequency  dropped  to  0.78  radian  per  second,  and, 
more  significant,  the  damping  ratio  dropped  to  0.16.  When  the  outer  loop  was  closed 
around  this  pitch-angle  system,  the  multiloop  system  became  unstable.  These  results 
indicate  that  the  kinesthetic  control  system  will  be  more  difficult  for  a pilot  than  the  con- 
ventional type  of  system. 

Kinesthetic  control  also  suffers  from  a rather  severe  restriction  on  maximum  con- 
trol power.  The  pilot  can  shift  his  center  of  gravity  only  so  far  — any  further  and  he 
will  topple  over.  Use  of  a computer  to  solve  the  nonlinear  equations  also  showed  that 
this  limitation  in  control  power  would  also  lead  to  system  instability.  Therefore,  this 
factor  adds  an  additional  restriction  to  the  potential  application  of  kinesthetic  control. 
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Figure  8.-  Diagram  of  mo  del- gain- adjustment  loops 


Disturbance 


Figure  9.-  Diagram  of  compensatory-tracking  task. 


Figure  10.-  Multiloop  control  task  variables. 


Figure  11.-  Block  diagram  of  multiloop  control  task. 


Figure  12.-  Diagram  of  damper  failure  problem. 
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Figure  13.-  Multiloop  control  task  with  unexpected  damper  failure. 


Figure  1^.-  Diagram  of  lunar- landing- simulator  problem. 
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(a)  Pilot-vehicle  combination. 


0 10  Time,  sec  20  3 

(b)  Pilot-vehicle- simulator  combination 
with  high- gain  simulator. 


(c)  Pilot-vehicle- simulator  combination 
with  low- gain  simulator. 


Figure  15.-  Calculated  vehicle  attitude  response  to  a 
200-foot  (6l-meter)  step  translation  command. 


10.  INTRODUCTION  TO  LINEAR  SYSTEM  ANALYSIS  AND  DESIGN 
BY  USE  OF  STATE  VECTOR  APPROACH 

By  Raymond  C.  Montgomery 
Langley  Research  Center 

ABSTRACT 

This  paper  is  concerned  with  the  analysis  and  synthesis  of  linear  feedback-control 
systems  by  using  the  state  vector  approach.  The  analysis  of  linear  systems  is  first  con- 
sidered. Here,  both  autonomous  and  time-varying  solutions  of  linear  systems  are 
studied.  In  particular  the  stability  of  linear  time -invariant  systems  ie  characterized,  as 
is  the  stability  of  periodic  time-varying  systems  (Floquet  theory).  Next,  control  in  linear 
systems  is  studied.  First,  concepts  of  the  controllability  and  observability  are  explained, 
together  with  their  relation  to  the  determination  of  state- variable  feedback  gains  and  con- 
struction of  state-variable  estimators.  Then  a practical  method  for  calculation  of  feed- 
back gains  to  obtain  prespecified  control- system  characteristics  is  presented  (differential 
synthesis).  The  paper  is  concluded  with  an  example  of  determination  of  state -variable 
feedback  gains  for  a lifting-body  entry  vehicle  and  the  design  of  a state  estimator  for  a 
simple  spring- mass  system. 


INTRODUCTION 

The  physical  systems  which  are  dealt  with  are  often  described  in  the  form  of  a 
differential  equation 


x = f(x,u) 

with  time  t as  the  independent  variable  where  x is  an  n-dimensional  state  vector, 
u is  an  m-dimensional  control  vector,  and  f(x,u)  is  an  n-dimensional  vector  function  of 
x and  u.  In  this  section  a superscript  t will  imply  the  transpose  of  a vector  or 
matrix.  As  used  herein,  "state"  means  a set  of  quantities  related  to  the  system  such  that 
if  it  is  known  at  any  instant,  then  the  behavior  of  the  system  is  determined  as  a functional 
of  the  control  vector  u(L)  alune.  In  many  cases  these  differential  equations  are  either 
linear  in  x and  u or  can  be  approximated  by  a set  of  linear  differential  equations.  In 
such  cases  the  governing  equations  of  motion  of  the  system  can  be  written  in  the  form 


x = Ax  + Bu 


(x(0)  = x0)  (1) 


L-6892 
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As  an  example  of  the  state  vector  formulation  of  a problem  consider  the  harmonic  oscil- 
lator shown  in  the  following  sketch: 


A tyAA 


The  equation  of  motion  for  this  system  is 


h 'r  in  Xh  = m 


xu  + 


F 


An  appropriate  state  vector  representation  of  this  system  can  be  made  with  xj  = x^ 
and  X2  = xh.  The  resulting  equation  of  motion  in  state  vector  form  of  equation  (1)  is 


X1 

0 1 

X1 

0 

X = 

= 

+ 

x2 

0 

m 

x2 

1 

where  u = — is  taken  as  the  control.  Note  that  although  the  particular  state  selected  is 
m . 

acceptable,  it  is  not  the  only  acceptable  one.  Indeed  any  vector  y = Tx  where  T is  a 

nonsingular  matrix  would  be  a suitable  state.  However  y = x^  is  not  a suitable  state 

since  initial  conditions  for  both  x^  and  x^  are  required  along  with  the  control  input  u 

so  as  to  define  the  motion.  Other  examples  of  systems  which  can  be  written  in  state 

vector  form  according  to  equation  (1)  are  the  longitudinal  and  lateral  linearized  equations 

of  motion  of  aircraft  with  x1-  = (u,c^q)  where  u is  incremental  forward  speed,  a is 

incremental  angle  of  attack,  6 is  incremental  pitch  attitude,  and  q is  pitch  rate  for  the 

longitudinal  case  and  xt  = (j3,p,r ,<£)  where  /3  is  sideslip  angle,  p is  roll  rate,  r is 

yaw  rate,  and  $ is  the  bank  angle  for  the  lateral  case. 

This  paper  is  designed  to  be  an  introduction  to  the  analysis  and  design  of  linear 
control  systems  by  using  the  state  vector  approach . As  such  even  within  the  framework 
of  state  vector  methods  some  important  exclusions  must  be  made.  One  exclusion  is  the 
analysis  and  synthesis  of  linear  systems  by  using  optimal  control  theory  for  which 
reference  1 provides  a suitable  introduction;  another  is  decoupling  design  which  is  the 
subject  of  reference  2.  These  subjects  are  important  and  a thorough  understanding  of 
them  is  essential  to  the  control  systems  engineer;  however,  they  are  beyond  the  scope  of 
an  introductory  lecture.  A major  portion  of  this  paper  is  devoted  to  linear  systems 
analysis.  Some  of  the  fundamental  aspects  of  linear  systems  analysis  in  the  state  variable 
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form  are  presented.  A more  detailed  discussion  of  this  subject  is  included  in  reference  3. 
One  useful  design  method  presented  consists  of  the  synthesis  of  linear  systems  with  vir- 
tual state  vector  feedback  by  means  of  differential  synthesis  as  developed  by  Montgomery 
and  Hatch  (ref.  4)  coupled  with  the  state  estimator  design  approach  presented  by 
Luenberger  (ref.  5). 


SYMBOLS 

A differential  transition  matrix 

A^  leading  coefficient  of  numerator  of  transfer  function  </>/ 6a 

a real  scalar 

a(t)  forcing  function 

B input  matrix 

B(s)  matrix  polynomial  in  s 

B^  matrix  coefficient  of  term  sn“^  in  B(s) 

b input  vector 

C input  matrix 

C7  damping- in- roll  coefficient 

r 

Cir  rolling- moment  coefficient  due  to  yaw  rate 

CZj3  rolling-moment  coefficient  due  to  sideslip 

aileron  rolling-moment  coefficient 
°a 

C i*  rudder  rolling- moment  coefficient 

°r 

CBp  yawing-moment  coefficient  due  to  roll  rate 

Cnr  damping-in-yaw  coefficient 
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c 


n/3 


Cn5 


a 


Cn6 


r 


C 


C 


y 


r 


% 

X 

CY6r 

C(or) 


Cik 

cl 


D 

d(s) 

dk 

d(i) 


dA(s) 

eAt 

F 


f(g) 


static  directional- stability  coefficient 
aileron  yawing-moment  coefficient 
rudder  yawing-moment  coefficient 
lateral-force  coefficient  due  to  rolling  velocity 
lateral-force  coefficient  due  to  yawing  velocity 
lateral-force  coefficient  due  to  sideslip 
lateral-force  coefficient  due  to  aileron  deflection 
lateral-force  coefficient  due  to  rudder  deflection 
forced  variation  in  transfer -function  parameters 
coefficient  of  kth  power  of  A in  A1 
desired  values  of  transfer -function  parameters 
matrix  defined  by  equations  (42) 
characteristic  polynomial  of  system 
coefficient  of  s11-^  in  d(s) 
ith  column  of  D 

augmented  system  characteristic  polynomial 
solution  of  equation  (11)  for  constant  A 
control  interconnect  matrix 
elements  of  F 

function  relating  gain  parameters  g to  transfer -function  parameters  c 
according  to  c = f(g) 
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f(t)  forcing  function  for  method  of  variation  of  parameters 

f(x,u)  vector  function  of  x and  u 

G gain  matrix  or  Gram  matrix 

gj(t)  time  functions  defined  according  to  equation  (41) 

H system  output  matrix 

I commensurable  identity  matrix 

Ix  rolling  moment  of  inertia 

Iz  yawing  moment  of  inertia 

Ixz  product  of  inertia 

K augmented  input  matrix 

k integer  or  spring  constant  of  harmonic  oscillator 

L(X)  Laplace  transform  of  X as  shown  in  equation  (5) 

M matrix  defined  by  equations  (43) 

m mass  of  harmonic  oscillator  or  dimension  of  control  vector  u 

nij  multiplicity  of  Xj 

n dimension  of  x 

null  matrix 

P differential  transition  matrix  for  state  estimator 

P(c,q)  function  relating  flying-quality  parameters  q to  transfer-function 
parameters  c according  to  P(c,q)  = 0 
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P(t,tQ)  function  defined  by  equation  (36) 
p roll  rate 

Q u-input  matrix  for  state  observer 

q flying- quality  parameters 

R y-input  matrix  for  state  observer 

r yaw  rate  or  radial  distance 

S(a)  hypersphere  of  radius  a 

s Laplace  variable 

T transformation  matrix  or  period  of  periodically  time-varying  system 

t,to,ti,t2,t3  time 

tr  trace 

trA  sum  of  principle  diagonal  elements  of  matrix  A 

u input  vector 

uD  augmented  input  vector 

r 

v augmented  input  vector 

v(s)  Laplace  transform  of  v 

W weighting  matrix 

X(t)  fundamental  matrix  of  system 

x state  vector 

x estimated  state  vector 
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Xh  position  of  harmonic  oscillator 

Yji  matrices  resulting  from  partial  fraction  expansion  of  -51^1 

J d(s) 

y system  output 

a angle  of  attack 

Qfjjt)  scalar  functions  defined  by  equations  (40) 

aijk  coefficient  of  sn”^  in  transfer  function  Xj/uj 

/3  sideslip  angle 

A scalar  step  size 

6a  aileron  deflection 

6r  rudder  deflection 

damping  coefficient  of  numerator  quadratic  of  transfer  function  0/6 

Cd  damping  coefficient  of  Dutch  roll  mode 

Q pitch  angle 

eigenvalues  of  system 

unit  vector  with  zero  in  all  but  ith  position 

a dummy  variable  of  integration  used  in  method  of  conversion  to 

differential  form 

t dummy  variable  of  integration 

rr  roll-mode  time  constant 

ts  spiral-mode  time  constant 


time  constant  of  state  estimator 


T01,T0  2 


$(s) 


H t) 


0 


ij 


co 


C0d 


real  zeros  of  characteristic  polynomial  for  lateral  aircraft  dynamics  other 
than  -1/ts  and  -1/ty 


$(t,tQ)  state  transition  matrix 


Laplace  transform  of  <J> 
forcing  function 
elements  of  <i> 

state  transition  matrix  for  adjoint  system 
natural  frequency  of  harmonic  oscillator 
natural  frequency  of  Dutch  roll  mode 


natural  frequency  of  numerator  quadratic  of  transfer  function  0/6  a 
LINEAR  SYSTEMS  ANALYSIS 
Solutions  of  Autonomous  Equations 

Now  consider  representing  solutions  of  equation  (1)  for  the  case  where  the 
matrices  A and  B are  constant  in  time.  Consider  first  the  zero  input  or  homo- 
geneous solutions  of  equation  (1).  Owing  to  the  similarity  of  equation  (1)  and  the  scalar 
equation  x = ax  the  solution  of  which  is  known  to  be  of  the  form  x = x^e3^  where  the 
function  e3*  is  defined  by 

ea*  = 1 + at  + <**>£  * . . . + i»s£  + . . . 

2!  k! 

a solution  of  equation  (1)  of  the  form 


x(t)  = X(t)  x(0)  = X(t)  xO 


is  sought  where 


X(t)  = I + At  + 


2’.  k! 
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Since  the  later  two  series  expressions  are  remarkably  similar,  the  matrix  function  X(t) 
is  most  often  written  in  literature  as  e^t.  Solutions  of  equation  (1)  are  therefore  sought 
of  the  form 


x(t)  = eAtx0 

eAt  = i + At  + + . . . + + . . . 

2:  k! 

First  note  that  the  series  expression  for  eA*  converges  absolutely  and  uniformly 
for  all  finite  intervals  in  t and  its  differentiated  series 


_d 

dt 


(eAt)  = A + A(At)  + aIM^  + . . . + AiM^  + . 
x ' 21  k! 


also  converges  absolutely  and  uniformly  (ref.  5).  It  follows  that  x(t)  as  defined  by 
equations  (2)  satisfies 


x(t)  = A(eAt)x®  = (AeAt)x®  = A(eAtx®)  = Ax 
and  also  satisfies  the  condition 

x(0)  = eA®x®  = Ix^  = x® 


Hence,  owin^  to  the  uniqueness  of  the  solutions  of  equation  (1)  passing  through  the  initial 
point  x(0)  = x®,  equations  (2)  provide  the  solution  of  equation  (1)  for  u(t)  = 0. 


For  the  forced  response  of  x(t)  to  u(t)  defined  by  equation  (1),  again  note  that 
the  solution  of  the  scalar  equation  x = ax  + 0(t)  is  expressible  in  the  form  of 


Duhamel's  integral 


x(t)  = xgeat  + J ea^"r^0(T)  dr 


and  therefore  assumes  a solution 


of  equation  (1)  of  the  form 


x(t)  = eA^x®  + f eA^-T^Bu(r)  dr 
J0 


(3) 


The  fact  that  this  assumed  form  of  the  solution  of  equation  (1)  is  the  solution  may  be 
verified  by  direct  substitution.  In  the  process  of  substitution  equation  (3)  must  be  differ- 
entiated with  respect  to  t.  This  differentiation  proceeds  as 
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x(t)  = AeAtxO  + eA(t_T)Bu(r)  + f AeA^”r^Bu(r)  dr 

T=t  Jo 


so  that 


x(t)  = A 


eAtxO 


+ f*  eA(t-T)Bu(rj  dT 

Jn 


+ Bu(t) 


Since  the  basic  properties  of  the  function  eAt  are  quite  useful  in  the  practical 
application  of  linear  system  theory,  some  of  these  properties  are  set  down  here  although 
their  proof  is  deferred  until  the  discussion  on  time-varying  linear  systems.  These 
properties  are 

|eAt|  = e(trA)t 

eAtleAt2  = eA(tl+t2)l  (4) 

{eAV  = e-Ml 

where  |eA*-j  indicates  the  determinant  of  the  matrix  eA^  and  trA  indicates  the  trace 
of  the  matrix  A,  that  is,  the  sum  of  its  diagonal  elements. 

One  important  use  of  the  properties  of  eAt  is  the  rapid  calculation  of  the  free- 
motion  response  of  x(t)  defined  by  the  solution  to  equation  (1)  where  u(t)  = 0.  One 
popular  numerical  integration  scheme  is  the  fourth-order  Runge-Kutta  numerical  inte- 
gration process.  Another  useful  technique  is  to  express  the  function  eA^  in  terms  of 
elementary  functions  (a  process  to  be  presented  subsequently).  Another  technique  is  to 

use  the  series  definition  of  eA^  and  the  relation  x(t)  = eA(t-t0)x0  to  provide  a rapid 
and  accurate  method  of  calculating  the  free  motion.  Suppose  that  the  free  motion  of 
equation  (1)  with  x(0)  = x^  at  the  discrete  time  intervals  t^  = kA  (k  = 1,2,  . . .)  is 
desired.  The  series  definition  of  eA^  can  be  used  to  obtain 


e^  = I + AA  + + 


or  a fourth-order  Runge-Kutta  numerical  integration  process  may  be  employed  on  the 
system 


X = AX 


(X(0)  = I) 
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to  obtain  the  value  of 


e^  = X(A).  This  process  need  be  done  only  once  for 
x(0)  = x° 

x(A)  = x*  = e^x® 
x(2A)  = x^  = eAAx^ 


x(kA)  = x*1  = e-^x^-^ 

Note  that  these  formulas  are  an  exact  quadrature  and  their  accuracy  depends  only  on  the 
desired  accuracy  in  obtaining  the  numerical  value  of  eAA.  For  the  general  forced 
response,  equation  (1)  must  be  satisfied  with  an  approximate  quadrature.  One  approxi- 
mate quadrature  which  is  useful  is 

x[(k  + 1)A]  = eAAx(kA)  + (e_AA)n  1Bu(kA)A 

As  previously  mentioned  one  method  for  calculation  of  the  free-motion  response  of 
a linear  system  is  to  expand  eA*-  in  terms  of  elementary  functions.  To  do  this,  the 
Laplace  transform  is  employed.  The  Laplace  transform  L(X)  of  a function  X(t) 
defined  on  the  interval  £o,°°)  is  defined  by 

.->00 

L(X)  = \ e_stX(t)  dt  (5) 

J0 

For  differentiable  functions  X 

roo 

L(X)  = \ e_stX(t)  dt  = -X(0)  + sL(X) 

J0 

If  4>(t)  s eAt,  then 


<f>(t)  = A$(t) 

®{0)  = I 

By  applying  the  Laplace  transform  to  this  last  differential  equation  the  function  <i>(t) 
must  satisfy 


sL($)  - I = AL($) 
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so  that 


(si  - A)L($)  = I 

and  hence  the  Laplace  transform  $(s)  = L($)  of  the  function  $(t)  is  given  by 

$(s)  = (si  - A)'* 

By  Cramer's  rule  the  function  $(s)  can  be  written  in  the  form 


(6) 


where 


B(s)  = B]Sn_1  + B2sn_2  + . . . + Bn 
d(s)  = sn  + djs11-1  + d2sn"2  + . . . + dn 


(7) 


In  equations  (7)  the  quantities  B^  are  n-square  matrices  and  the  quantities  d^  are 
scalars.  The  procedure  for  calculating  the  matrix  coefficients  B^  and  the  polynomial 
coefficients  d^,  which  appear  in  equations  (7)  by  Cramer's  rule,  is  not  computationally 
efficient.  This  difficulty  is  somewhat  diminished  by  a procedure  using  the  Leverrier 
algorithm 


B1  = I 

dj  = -trA  ^ 

B2  = IA  + djl 

d2  = -|tr(B2A) 

Bk  = Bk-1A  + dk-l1 

I 

u 

hW 

i 

II 

. . ^ . 

> 

(8) 

Bn  = Bn-1A  + dn-l1 

• 

dn=-±tr(B„A) 

6 = BnA  + dnI 

J 

To  prove  this  algorithm,  first  note  that  by  the  definition  of  a matrix  inverse 

B(s)(sl  - A)  = d(s)I  = (si  - A)B(s) 
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so  that 


or 


n n n 

snI  + ^ sn"kdkI  = s ^ sn'kBk  - A £ s11"1^ 
k=l  k=l  k=l 


snI  + £ sn"kdkI  = BlSn  + £ sn_kBk+1  - A £ sn-kBk 
k=l  k=l  k=l 


Rearrangement  of  the  last  expression  yields 


n-1 

0 = s»(l  - B,)  + ^ S“'lt(-Bk+1  + %A  + <y)  + 
k=l 


(dnl  + ABn)s® 


from  which  the  matrix  relations  on  the  left-hand  side  of  equations  (8)  are  immediately 
obtained. 

To  validate  the  right-hand  side  of  the  algorithm,  equations  (8),  first  note  that 


Now,  by  following  the  law  for  differentiation  of  determinants,  — si  - A is  the  sum  of 

ds 1 1 

the  n-determinants  obtained  by  successively  replacing  different  columns  of  the  matrix 
(si  - A)  by  the  derivative  of  the  column  to  be  replaced  with  respect  to  s.  A typical 
term  for  the  kth  column  is 


s - an 

"a12  • • • 

_al,k-l 

0 

_al,k+l  • • • 

~aln 

"a21 

s - a22  • • • 

_a2,k-l 

0 

"a2,k+l  • • • 

“a2n 

_akl 

""^VO  • • • 

-ak  k-1 

7 

1 

_ak.k+l  ’ • • 

_akn 

-anl 

-an2  • • • 

-an,k-l 

0 

-an,k+l  • • • 

s ” ann 
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Now,  since  B(s)  is  the  adjoint  matrix  of  (si  - A)  the  kth  term  is  precisely  the  ele- 
ment (k,k)  of  B(s).  It  is  therefore  concluded  that 

^ [d(s)|  = trB(s)  (9) 

From  equation  (9) 

ns11'*  + (n  - ljdjs11"^  + . . . + dj^j  = sn-^trBi  + sn”^trB2  + . . . trBn 
identically  in  s so  that 


(n  - k)dk  = trBk+1  (k  = 1,2,.  . .,n-l) 

By  using  the  left-hand  side  of  equations  (8) 


Bk+1  = BkA  + dkr 


so  that 


(n  - k)dk  = trBkA  + dktrl  (k  = 1,2,.  . .,n-l) 

The  last  expression  directly  yields 

dk=-±trBkA  (k  = 1,2,.  . .,n-l) 

Extension  of  this  last  result  to  include  k = n follows  from  the  trace  of  the  last  equation 
on  the  left-hand  side  of  equations  (8)  which  yields  0 = trBnA  + ndn.  This  concludes  the 
proof  of  the  Leverrier  algorithm. 

In  order  to  expand  eAt  in  terms  of  elementary  functions  it  is  advantageous  to 
reduce  the  algebraic  equation  for  (si  - A)-*  to  the  form 


nij-1 


Li] 


(si  - A)"1  = Y 

d(s)  iti  jio  (s  - *i)3+1 


V 

L 


where  the  values  of  A*  for  i = 1,2,.  . .,a  are  the  distinct  eigenvalues  of  A.  This 
expansion  can  be  made  by  the  method  of  partial  fractions  and  is  explained  in  reference  3. 
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Once  the  expansion  is  made  the  function  eAt  is 


<7  mi"l 

eAt  = L" 1 |(sl  - A)"1]  = ) eXit  ^ 

i=l  j=0 


y..  £ 

1Jj: 


Solutions  of  Time- Varying  Equations 

The  analysis  of  time-varying  linear  systems  has  risen  to  importance  not  only 
because  of  its  application  to  optimization  techniques  (in  particular  to  direct  iterative 
methods)  but  also  because  it  can  account  for  the  large  variations  in  aerodynamic  deriva- 
tives and  control  effectivenesses  which  occur  during  the  execution  of  large-scale  maneu- 
vers of  aircraft.  An  example  of  this  is  the  transition  period  during  take-off  and  landing 
of  VTOL  vehicles.  Only  elementary  properties  of  time-varying  linear  systems  are  of 
concern  here.  Consider  then  solutions  of  the  system 


x(t)  = A(t)  x(t)  + a(t) 
x(to)  = x° 


(10) 


where  A(t)  and  a(t)  are  defined  over  the  time  interval  over  which  the  solution  x(t) 
is  required.  This  interval  is  presumed  to  include  tQ. 


Owing  to  the  linearity  of  equations  (10)  in  x(t),  if  a state  transition  matrix  <f»(t,to) 
is  defined  by  the  expressions 


^(t,to)  = A(t)$(t,to)l 

^(to,t0)  = I 


(ID 


then  the  general  solution  of 

“jr  (t)  = A(t)  X(t) 
cit 

with  X(t^)  given  is 

X(t)  = 4>(t,ti)X(ti) 


(12) 


(13) 


If  X(t)  is  nonsingular  at  any  time,  then  X(t)  is  said  to  be  a fundamental  matrix  of 
A(t).  Equation  (13)  may  be  verified  by  direct  substitution  noting  the  fact  that  $(t,ti) 
satisfies  equations  (11).  Aside  from  the  fact  that  the  state  transition  matrix  satisfies 
equations  (11)  and  provides  the  solution  to  equation  (12)  by  equation  (13),  this  special 
matrix  has  other  useful  properties.  Some  other  properties  of  $(t,tQ)  are 


$(tl,t2)$(t2,t3)  = <Ktl,t3) 
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*_1(tl,t2)  = *(t2,tl) 

(15) 

||*(t,to)|  = trA(t)  |*(t,t0)| 

(16) 

J trA(r)  dr 

|*(t»to)|  = e t0 

(17) 

Equation  (14)  follows  by  defining  X(t)  = 4>(t,t3)  and  by  using  equation  (12)  in  the  following 
way 

X(tl)  = *(ti,t2)X(t2)  = *(ti,t2)  *(t2,t3) 

so  that 


X(ti)  = $(t!,t3)  = $(t1,t2)$(t2,t3) 

Equation  (15)  follows  from  applying  equation  (14)  in  the  following  way 


1 = *(tl,ti)  = *(ti,t2)  *(t2,t!) 


and,  by  using  the  definition  of  the  matrix  inverse  equation  (16),  follows  from  the  applica- 
tion of  the  formula  for  differentiation  of  a determinant  as  follows 


8011 

at 
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at 

801n 

at 

011 

CM 

01n 

011 

012 

01n 

lK‘o)l= 

021 
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+ 

8021 

at 

8022 
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022 

0nl 

0nn 

0nl 

0 nn 

80nl 

at 

80  nn 

at 

rv  x 

Then  by  using  the  relations  -gj-(t,to)  = A(t)  <fc(t,to),  the  first  term  of  the  last  series  can  be 
written  as 


a11011  + a12021  + • 

•+aln0nl’  a11012 +a12022  + ■ 

• 1 + aln0n2’  • 

• •>  aU01n  + a1202n  + ' 

. . + a«  d> 

lrrnn 

021 

022 

02n 

0nl 

02n 

0nn 

594 


By  multiplication  of  the  ith  row  by  (i  4 1)  and  by  adding  the  negative  of  the  result 

to  the  first  row  for  all  i = 2,3,.  . .,n,  the  preceding  determinant  is  reduced  to 

all^ll  a11^12  ' • ‘ all^ln 

^21  ^22 

• • 

• • 

^nl  ^nn 

which  is  a^j  |$(t,tg)|.  By  applying  this  procedure  to  each  term  of  the  series, 

||*(t,to)|  = an(t)|*(t,to)|  + • • • + Wt)  |*(t,*o)| 

is  obtained.  Hence 

£|*<‘>‘0)|  -trA|*(t,to)| 

Equation  (17)  follows  directly  from  the  integration  of  equation  (16)  with  the  initial  con- 
dition |$(t0,t0)|  = 1. 

Now  consider  the  forced  response  of  equations  (10).  A solution  of  the  form 

x(t)  = <fc(t,t0)f(t)  (18) 

is  assumed  where  f(t)  is  a function  to  be  determined.  Substitution  of  equation  (18)  into 
equations  (10)  yields 

^(t,t0)f(t)  + *(t,t0)f(k)  = A(t)  *(t,t0)f(t)  + a(t) 

which  reduces  to 

$(t,t0)  f(t)  = a(t) 

by  using  equations  (11)  and  (14).  Hence 

f(t)  = $(to,t)  a(t)  (19) 
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Integration  of  equation  (19)  yields 


f(t)  = f(to)  + f $(t0,T)a(r)  dT 
Jt0 

From  the  initial  condition  x(tQ)  = x°,  it  is  seen  that  f(t0)  = x°,  and  hence  the  solution  of 
equation  (10)  is  generally  of  the  form 


or 


x(t)  = *(t,tQ) 


x(t)  = 4>(t,tQ)xO 


(20) 


(21) 


The  representation  of  the  solutions  of  equations  (10)  obtained  by  using  either  of  the 
forms  of  equations  (20)  or  (21)  is  inconvenient  when  applied  to  iterative  optimization 
schemes.  This  inconvenience  is  offset  by  using  properties  of  the  system  adjoint  to 
equations  (10).  By  defining  the  adjoint  of  the  state  transition  matrix  <h(t,to)  of  A(t) 
for  all  (t,to)  according  to  the  expression 


*V,t0)  = *-1(t,to) 


(22) 


where  ^(t,tq)  is  the  adjoint  matrix,  it  is  seen  that 

*V,t0)  *(t,to)  = I 


so  that 


a** 

at 


(t,to)4»(t,to)  + ^(Mo)^(t,to)  = 0 


Hence 


a^t 

at 


(t,t0)  + ^(t,to)  A(t) 


*(t,t0)  S o 


Since  ^(t.tq)  is  never  singular 


a^ 


|U/  f 

at  (t,t0)  = -Al(t)  *(t,t0) 


(23) 
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*(to,to)  = I 


Note  that  if  x(t)  is  a homogeneous  solution  of  equations  (10)  and  y(t)  satisfies 


y(t)  = -A^t)  y(t) 


(24) 


then 


*£y  + xt$L 

dt  y dt 


= 0 


so  that 


Xt(t)y(t)  =xt(t0)y(t0)  (25) 

Also  note  that  the  solutions  of  equations  (20)  and  (21)  for  x(t)  can  be  written,  by  using 
the  adjoint  matrix,  as 

x(t)  = 4>(t,t0)  x(t0)  + f 4't(r,t)a(r)  dr  (26) 

Jt0 

Equation  (26)  is  of  particular  use  in  trajectory  optimization  problems  using  the  method  of 
steepest  descent. 


Stability  of  Linear  Systems 

One  of  the  most  important  considerations  in  systems  analysis  is  system  stability. 
Generally  stability  can  be  defined  as  the  absence  of  undesirable  behavior.  For  purposes 
of  analysis,  however,  this  definition  is  too  vague  to  be  useful.  There  are  many  definitions 
of  stability  which  are  useful  in  systems  analysis  (Lyapunov,  Lagrange,  orbital,  and  so 
forth).  Each  of  the  definitions  of  stability  infers  certain  properties  of  the  system  to 
which  it  is  applied  and  stability  in  one  sense  does  not  usually  infer  stability  in  other 
senses.  In  this  paper  only  stability  in  the  sense  of  Lyapunov  is  considered. 

In  giving  a definition  of  Lyapunov  stability,  use  is  made  of  the  notion  of  the  hyper - 
sphere  S(a)  of  n-dimensional  space  defined  by 

S(a)  = jx  | ||  x||  § aj 


where  x is  an  n-dimensional  vector  and  ||x||  = ^xj^  + . . . + xn^. 

A system  is  said  to  be  stable  in  the  sense  of  Lyapunov  if  given  R > 0 it  can  be 
determined  that  an  r > 0 exists  such  that  all  system  responses  initiating  within  S(r) 
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at  any  time  tg  remain  for  all  t > tg  within  S(R).  Geometrically  this  is  shown  in  the 
following  sketches: 


Stable  Unstable 


If,  in  addition  to  being  stable,  all  solutions  initiating  within  S(r)  satisfy  lim  x(t)  — 0 

t -►  oo 

for  all  (tg,xOeS(r)),  then  the  system  is  said  to  be  asymptotically  stable.  Any  system 
that  is  not  stable  is  said  to  be  unstable. 

Before  proceeding  with  the  characterization  of  stability  a definition  of  the  norm  of  a 
matrix  is  presented  . A more  detailed  discussion  of  matrix  norms  is  contained  in  refer- 
ence 6.  Given  the  n x n matrix  A,  the  norm  of  A,  ||A||,  is  defined  by 

||A||  = inf  jk  | ||Ax||  £ k||xjjj  (27) 

where  inf{  } implies  the  infimum.  Since  ||Aox||  = all  Ax||  ^ k||ax||  = £vk||x||  for  a > 0 
implies  that  ||Ax||  = k||x|| , it  is  seen  that  the  infimum  of  equation  (27)  may  be  performed 
over  the  unit  sphere  ||x||  = 1.  Hence  an  equivalent  definition  of  ||A||  is 

II  A|(  = sup  ||  Ax  ||  (28) 

llx||=l 

From  equation  (27)  it  is  also  deduced  that  if  C = AB,  then 

|C||  S ||A||  • || B||  (29) 

II Ax||  ^ || A||  • ||x||  (30) 

Equation  (30)  follows  immediately  from  equation  (27),  whereas  equation  (29)  follows  from 
equation  (30)  by 

||ABxJ|  = |Ja||  ■ ||Bx||  s||a||  • ||b||  • ||x|| 
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Similarly  the  triangle  inequality 

||A  ♦ B||  S ||A||  * ||b||  (31) 

holds. 

Now  it  can  be  stated  and  proved  that,  for  a linear  system  with  state  transition 
matrix  4>(t,tQ),  the  zero  state  is  stable  in  the  sense  of  Lyapunov  if  and  only  if  there 
exists  a constant  M such  that  ||  $(t,to)||  =M  for  all  (t,t o).  If  in  addition  ||$(t,to)||  — 0 
as  t - 00  for  all  values  of  to,  then  the  system  is  asymptotically  stable. 

Proof: 

If  ||$(t,to)||  = M for  all  (t,to)  and  given  any  R > 0,  then 

r = ^ suffices  to  show  that 
M 

Ml  Sr— »M|  - ll*<Vo>*°|  S I*(t,to)||  - Ml  «»«(§) 

Hence  the  system  is  stable  in  the  sense  of  Lyapunov. 

Conversely,  suppose  that  the  system  is  stable  in  the  sense  of 
Lyapunov  and  that  ||$(t,to)||  has  no  upper  bound.  Since  ||$(t,to)|| 
is  not  bounded  from  above,  at  least  one  of  its  elements,  for  example, 

| > has  no  upper  bound.  By  selecting  an  initial  condition 

x0  = euG),  where  e > 0 and  u(i)  is  a unit  vector  with  zero  in  all 
but  the  jth  position,  it  can  be  seen  that  no  matter  how  small 
s = ||x0||  that  xj(t)  is  unbounded.  The  zero  state  is  hence 
unstable  which  is  a contradiction.  This  completes  the  proof  of  the 
statement. 

For  time -invariant  systems,  $(t,tQ)  can  be  expressed  in  the  form 

o mi;x 

eAt  = ^ ^ t^eXitYij  (32) 

i=l  j=0 

Since 

jr  mi-1, 

eAtlls£  z itleAil 

i=l  i=0 

the  stability  of  time-invariant  systems  is  directly  related  to  the  eigenvalues  of  A,  A*, 
and  the  multiplicity  m^  of  those  eigenvalues.  Indeed  the  system  is  stable  if  and  only  if 


599 


all  eigenvalues  of  A have  nonpositive  real  parts  and  those  with  zero  real  parts  are 
simple  eigenvalues  of  A.  For  asymptotic  stability  all  eigenvalues  of  A must  have 
negative  real  parts. 

Now  consider  some  aspects  of  stability  for  periodic  time-varying  systems  of  the 

form 


x = A(t)  x (A(t)  = A(t  + T))  (33) 

In  literature  this  stability  analysis  is  called  Floquet  theory.  Let  $(t,t0)  be  the  state 
transition  matrix  for  A(t) : 

(1)  Note  that  $(t+T,to)  is  a fundamental  matrix  of  A(t).  This  is  seen  by  defining 
X(t,t0)  = 4>(t+T,to).  Hence, 

|f(Mo)  = if  (t+T,t0)  = A(t+T)  $(t+T,t0)  = A(t)X(t,t0) 

and  since  X(to,to)  = <i>(to+T,to)  is  nonsingular,  it  follows  that  X(t,to)  is  a fundamental 
matrix  of  A(t). 

(2)  <f>(t+T,to)  = ^>(t,to)  4>(to+T,to).  This  follows  since  the  solution  X(t)  of  a linear 
system  can  be  expressed  as  X(t)  = $(t,t0)X(t0).  By  using  <h(t+T,t0)  as  X(t),  it  follows 
that 

X(t)  ^ <f>(t+T,t0)  = $(t,t0)  X(t0)  = 4>(t,t0)  $(to+T,to) 

Now  define  a matrix  B as 


eBT  = $(t0+T,t0)  (34) 

Then  from  statement  (2) 

*(t+T,t0)  = <fc(t,t0)eBT  (35) 

Consider  the  function  P(t,tQ)  defined  by 

P(t,t0)  = <f*(t,t0)  e"B(t't0)  (36) 
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Note  that  P(t,t(j)  is  periodic  in  t since 


P(t+T,t0)  = $(t+T,t0)e_B(t"to)-BT  = [^(t+T,t0)e'BT]e"(t"t{))B  = <f-(t,t0)  e“(t_t°)B 
(from  eq.  (35)).  Hence  the  fundamental  matrix  $(t,tQ)  can  be  written  in  the  form 


$(t,t0)  = P(t,t0)  e3^ 


(37) 


where  P(t,to)  is  periodic  in  t with  period  T and  where  B is  defined  by  equa- 
tion (34).  Since  P(t,to)  is  periodic,  the  stability  of  the  system  can  be  related  to  the 
stability  of  the  invariant  system 


y = By  (38) 

The  eigenvalues  of  B are  called  the  "characteristic  exponents"  of  A(t).  Solutions  of 
equations  (33)  and  (38)  are  related  by  x(t)  = P(t,to)y(t).  Since  P(t,to)  is  nonsingular, 
the  initial  condition  of  y is  given  by  y(to)  = P(to,to)  x(to)  = x(to). 

CONTROL  IN  LINEAR  SYSTEMS 


Concepts  of  Controllability  and  Observability 

Before  stating  the  definitions  of  controllability  and  observability,  some  facts  con- 
cerning time -invariant  systems  not  previously  mentioned  that  have  a strong  influence  on 
both  controllability  and  observability  of  time -invariant  systems  are  demonstrated.  One 
of  the  most  useful  results  of  matrix  theory  is  the  Caley-Hamilton  theorem.  From  the 
Leverrier  algorithm 

Bf  = I,  • • • Bk  = Bk_]A  + dk_jl,  . . . 0 = BjjA  + dnI 


the  following  sequence  is  constructed 


0 = BnA  + dnI  — (Bj|_jA  + dn_iI)A  + d^I 

0 = Bn-fA-  + dn_jA  -r  dnI  = (Bn_2A  + dI1.2I)A2  + dn_;.A  + dnT 


0 = Bn_kAk+1  + dn_k+iAk  + dn_k+2Ak-1  + . . . + dnI 
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and  finally 


6 = An  + djAn"l  + . . . + dnA® 


The  last  result  is  the  famous  Caley-Hamilton  theorem;  that  is,  a matrix  A satisfies  its 
own  characteristic  equation.  From  this  theorem  it  is  obvious  that  any  power  of  A can 
be  written  as  a linear  combination  of  the  powers  of  A between  zero  and  n-1;  that  is, 


U- -L 


cikA* 


k=0 


It  also  follows  that,  since 


oo 


n=0 


or 


i=0  \ j=0 


A1 


(i  = 0,1,.  . .)  (39) 


(40) 


By  using  this  expression,  general  solutions  of  equation  (1)  can  be  written  as 


or 


x(t)  = e 


_ 0At 


+ f e ^tBu(t)  dr 


x(t)  = e-^t 


n-l  t 

°+  £ A*B  J gi(T)u(T)  dr 
i=0  0 


(41) 


Controllability  and  observability  are  now  defined.  In  the  following,  controllability 
and  observability  are  used  to  infer  what  is  called  complete  controllability  and  complete 
observability,  respectively,  in  the  technical  literature.  A more  detailed  discussion  of  all 
aspects  of  controllability  and  observability  is  provided  in  reference  3.  A time -invariant 
linear  system  is  herein  said  to  be  controllable  if  given  an  arbitrary  x0  there  is  a 
finite  time  T and  a control  u(t)  (0  = t = T)  such  that  x(0)  = x°  and  x(T)  = 6.  To 
define  observability,  first  introduce  the  notion  of  system  output.  The  following  equations 
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describe  a linear  system 


x = Ax  + Bu 
y = Cx  + Du 


(42) 


where  x,  y,  and  u are  vectors  of  dimensions  n,  p,  and  m,  respectively.  Here  it 
has  been  assumed  that  the  state  x is  not  directly  obtainable  and  knowledge  of  the  system 
can  only  be  obtained  through  a measurement  of  y and  a knowledge  of  u.  The  concept  of 
observability  relates  to  being  able  to  determine  the  state  of  the  system  from  measure- 
ments of  y and  u over  an  interval  in  time.  If  a system  is  not  observable,  then  it  may 
undergo  internal  motion  with  no  input  or  output  and  this  motion  be  hence  undetectable.  A 
time -invariant  system  of  equations  (42)  is  said  to  be  observable  if  given  the  output  y(t) 
and  input  u(t)  over  the  interval  0 = t = T the  initial  state  x(0)  of  the  system  can  be 
determined  uniquely. 

In  order  to  characterize  controllability  of  a system,  equation  (41)  and  the  definition 
of  controllability  are  used  to  obtain  that  in  some  finite  T 


6 = eAT 


x°  + 


gi(r)u(r)  dr 


or  since 


eAT 


is  nonsingular 


Lj 


i=0 


X 

AiB  C gt(r)  u (r)  dr  = 
J0 


-x° 


By  using  the  definitions 


M 


= A°B, 


A1B, 


A2B, 


it  is  seen  that 


gq(t)  u(t) 


gl(t)u(t) 


dt 


gn_l(t)u(t)J 


J 


(43) 


Mv  = -x° 
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must  satisfy 


(44) 
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for  all  values  of  x®  so  that  M must  possess  n linearly  independent  column  vectors 
for  the  system  to  be  controllable.  The  condition  that  M has  n linearly  independent 
column  vectors  is  both  necessary  and  sufficient  for  the  system  to  be  controllable.  To 
check  the  system  of  equations  (42)  for  controllability,  determine  the  rank  of  M,  and  the 
system  is  controllable  if  and  only  if 

rank  M = rankjA^B,  A*B,  . . . An_1B]  = n (45) 

For  observability  no  generality  is  lost  by  considering  the  system  of  equations  (42) 
with  no  input.  The  resulting  output  satisfies 

y(t)  = Ce^x® 


n-1 

y(t)  = ^ <*k(t)  CA^xO 
k=0 

Hence  by  denoting  D 4 C4  and  by  letting  d(^  be  the  ith  column  of  D 

n-1 

2 (“i-“k)d(j)Akx°  - (at>yj) 

k=0 


where  the  inner  product  (fi,f2)s  \ fi(t)f2(t)dt  is  used.  Since  the  functions 

J0 

ai(t)  (i  = 0,1,.  . .,0)  are  linearly  independent,  the  Gram  matrix  G,  the  matrix  G whose 
elements  G^j  are  ^Q'^,0'^,  is  nonsingular.  The  last  set  of  equations  thus  has  a solution 


d 

d(j)A  x 

("o-yj) 

d(*AlX° 

(ai>yj) 

= G"1 

d(j)An’lx° 
— _ 

("n-l^j) 

Note  that  the  quantities  on  the  right-hand  side  are  components  of  x®  projected  on  the 
,k 

vectors  A d^^.  Hence  this  set  of  vectors  must  span  the  vector  space  of  x®  so  that 
x®  can  be  uniquely  determined.  It  follows  that  observability  of  the  system  may  be 
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determined  by  evaluation  of  the  rank  of  the  matrix  A^D,  A^D,  . . . A*n  ^Dj  which 
must  be  n if  the  system  is  to  be  observable. 

Feedback  Control 

If  the  system  characteristics  are  unacceptable  it  is  sometimes  possible  to  favorably 
alter  the  basic  system  characteristics  using  feedback  control.  If  the  feedback  system  is 
linear 

u = Gx  + Fv  (46) 

as  illustrated  in  the  following  sketch: 


The  system  characteristics  are  altered  so  that  they  behave  according  to  the  modified 
equation 

x = (A  + BG)x  + BFv  (47) 

and  the  system  transfer  functions  are  altered  according  to 

x(s)  = (si  - A - BG)'^BFv(s)  (48) 

For  the  special  case  where  B is  a vector  b and  G is  a vector  transposed  g*, 
equation  (48)  is  particularly  useful  since  the  characteristic  of  the  system  can  be  written 

(si  - A - bg^)  = (si  - A)[l  - (si  - A)“^bg^j 

= <si  - 4 - HM 

where  B(s)  is  used  as  the  adjoint  of  (si  - A)  and  d(s)  is  used  as  the  characteristic 
polynomial  of  A.  From  known  properties  of  determinants 
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A - bg*-J  = d(s)  det 


B(s) 

d(i5" 


= d(s) 


, gtB(s)  b 
_ " d(s)  _ 


where  det  [m]  denotes  the  determinant  of  a square  matrix  M and  where  the  identity 


+ b*a 


is  used.  Hence  if  d^(s)  is  the  augmented  characteristic  polynomial  and  d(s)  is  the 
unaugmented  one,  they  are  related  through  the  expression 


d^(s)  = d(s)  - gtB(s)  b 


(49) 


Equating  coefficients  of  powers  of  s in  equation  (49)  gives 


or 


dAk  " dk  = "gtBkb 


(k  = 1,2,.  . . n) 


btVg  = dk  - dAk 


which  are  n equations  for  the  n gains  of  g.  If  the  matrix 


btB2t 


is  nonsingular 


equation  (49)  has  a unique  solution  for  arbitrary  differences  dk  - d^k-  This  condition 

is  equivalent  to  rank  jAPb,  A^b,  . . . An-^bJ  = n.  Hence,  if  the  system  is  controllable, 
the  characteristic  roots  of  the  closed-loop  system  may  be  arbitrarily  specified  through 
state  variable  feedback. 


State  Variable  Reconstruction 

In  many  control  problems,  where  it  is  desirable  to  utilize  state  variable  feedback, 
the  state  is  not  available  and  only  some  restricted  output  quantity  can  be  measured.  In 
such  cases  it  is  possible  to  design  an  estimator  of  the  state  provided  the  output  is  observ- 
able. Consider  the  linear  system 
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x = Ax  + Cu 


(50) 


y = Hx 


The  assumption  is  made  that  this  system  is  observable  through  the  output  y.  Augment 
the  expression  y = Hx  with  an  auxilary  equation  z = Tx  such  that  is  a square 

matrix.  Here  z will  be  the  state  of  the  observer  or  state  estimator.  Assume  that  the 
state  estimator  satisfies  a linear  set  of  equations 


z = Pz  + Qu  + Ry  (51) 

(Note  that  u and  y,  which  are  available  measurements,  are  used  as  inputs  to  this  state 
estimator.)  Now  see  which  conditions  need  be  placed  on  P,  Q,  R,  and  T to  con- 
struct the  observer. 

The  identity  z = Tx  must  be  satisfied  for  all  x and  u.  Also  z = Tx  implies 

that 


PTx  + Qu  + RHx  = TAx  + TCu 


or 


(TA  - PT  - RH)x  + (TC  - Q)u  s 0 
for  all  (x,u).  Hence  the  observer  must  satisfy  the  expressions 


TA  = PT  + RH 

(52) 

Q = TC 

(53) 

Generally  A,  P,  RH,  and  C in  equations  (52)  and  (53)  are  specified  and  both  T and 
Q are  determined.  Sequentially  postmultiplying  equation  (52)  by  A gives 

TA  = PT  + RH 

TA2  = P2T  + RHA  + PRH 

TA3  = P3T  + RHA2  + PRHA  + P2RH 


TAn  = PnT  + RH An_  1 + PRHAn“2  + . . . + Pn_1RHA° 


L-6892 


607 


If  the  values  of  are  the  coefficients  of  the  power  n - k of  s in  the  characteristic 
equation  of  A,  multiply  the  equations  by  these  coefficients  and  collect  terms  on  adding  to 
obtain 


T(An  + djA11'1  + . . . + dnA°  ) - TdnA° 

= (Pn  + diP11"1  + . . . + c^P^T  - pOc^T  + 0(P,R,H,A) 

or,  since  A satisfies  its  own  characteristic  equation, 

(Pn  + djPn_1  + . . . + dnP°)T  = -0(P,R,H,A) 

Hence,  determining  T rests  on  the  singularity  of  the  matrix  polynomial 
Pn  + djPn_^  + . . . + dnP®.  If  eigenvalues  of  A and  P are  required  to  be  distinct, 
then  this  assures  the  nonsingularity  of  the  matrix  of  these  coefficients.  On  the  other 
hand  if  eigenvalues  of  P are  allowed  to  be  those  of  A,  the  solution  of  T cannot  be 
assured. 


Synthesis  of  Feedback  Control 
For  a linear  system  of  the  form 


x = Ax  + Cu  (54) 

the  character  of  the  response  of  the  system  to  control  input  is  specified  by  a set  of 
transfer  functions.  The  transfer  functions  are  derived  by  taking  the  Laplace  transform 
of  equation  (54)  with  the  initial  conditions  set  to  zero;  therefore 

x(s)  = (si  - A)-1Cu(s)  (55) 

Hence,  the  transfer  function  between  the  ith  component  of  x and  the  jth  component  of  u 
is  of  the  form 


Xj  aijlsn  1 + «ij2sn"2  + • ■ • + <*ijn 

uj  sn  + djs11'^  + d2Sn-2  + . . . + dn 


(56) 


where  the  coefficients  d^  can  be  obtained  from  equations  (8)  and  the  coefficients 
can  be  computed  from  the  expression 


“ijk  ~ ^ i ^k^Mj 


(57) 
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where  /xi  and  #Zj  are  commensurable  unit  vectors  with  zero  in  all  but  the  ith  and 
jth  positions,  respectively.  The  pole-zero  configuration  of  the  transfer  function  (eq.  (56)) 
is  implicitly  determined  by  the  coefficients  and  d^. 

In  order  to  alter  the  transfer -function  coefficients  and  thus  the  pole-zero  configura- 
tion a feedback  control  system  is  introduced  as  schematically  illustrated  in  figure  1.  The 
system  has  the  form 


u = Gx  + Fup 

where 

F m x m control  interconnect  matrix 

G m x n linear  feedback  gain  matrix 

Up  m -dimensional  input  vector 

When  equation  (58)  is  substituted  into  equation  (1)  the  system  becomes 


where 


x = Hx  + Kup 
H ^ A + CG) 

k4cf  j 


(58) 


(59) 


(60) 


The  system  transfer  function  becomes 

x(s)  = (si  - H)-lKUp(s)  (61) 

The  transfer  function  between  the  component  Xj  of  x and  the  component  Upj  of  Up 
has  the  same  form  as  equation  (56)  where  the  coefficients  and  d^  have  been 

obtained  by  substitution  of  H for  A in  equations  (8)  and  K for  C in  equation  (57). 

The  problem  considered  here  is  to  determine  a gain  matrix  G and  an  interconnect 
matrix  F that  result  in  a specific  set  of  coefficients  at^  and  d^  corresponding  to 
the  transfer  function  of  interest  XyAij . 

One  way  to  determine  the  matrices  G and  F is,  after  substituting  equation  (9) 
into  equations  (4)  and  (6),  to  expand  equations  (8)  and  (57)  in  terms  of  the  elements  of  G 
and  F and  construct  a set  of  nonlinear  algebraic  equations  of  the  form 

f(g)  = c (62) 
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Here  the  transfer -function  coefficients  c are 


c^  — • • > ^n*  “ijl)  • • •>  aijn) 

and  the  vector  of  independent  variables  g is 

S*  = (sil>  * • • ’’Snin*  ^1 1 > * • *^lm>  • • '^mm)  (6^) 

and  f(g)  is  the  set  of  nonlinear  functions  representing  the  relationship  between  the  ele- 
ments of  g and  c.  Equation  (62)  must  then  be  solved  for  a set  of  gain  and  interconnect 
matrix  elements  that  result  in  a specified  c = c*. 

For  a complex  set  of  equations  such  as  those  representing  aircraft  dynamics,  equa- 
tion (62)  is  difficult  to  construct  and  not  generally  easy  to  solve.  In  order  to  avoid  these 
difficulties  the  method  of  solution  proposed  here  is  to  convert  the  nonlinear  algebraic  set 
of  equations  into  a set  of  implicit  differential  equations  with  known  initial  conditions. 

In  order  to  best  explain  the  method  of  conversion  to  differential  form  for  solving 
nonlinear  algebraic  equations,  consider  the  scalar  equation 


f(g)  = g2  - 3g  + 2 = c 


(65) 


The  graph  of  f(g)  against  g satisfying  equation  (65)  is  presented  in  figure  2.  Assume 
that  the  object  is  to  determine  a value  of  g that  satisfies  f(g)  = 0.  First,  let  both  g 
and  c be  functions  of  a dummy  variable  a which  varies  between  0 and  1;  that  is, 
c = c(o)  and  g = g(a).  The  basic  idea  is  to  choose  an  arbitrary  g^  = g(0)  and  select  a 
variation  'cr)  such  that  it  passes  through  the  point  c(0)  = f(g®)  and  the  desired  point 

c(l)  = typical  curve  c(o)  satisfying  these  requirements  is  the  straight  line  illus- 
trate ,ure  3.  Here  c(0)  was  calculated  by  substituting  g = g0  = 0 into  equa- 
tion Then  the  variation  in  g(o)  required  by  the  identity  f[g(of)  = c(cr)  is  deter - 

mim  sing  a differential  form  of  equation  (65) 


8f_ 

9g 


&<o)]!(.>  = £w 


Fc  particular  example  using  the  straight-line  variation  indicated  in  figure  3 for 

c(o),  tut  derivative  dg/da  must  satisfy 

jg(o)  = ■ -2 

doK  ' 2g  - 3 


(66) 
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Equation  (66)  may  be  integrated  numerically  over  the  interval  0 ^ a s 1 by  using  the 
chosen  initial  condition  g(0)  = 0.  The  value  of  g at  a = 1 satisfied  fjg(l)|  = c(l)  = 0 
and  a solution  to  the  equation  f(g)  =0  is  obtained. 

It  is  obvious  that  for  this  simple  example  it  is  easier  to  solve  the  nonlinear  alge- 
braic equation  by  using  the  quadratic  formula  than  to  apply  a conversion  to  differential 
form.  However  for  complex  linear  systems  a conversion  to  differential  form  has  advan- 
tages which  are  discussed  subsequently. 

Conversion  to  differential  form  can  be  applied  to  the  synthesis  of  linear  systems  by 
solving  equation  (62)  in  a manner  similar  to  that  used  for  the  scalar  equation  (65). 

Assume  that  the  object  is  to  select  a vector  c*  consisting  of  desired  transfer -function 
coefficients  and  determine  a gain  and  interconnect  vector  g1  that  satisfies  f(gl)  = c*. 
Let  c and  g be  functions  of  the  dummy  variable  o and  select  c (a)  such  that  it 
satisfies  c(0)  = c°  where  c°  4 f(g0),  c(i)  = cl;  ancj  is  differentiable  on  the  interval 
0 ^ a 2 1.  The  linear  function 

c(ct)  = c°  + afc1  - c°)  (67) 

is  an  example.  The  variation  in  g(o)  required  by  the  identity  f[g(o)]  = c (a)  must 
satisfy  the  equation 

gradg  f [g(a)]  (a)  = ^(ct)  (68) 


which  is  equation  (62)  converted  to  differential  form.  Here  gradg  fjg(oj]  = — — — — . 

Equation  (68)  is  a set  of  implicit  differential  equations  which  are  linear  in  the  deriva- 
tives dg/d a and  which  can  usually  be  integrated  numerically  over  the  interval  0 = a = 1 
by  using  the  initial  conditions  g(0)  = g^.  The  right-hand  side  of  the  equation  (that  is, 
dc/do)  can  be  thought  of  as  a forcing  function  requiring  g(cr)  to  follow  some  path  which 
preserves  the  identity  f[g(cr)J  = c(o).  Therefore  the  value  of  g(cr)  at  a = 1 should 
satisfy  the  equation  f jg(l)]  = c*  and  a gain  and  interconnect  vector  g*  is  obtained  that 
results  in  a vector  cl  of  desired  transfer -function  coefficients.  During  integration  of 
equation  (68)  singularities  may  arise  because  of  the  implicit  nature  of  these  differential 
equations.  A discussion  of  these  singular  situations  is  now  presented. 


An  advantage  of  this  synthesis  technique  is  that  the  vector  c and  the  matrix 
gradg  f[g(cr)j  can  be  easily  formulated  by  using  Leverrier's  algorithm  and  a differenti- 
ated form  of  this  algorithm.  Thus  the  complicated  nonlinear  algebraic  functions  f(g) 
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need  not  be  expanded  into  scalar  form  and  equation  (68)  can  be  constructed  as  well  as 
solved  by  using  a digital  computer.  The  method  of  calculating  gradg  f{g(o)]  is  now 
presented. 

In  order  to  obtain  a suitable  forcing  function  dc(o)/dcr,  the  function  c(o)  must  be 
determined.  As  previously  stated  c(a)  must  pass  through  the  initial  and  desired 
vectors  of  transfer -function  coefficients.  The  vector  of  initial  coefficients  is  calculated 
by  assuming  some  initial  gain  vector  g which  is  made  up  of  the  elements  of  the  gain 
matrix  G and  the  interconnect  matrix  F.  Usually,  suitable  initial  conditions  are 
G = 0 and  F = I which  are  equivalent  to  the  open-loop  system  without  control  augmen- 
tation. However,  in  some  cases  when  the  off  diagonal  elements  of  F are  to  be  changed, 
their  initial  values  should  be  nonzero  to  avoid  computational  difficulties.  The  selection 
of  desirable  coefficients  can  be  accomplished  for  the  aircraft  from  established  flying- 
qualities  parameters.  These  parameters  are  determined  by  the  desired  transfer- 
function  pole-zero  locations.  For  other  applications  similar  criteria  would  have  to  be 
obtained  to  establish  a desired  value  c*. 

The  first  function  c(o)  to  be  used  was  the  linear  variation  of  equation  (67).  It 
was  found  that  with  the  resulting  forcing  function 

= c1  - c°  (69) 

da 

integration  errors  which  occur  during  integration  of  equation  (68)  were  not  reduced  but 
remained  uncorrected.  However  the  effect  of  integration  errors  is  reduced  by  modifying 
equation  (69)  so  that  the  slope  dc(a)/da  is  continuously  updated.  The  modified  linear 
forcing  function  which  accomplishes  this  updating  is 

dc  = c1  - f(g)  (7()) 

da  1 - a 

This  function  has  been  used  successfully  in  many  applications.  This  closed-loop  forcing 
function  greatly  improves  the  computational  accuracy  of  obtaining  the  desired  c^  and 
thus  gl.  Equations  (69)  and  (70)  are  the  only  two  forcing  functions  which  have  been 
used;  however,  others  may  be  satisfactory. 

In  some  applications  it  is  desirable  to  determine  the  gain  vector  g required  to 
specify  functions  of  the  transfer -function  polynomial  coefficients  instead  of  the  coeffi- 
cients directly.  These  functions  can  be  the  parameters  obtained  when  the  polynomials 
are  factored.  To  do  this  requires  a modification  of  the  forcing  function  as  well  as  the 
gradient  matrix.  Consider  then  the  problem  of  specifying  a set  of  parameters  q that 
are  algebraically  related  to  the  elements  d^  and  of  the  vector  c by  the  equation 
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P(c,q)  = 0 (71) 

By  using  the  same  concept  developed  to  specify  c,  equation  (71)  is  formally  differentiated 
to  yield 

gradq  + gradc  = 0 


Hence  from  equation  (68)  a relation  between  the  variations  in  q and  the  gain  and  inter- 
connect matrix  variations  is  established 


grade  p gradg  f 


(72) 


In  equation  (72)  the  quantity  dq/do  on  the  right-hand  side  acts  as  the  forcing  term  and 
is  selected  arbitrarily.  Equation  (72)  is  then  numerically  integrated  to  obtain  the 
vector  g(o)  required  to  obtain  the  variation  selected  q(o).  The  application  of  equa- 
tion (72)  follows  along  the  same  line  as  that  of  equation  (68). 

To  construct  the  matrix  gradg  f(g)  first  consider  the  partial  derivatives  of  f(g) 
with  respect  to  the  gain  matrix  elements.  Let  dG  represent  an  infinitesimal  change  in 
the  gain  matrix  G.  This  change  causes  infinitesimal  changes  in  the  matrices  Bk  and 
the  coefficients  dk  of  equations  (8)  when  H is  substituted  for  A.  These  matrices 
and  coefficients  obey  the  equations 


dBi  = 0 


(d(dj)  = -trace  (CdG)) 


dBk  = (dBk_  j)H  + Bk_  ]CdG  + Id(dk_j)  \ (7  3) 

d(dk)  = “trace  [(dB^H  + BkCdG]  (k  = 2,3, . . .,n) 

where  dBk  and  d(dk)  are  infinitesimal  changes  in  the  matrices  Bk  and  coeffi- 
cients dk.  Equations  (73)  are  linear  in  the  matrix  dG  so  that  by  setting  all  the  ele- 
ments dG  to  zero,  except  dGpq  which  is  set  to  unity  (dG  = the  result  is  that 

d(dk)  = 0dk/8gpq  and  dBk  = 3Bk/3gpq.  The  partial  derivatives  9dk//3gpq  are  ele- 
ments of  one  column  of  gradg  f(g).  To  obtain  the  elements  9aijk/9gpq  of  the  same 
column  the  partial  derivatives  9Bk^9gpq  are  used  in  a differential  form  of  equation  (57) 


9aijk 

8gpq 


9Bk 

9gpq 


KMj 


(74) 


Thus  by  repeated  substitution  the  gradient  matrix  elements  related  to  G can  be 
obtained. 
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Now  consider  elements  of  gradg  f(g)  which  are  partial  derivatives  of  f(g)  with 
respect  to  the  interconnect  matrix  elements  fpq.  Note  that  the  coefficients  d^  and 
the  matrices  are  independent  of  the  matrix  K so  that  9dk/9fpq  = ® an(* 
3Bky/9fpq  = 0.  Hence  from  equations  (57)  and  (60) 


&Ct 


ijk 


= „ t 


8f. 


pq 


= n 


9Bk 


KMj1  + = M^BkC/ipMqVj 


i 3f, 


pq 


"pq 


by  using 


9F  t 

— — = fXn/jL  ' 
3fpq  ^P^q 


Thus 

9olik  fMiVMp  « - <!>] 

m |o  0 * q)J 

Again  by  repeated  substitution  the  gradient  matrix  columns  related  to  F can  be  obtained. 
This  entire  process  can  be  accomplished  by  using  a digital  computer. 

During  the  integration  of  equation  (68)  there  may  be  instances  in  which  the  determinant 
of  gradg  f[g(u)J  goes  to  zero.  At  these  singular  situations  there  is  a restricted  set  of 
variations  in  c(o)  that  can  be  realized  by  variations  in  g(cr);  that  is,  the  variations  in 
c (o)  are  not  completely  arbitrary  and  in  some  instances  the  desired  cl  may  not  be 
obtainable.  A thorough  investigation  of  these  singular  situations  has  not  been  undertaken; 
however,  it  is  known  that  they  arise  when  g(cr)  passes  through  a local  maxima  or  minima 
of  the  elements  of  f(g)  or  when  the  poles  or  zeros  of  the  transfer  functions  being  altered 
change  from  pairs  of  complex  roots  to  pairs  of  real  roots  and  vice  versa.  Two  techniques 
have  been  used  to  avoid  or  bypass  these  singularities.  These  techniques  are  applicable 
only  when  the  number  of  transfer -function  coefficients  being  varied  is  less  than  the  total 
number  of  gain  and  interconnect  matrix  elements  available.  In  order  to  explain  these 
techniques  first  assume  that  only  feedback  gains  can  be  altered.  Further  assume  that 
there  are  eight  gains  available  and  only  six  transfer -function  coefficients  are  to  be 
altered.  Conceptually  only  six  gains  should  be  required  to  alter  six  coefficients  but  in 
order  to  avoid  singularities  seven  gains  are  allowed  to  vary. 

The  first  technique  used  to  avoid  singularities  is  based  on  minor  determinants  of 
gradg  f(g).  During  each  integration  step  any  six  of  the  seven  chosen  gains  are  allowed  to 
vary  with  the  seventh  remaining  constant  at  its  last  value.  The  combination  of  six  gains 
can  change  from  step  to  step  and  is  chosen  at  the  beginning  of  each  step  by  determining 
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which  of  the  seven  possible  six-by-six  gradient  matrices  has  the  largest  determinant. 
By  using  this  procedure,  gain  combinations  which  result  in  gradients  with  determinants 
near  zero  are  avoided  and  thus  singularities  are  avoided.  This  technique  is  easily  pro- 
gramed in  the  computer  and  is  used  for  all  the  examples  presented  in  the  application 
section. 

The  second  technique  used  to  avoid  singularities  utilizes  optimum  methods  to 
calculate  dg(o)/dcr.  The  performance  index 


dgt(a)l  \ 

V |dg(a) 

_ da  J 5 

l |_cla  _ 

is  minimized  subject  to  the  constraint  of  equation  (68).  By  applying  basic  optimization 
techniques 

^|(o)  = W-X[gradg  %)]*  jgradg  ffejW-ijgradg  ffe)]^  ||(a) 

Here  all  seven  of  the  chosen  gains  vary  during  each  integration  step  but  the  weighting 
matrix  W can  be  used  to  place  more  or  less  emphasis  on  a particular  gain.  This 
technique  has  been  used  successfully  in  all  applications  attempted. 

It  should  be  noted  that  the  solutions  for  g obtained  by  this  synthesis  technique 
are  not  unique  as  illustrated  by  the  example  of  figure  2.  The  result  of  integrating  equa- 
tion (66)  with  the  initial  condition  g(0)  = 0 leads  to  the  solution  g(l)  = 1.  However  the 
initial  condition  g(0)  = 3 is  also  appropriate  for  equation  (66),  but  it  leads  to  the  result 
g(l)  = 2.  The  two  techniques  used  to  bypass  singularities  also  have  nonunique  results. 

In  these  cases,  however,  the  solution  obtained  represents  only  one  of  a complete  family 
of  possible  solutions. 


An  Illustrative  Example  of  Gain  Determination 

The  differential  synthesis  technique  developed  in  the  preceding  section  was  applied 
to  determining  feedback  gains  and  control  interconnect  ratios  to  obtain  various  pole- 
zero  configurations  for  the  transfer  functions  related  to  the  lateral  response  of  a lifting- 
body  entry  vehicle.  A flight  condition  at  a Mach  number  of  1.8,  an  altitude  of  60000  feet 
(18.288  kilometers),  and  an  angle  of  attack  of  15°  was  used  in  this  study.  Table  I con- 
tains the  vehicle  configuration  and  aerodynamic  data  used.  The  linearized  aircraft 
lateral  equations  of  motion  used  can  be  found  in  reference  7 and 
according  to  equation  (1)  with 


x1  # (x1,x2,x3,x4)  = (p,0,r,/3) 
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and 


ut  =(ul>u2)  = (5a>6r) 

One  of  the  important  indicators  of  the  quality  of  lateral  response  is  the  bank  angle 
to  aileron  transfer  function.  Flight  and  simulator  experience  has  shown  that  seven 
flying -quality  parameters  in  this  transfer  function  influence  pilot  opinion  of  lateral 
response.  These  are  A^,  fy,  ts,  rr,  £d,  and  wd  which  aPPear  in  the  bank 

angle  to  aileron  transfer  function 

0 A0(s2  + 2^a>ds  + u)(j)2)  (1 

^ (S+^)(S+^)(s2  + 2?dt°dS  + a,d2) 

When  written  in  the  form  of  equation  (56),  equation  (76)  is 

_0  = ^2  = a212s2  + a213s  + a214 

6a  U1  s4  + djs3  + d2S2  + d3s  + d4 


If  the  flying-quality  parameters  are  unsatisfactory,  the  coefficients  d^  and  can 

be  adjusted  so  that  desired  flying-quality  parameters  are  obtained.  Desirable  flying- 
quality  parameters  for  the  transfer  function  0/6a  were  selected  from  information  con- 
tained in  references  8 and  9 which  indicate  that  pole -zero  cancellation  is  desirable  in 
order  to  obtain  good  response.  Numerical  values  of  the  desired  flying-quality  param- 
eters used  in  the  study  as  well  as  those  of  the  basic  vehicle  are  listed  in  table  II.  The 
lateral  response  of  the  basic  vehicle  is  unacceptable  at  this  flight  condition  because  of 
roll  reversal  indicated  by  the  negative  value  of  Also  the  value  of  1/Tr  indicates 

that  the  roll  subsidence  damping  is  too  low,  and  the  value  of  £<j  indicates  that  the  Dutch 
roll  mode  damping  is  too  low.  This  basic  case  has  been  selected  since  it  demonstrates 
some  design  problems  that  may  be  encountered. 

The  objective  of  this  example  was  to  determine  a gain  matrix  G required  to  obtain 
particular  values  of  all  the  numerator  and  denominator  coefficients  except  <*212 
equation  (77)  by  using  a control  interconnect  matrix  of  F = I.  Thus  six  coefficients  were 
changed  and  the  vector  c was  of  the  form 

ct  = (dl>d2»d3»d4>Q!213>Q!214) 


Since  only  six  coefficients  were  to  be  changed,  in  concept  only  six  gain  matrix  elements 
should  have  been  required.  However  to  avoid  singularities  in  the  gradient  matrix  of 


616 


L-6892 


equation  (68),  seven  feedback  gains  were  employed.  Hence  for  this  example  all  gain 
matrix  elements  were  used  except  6r /<p  and  equation  (68)  was  implemented  with 

8*  = (^11,®12,^13,^14’^21’^23’^24) 

For  this  example  the  initial  conditions  at  a = 0 corresponded  to  the  unaugmented 
aircraft  with  G = 0 and  F = I.  The  closed-loop  form  of  the  forcing  function  on  the 
right-hand  side  of  equation  (68) 

dc  _ c1  - f(g) 

dcr  l-o 

was  used  with  A taken  as  the  list  of  desired  coefficients  contained  in  table  II.  Equa- 
tion (68)  was  then  numerically  integrated  from  o - 0 to  o - 1 in  steps  of  0.1  by  using 
a fourth-order  Runge-Kutta  integration  process.  The  variation  of  the  coefficients  (com- 
ponents of  c)  with  o is  illustrated  in  figure  4 which  shows  that  the  selected  linear 
variation  in  c(cr)  with  a was  followed  very  closely  by  f(g)  and  that  the  components 
of  c at  o=l  were  equal  to  the  components  of  c*.  Figure  4 also  illustrates  the  vari- 
ation of  the  associated  flying-quality  parameters  with  o that  results  from  the  linear 
variation  of  the  coefficients.  Note  that  at  o = 0,  the  numerator  polynomial  has  two  real 
zeros  1/t^  and  As  a increases,  the  real  zeros  meet  and  then  break  away 

into  a pair  of  complex  zeros  at  o = 0.22. 

The  gain  variations  that  were  calculated  to  establish  the  coefficient  variations  of 
figure  4 are  shown  in  figure  5.  From  o = 0 to  o = 0.2,  six  gains  were  varied  and  the 
gain  6a/r  was  held  constant  at  zero.  In  the  neighborhood  of  o = 0.22,  a singularity 
occurred  in  the  gradient  matrix  because  of  the  change  in  analytic  form  of  the  numerator 
polynomial  and  the  integration  process  could  not  continue  holding  6a/r  = 0.  However 
this  singularity  was  avoided  and  the  integration  step  was  completed  by  holding  the 
gain  6r/p  constant  and  allowing  the  remaining  six  gains  to  vary.  The  numerical  inte- 
gration process  may  be  slightly  inaccurate  in  the  neighborhood  of  this  singularity;  how- 
ever, because  of  the  closed-loop  programing  of  the  coefficient  variations  this  inaccuracy 
has  little  effect  on  the  outcome  of  the  integration  process  at  a=l.  From  a = 0.3  to 
o = 0.7,  the  gain  6a/r  was  again  held  constant.  Another  type  of  singularity  occurred  in 
the  neighborhood  of  o = 0.7.  This  singularity  was  due  to  the  rapidly  increasing 
gain  6r/p.  By  holding  6r/p  constant  and  allowing  the  remaining  six  gains  to  vary, 
the  integration  process  was  continued  to  o = i.  At  u = 1,  the  gains  that  yield  the 
desired  numerator  and  denominator  coefficients  of  equation  (77)  were  obtained.  Although 
in  this  case  seven  gains  were  used  to  change  six  coefficients,  in  some  cases  the  additional 
gain  may  not  be  necessary.  A Control  Data  Corporation  6600  series  digital  computer  was 
used  to  obtain  the  results  for  this  case  and  the  run  time  was  8 seconds. 
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The  time  histories  of  the  responses  of  the  aircraft  to  5°  step  aileron  inputs  pre- 
sented in  figures  6 and  7 clearly  illustrate  the  effect  of  using  a feedback  control  system. 
Figure  6 illustrates  the  response  of  the  basic  vehicle,  and  figure  7 illustrates  that  of  the 
augmented  vehicle.  The  surging  and  reversal  of  the  bank-angle  response  have  been 
corrected;  however,  there  still  remains  an  undesirable  steady-state  sideslip.  By  using 
other  combinations  of  feedback  gains  it  is  practically  possible  to  eliminate  this  undesir- 
able effect. 


An  Illustrative  Example  of  State  Reconstruction 

An  illustration  of  the  application  of  Luenburger's  state  estimator  to  feedback  con- 
trol systems  design  is  now  presented.  Here  it  is  assumed  that  the  state  variable  feed- 
back gains  which  yield  desired  characteristics  of  the  closed-loop  system  have  been 
obtained  by  differential  synthesis  or  some  other  method.  A system  is  designed  by  using 
Luenburger's  approach  to  estimate  the  actual  system  state,  thus  allowing  use  of  this 
estimated  state  in  the  feedback  loop.  The  inputs  to  this  state  estimator  are  restricted  to 
allowable  system  measurements  — the  actual  system  output  and  the  state  of  the  estimator. 

Consider  the  problem  of  designing  a feedback  control  system  for  the  harmonic 
oscillator  discussed  in  the  introduction.  The  equations  of  motion  of  the  oscillator  are 

x = Ax  + Cu 


where 


1 

0 


and 


C = 


0 

1 


2 k F 

with  or = — and  u = — . The  predetermined  feedback  system  is 

u = Gx  + Fup 

where  x is  the  estimated  state  and  Up  is  the  closed-loop  system  input.  The  matrices 
G = (gj,g2)  and  F = f are  assumed  previously  determined.  As  an  output  of  the  actual 
system  assume  that  only  the  position  of  the  oscillator  can  be  measured;  that  is,  y = Hx 
where  H = (1,0). 
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The  state  estimator  will  be  a system  similar  to  that  of  equation  (51)  according  to 

z = Pz  + Qu  + Ry 

and  the  estimators  state  z is  related  to  the  estimated  state  x according  to 

z = Tx 

The  matrices  T = (t^)  and  Q = q must  satisfy  equations  (52)  and  (53).  These 
matrix  equations  yield  the  following  scalar  relations  that  T and  Q must  satisfy 

-a,2t2+^ti  = r 

it2  + tj=0 


q = t2 


The  solution  to  the  last  set  of  equations  is 


™H’1) 

Q = q = t 


where  t = - . 

,,2  . J_ 

~ tz2 


Hence  the  estimated  state  of  the  actual  system  is  given  by 


-1 

y 

1 0 

y 

X = 

T 

z 

i 1 

Tz  f 

z 

and  the  feedback  control  system  is 


u = Gx  + Fup  = 


So 

+ — z + fur 


When  this  control  system  is  employed  in  the  actual  system,  the  new  system  has 
three  states  — the  position  and  velocity  of  the  oscillator  and  the  state  of  the  estimator. 
The  transfer  functions  between  these  three  state  variables  and  the  control  input  Up  are 
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UP 


where  A = (e?  - g2S  + - g^.  Note  that  the  factor  s + ^ appears  in  each  of 

these  transfer  functions  as  well  as  in  the  total-system  characteristic  polynomial. 
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TABLE  I.-  VEHICLE  CONFIGURATION  AND  AERODYNAMIC  DATAa 


Mass,  kg  . . . 
Ix,  kg-m2  . . 
Iz,  kg-m2  . . 
IXz>  kg-m2  . . 
Wing  span,  m 
Wing  area,  m2 

% 

C*r 

% 

C*6a 

C £*  . ...  . 

°r 

Cnp 

^nr 

Cn/3 

Cn«a 

Cn6r 

°yp 

cYr 

Cy/3 

Cy«a 

Cy«r 


aBody-axis  aerodynamic  coefficients  are  in  radian  measure. 


4536 
2318 
10  301 
678 
4.648 
16.722 
-0.15 
0 

-0.05 

-0.015 

0.005 

0 

-0.2 

0.05 

0.02 

-0.02 

0 

0 

-0.8 

0 

0.04 
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TABLE  E.-  COEFFICIENTS  AND  FLYING-QUALITY  PARAMETERS 
FOR  TRANSFER  FUNCTION  0/6a 


Coefficients 

Basic 

Desired 

Flying -quality  parameters 

Basic 

Desired 

*1 

0.57 

2.41 

VTs 

0.013 

0.01 

d2 

11.17 

10.37 

VTr 

0.296 

1.5 

<*3 

3.43 

13.60 

?d 

0.039 

0.15 

d4 

0.043 

0.14 

wd 

3.33 

3.0 

“212  

-7.14 

(a) 

Ad> 

-7.14 

(a) 

“213  

-1.32 

-6.43 

'♦ 

(b) 

0.15 

“214  

17.89 

-64.30 



(b) 

3.0 

"02/“d2 

-0.226 

1.0 

aNot  specified. 

13 For  basic  case,  numerator  quadratic  in  transfer  function  <t> /6a  has  two  real 
zeros:  1/t^j  = 1.68  and  1^/t02  = -1.5. 
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c(<x)andg  (cr) 


Figure  1.-  System  block  diagram. 


Figure  2.-  Graph  of  scalar  function 
defined  by  equation  (65)* 


Figure  3.-  Graph  of  selected  variation  c(a) 
and  variation  g(a)  which  result  from 
solution  of  equation  (66). 
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flying-duality  parameters  with 


p,  deg/sec?  r,  degree*  <£,deg 
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11.  OPTIMIZATION  TECHNIQUES 


By  Ernest  S.  Armstrong 
Langley  Research  Center 

ABSTRACT 

A brief  introduction  to  some  of  the  important  concepts  of  deterministic  optimal 
control  theory  is  presented.  The  optimization  of  functions  is  treated  by  the  methods 
of  mathematical  programing,  and  the  optimization  of  definite  integrals  is  treated  by 
optimal  control  theory.  Sequential  and  nonsequential  methods  are  considered. 

INTRODUCTION 

A brief  introduction  to  some  of  the  important  concepts  of  deterministic  optimiza- 
tion theory  is  presented.  Optimization  herein  means  either  the  maximization  or  mini- 
mization of  a scalar  function  or  a functional  (meaning  a definite  integral  of  a function  or 
its  equivalent).  No  loss  of  generality  occurs  when  minimization  is  considered  in  place  of 
maximization  because  the  process  of  the  maximization  of  J is  equivalent  to  the  min- 
imization of  -J  and  the  maximum  of  J equals  minus  the  minimum  of  -J  where 
J is  either  a function  or  a functional. 

Both  functions  and  functionals  may  be  optimized  by  either  sequential  or  nonsequen- 
tial methods.  Nonsequential  optimization  methods  seek  the  optimizing  quantity  (a  con- 
stant vector  for  a function  or  a function  for  a functional)  by  means  of  satisfying  necessary 
and/or  sufficient  conditions  for  optimality.  Sequential  methods  seek  the  optimizing 
quantity  by  means  of  constructing  sequences  which  converge  to  a quantity  effecting  the 
optimization.  Sequential  and  nonsequential  methods  are  also  referred  to  as  direct  and 
indirect  methods  (ref.  1),  respectively. 

The  first  part  of  this  paper  contains  some  mathematical  preliminaries.  The  opti- 
mization of  functions  and  functionals  is  next  treated  from  both  the  sequential  and  non- 
sequential viewpoints.  The  optimization  of  functionals  is  treated  through  optimal  control 
theory.  Finally  some  uses  of  function  minimization  techniques  in  optimal  control  theory 
are  considered. 


SYMBOLS 

Inasmuch  as  this  paper  is  mathematical  in  nature,  an  effort  has  been  made  to  define 
each  symbol  at  its  introduction.  Certain  generalities  of  the  notations  are  presented  as 
follows: 
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a(r")  = 

f(x) 

f(x) 

9f(x)  ? 
ax  ’ • 

a2f(x) 

9x2 

max 

min 

I 

-1 

I I 

II  II 


6 


lim  a(t) 

t-T 

t<r 

scalar-valued  function  of  vector  x 
vector-valued  function  of  vector  x 
gradient  vector 

(x)  Jacobian  matrix 

Hessian  matrix 

maximum 

minimum 

prime  denotes  matrix  transpose 

between  vectors  implies  inner  product;  over  a variable  denotes  first  derivative 

over  a matrix  denotes  inverse 

absolute  value  of 

Euclidean  norm 

approaches  in  the  limit 

bar  over  a variable  denotes  vector 

optimum  value 

increment 

approximately  equal  to 
is  a subset  of 


630 


6 is  an  element  of 

= greater  than  or  equal  to  zero  when  applied  to  a scalar;  positive  semidefinite 

when  applied  to  a matrix 

> greater  than  zero  when  applied  to  a scalar;  positive  definite  when  applied  to  a 

matrix 

==$>  implies 


MATHEMATICAL  PRELIMINARIES 

Some  mathematical  topics  which  are  needed  for  a modern  discussion  of  optimiza- 
tion are  briefly  presented  in  this  section.  A more  thorough  discussion  may  be  found  in 
reference  2. 


Matrix  Algebra 

The  symbol  Rn  is  used  to  denote  the  space  of  all  elements  (called  vectors)  of  the 


form 


x = 


1*1 

x2 


\xn/ 


= col  (Xj) 


(i  = 1,  . . . n) 


where  the  xj  are  real  numbers.  If  x is  an  element  of  Rn,  the  notation  is  xe  Rn. 
Let 


V = COl  (Vj[) 


(i  = 1,2,  . . . n) 


w = col  (WjJ 


(i  = 1,2,  . . . n) 


then  the  scalar 


n 


VjWj  = v'w  = w'v 


i=l 
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is  called  an  inner  (or  scalar)  product  of  v and  w and  is  written  v • w.  Let  w = Ax 
where  A is  an  nXn  matrix.  Then  v • Ax  is  called  a "bilinear  form”  on  Rn  and 
x • Ax  is  called  a quadratic  form  on  Rn.  Note  that  v • Ax  = Ax  • v = x . A'v.  Given 
an  n x n matrix  A,  if  x • Ax  g 0 for  all  • x,  then  A is  said  to  be  positive  semidefi- 
nite  (negative  semidefinite)  with  notation  Ago  (SO).  If  x • Ax  > 0 for  all  x ^ 6,  then 
A is  said  to  be  positive  definite  (negative  definite)  with  notation  A > 0 (<  0).  If  A = -A' 
(that  is,  A is  skew  symmetric),  then  x • Ax  = 0,  since  x • Ax  = Ax  . x = x . A'x  = -x  . Ax 
whereby  2x  • Ax  = 0.  In  examining  a nonsymmetric  matrix  for  definiteness  the  sym- 


metric matrix 


A + A’ 
2 


may  be  examined  since 


A can  always  be  written  as 


A = B + C 


where 


and 


B = B'  = 


A + A’ 
2 


C = 


A - A' 


-C' 


and,  since  C is  skew  symmetric, 

x • Ax  = x • Bx  + x . Cx  = x • Bx 

Given  a square  nth-order  matrix  A,  the  matrix  XI  - A is  the  characteristic  matrix 
of  A where  I is  an  n x n identity  matrix  and  A is  a scalar.  The  determinant  of 
XI  - A set  equal  to  zero  is  the  characteristic  equation  of  A.  The  roots  of  the  character- 
istic equation  are  called  the  eigenvalues  of  A.  Given  A = A’,  let  Ai  (i  = 1,  2,  . . . n)  be 
the  eigenvalues  of  A.  All  eigenvalues  of  symmetric  matrix  are  real.  If  for  all 
i = 1,  2,  . . . n:  Xj  g 0,  then  A is  positive  semidefinite;  Xj  S 0,  then  A is  negative 
semidefinite;  X^  > 0,  then  A is  positive  definite;  Xj  < 0,  then  A is  negative  definite. 

The  vector  space  Rn  with  inner  product 

n 

x • y = 2^  xiyi  (x  e Rn,  ye  Rn) 

i=l 

is  an  example  of  a Euclidean  space.  The  quantity  ||x||  = (x  • x)^'^  is  called  a Euclidean 
norm  of  x e Rn  and  is  a measure  of  the  magnitude  of  x.  Given  x = col  (x*)  and 
y = col  (y^)  (i  = 1,2,  ...  n),  if  x • y = 0,  then  x and  y are  said  to  be  orthogonal.  If 
A*  = A"*,  then  the  matrix  A is  said  to  be  orthogonal. 
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The  vectors  Xj  (i  = 1,2,  . . . m),  where  m is  a finite  natural  number,  are  said  to 
be  linearly  independent  if  the  only  a^  (i  = 1,2,  . . . m)  satisfying 

m 

X ai*i  = 

i=l 

where  0 is  the  null  vector  (a  vector  with  all  zero  elements)  of  the  same  dimension  as 
x,  is  aj  = 0.  In  Rn,  n linearly  independent  vectors,  such  that  each  vector  in  Rn  can 
be  written  as  a linear  combination  of  the  vectors,  are  termed  basis  vectors  for  Rn.  The 
only  vector  in  Rn  which  is  orthogonal  to  a set  of  basis  vectors  is  the  null  vector  of 
dimension  n. 


Define 


Matrix  Analysis 


f = col  (fj) 


X = col  (Xj) 

Define  f (x)  as  a vector- valued  function  of  x.  Let 
exist. 


3fi(x) 


3xi 


(i  = 1,2,  . . . m) 

(i  = 1,2,  . . . n) 

(i  = 1,2,.  . .m;  j = 1,2,.  . .n) 


The  m x n matrix 


fefl  9fi 
9xj’  3x2* 

af2  af2 
3x^’  3x2* 


3xn 


is  called  the  Jacobian  matrix  of  f(x)  with  respect  to  x and  denoted  by 


3f(x) 

3x 


or  f-(x). 


633 


Example: 


Given 

f(x)  = Ax 


where  A is  a constant  matrix,  then 

af(x)  = A 
ax 


Example: 

Given 


then 


8f(x)  _ 
9x 


1 0 
-1  2x3 


Let  f(x)  be  a scalar-valued  function  of  the  vector  x.  The  gradient  of  f(x)  with 
respect  to  x is  defined  as  the  column  vector 

r 9f(x)i 


9f(x) 

9x2 


9f(x) 

9xn 


with  notation  v^f(x). 
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The  matrix 


— V-f(x)  = f a2f 
9x  x \8xj  3Xj 


is  the  Hessian  matrix  of  f(x) . Note  that 


Vjf(x)  = 


8x 


Example: 

Given 


then 


f(x)  = x • Ax 


V-f(x)  = (A  + A')x  = 2 Ax 


if  A = A'. 

Given  the  composite  function  f[x(t)J,  then 


= vj£(x) . 


dt 


if  all  derivatives  exist.  A Taylor  series  about  the  point  xge  Rn  can  be  written  as 


n 

f(x  + Xo)  = f (xq)  + V^f  (xq)  . X + ix  . (xq)x  + Higher  order  terms 

“ rv  “ 


Convexity  (ref.  3) 

An  n-dimensional  region  S is  said  to  be  convex  if,  whenever  ^x^,X2,  . . . xny 
(yi,y2,  . . . ynV  belong  to  S,  their  convex  combination 


[0Xl  + (1  - Q)yx,  . . . 0xn  + (1  - 0)yn]' 


(0  s 


also  belongs  to  S. 


and 

= 1) 
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Example: 


The  set  S - |x  : xe  Rn,  ||x||<p|  is  convex.  Since 
||ex  + (i  - e)y||  = e||x||  + (i  - e)||y||  <eP  + (i  - e)p  = p 


Geometrically  convexity  means  that  the  straight  line  connecting  any  two  points  of  a con- 
vex region  belongs  to  the  region. 

A function  of  a single  variable  f(x)  is  convex  (also  concave  upward)  on  an  interval, 
if  for  any  two  points  xj  and  X2  on  the  interval  xj  < X£,  it  satisfies  Jenson's  inequality 

f^1  * ^ 

Geometrically  this  indicates  that  the  value  of  the  function  of  a point  which  is  the  average 
of  xj  and  x2  is  less  than  its  average  value  at  the  two  points.  This  condition  may  also 
be  stated  as 


f[(i  - + 0x2J  g (i  - 0)f  (xi)  + 0f(x2)  (o  ^ e s i) 

The  function  f(x)  is  strictly  convex  if  only  the  inequality  holds.  A twice  differentiable 
function  f(x)  on  an  open  interval  (not  necessarily  including  the  endpoints  of  the  interval) 

d2f 

is  convex  if  and  only  if  = 0 on  the  interval.  This  definition  may  be  generalized  to  a 

function  of  several  variables.  If  D is  a convex  set  of  the  points  xj,  . . . xn,  a real- 
valued function  in  D is  convex  if  for  x and  y in  D the  following  holds: 


f[(l  - 0)x  + 0y]  £ (1  - 0)f(x)  + 0f(y)  (0  s 0 £ 1) 

It  is  strictly  convex  if  the  strict  inequality  holds  for  0 < 9 < 1 and  x and  y are 
distinct  points  in  D.  A function  f(x)  is  concave  (strictly  concave)  if  -f(x)  is  convex 
(strictly  convex).  If  f(x)  is  a twice  continuously  differentiable  function  on  an  open  con- 
vex set  D,  it  is  convex  in  D if  and  only  if  the  quadratic  form  (in  y) 


V • g2f(*)  v 


ax" 


y = 0 
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for  every  x in  D;  that  is, 


is  positive  semidefinite  for  every  x in  D.  The 


function  is  strictly  convex  if 


92f(x) 

9x2 

92f(x) 

9x2 


> 0. 


K f(x) 


is  differentiable  and  convex,  then 


f(x)  g f(x*)  + V-f(x*)  . (x  - x*) 


The  Newton- Raphson  Method 

The  Newton-Raphson  method  (ref.  3)  for  computing  the  root  of  an  equation  is  a 
successive  approximation  procedure. 

For  an  equation  in  a single  independent  variable 

y = f(x) 

start  with  an  estimate  of  x,  for  example  x(^),  near  the  root  of 

f(x)  = 0 

which  is  to  be  determined.  Then  compute  the  intersection  of  the  tangent  line  to  the 
graph  at  this  estimate  with  the  x-axis  and  use  the  intersection  as  the  abscissa  of  the  new 
estimate.  This  gives  the  new  estimate,  denoted  by  xW,  as 


For  the  second  iteration 


and  for  the  nth  iteration 


x») , x(0) 
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Next  consider  finding  a root  x = col  (xi)  (i  = 1,2, 
equations 


. . n)  of  the  system  of 


fl(x)  = 0 
f2(x)  = 0 


fn(x)  = 0 

The  Newton-Raphson  iteration  sequence  in  this  case  is  generated  by 

x(n+i)  = x(n)  _ (n  = o,l,  . . .) 

where 

' f = col  (fi)  (i  = 1,2,  . . . m) 

Conditions  for  the  convergence  of  both  the  scalar  and  vector  versions  of  the  Newton- 
Raphson  algorithm  are  given  in  reference  3. 

OPTIMIZATION  OF  FUNCTIONS 

Consider  the  mathematical  programing  problem  I of  minimizing  a scalar- valued 
i function  f(x)  (x  e Rn)  subject  to  the  constraint  functions 

gi(x)  =0  (i  = 1,2,  . . . m) 

hj(x)  =0  (j  = 1,2,  . . . p < n) 

When  f,  gi;  and  hj  are  linear,  the  problem  is  called  a linear  programing  problem 
(ref.  4).  If  any  of  the  functions  are  nonlinear,  the  problem  is  called  a nonlinear  pro- 
graming problem  (ref.  5).  The  case  where  f(x)  is  a positive  semidefinite  quadratic 
form  and  the  constraints  are  linear  is  called  a quadratic  programing  problem  (ref.  6). 

The  case  where  f(x)  is  convex,  g^(x)  is  concave,  and  hj(x)  is  linear  is  called  a con- 
vex programing  problem  (ref.  7).  The  convexity  conditions  assure  that  the  feasible 
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region  (the  set  of  points  satisfying  the  constraints)  is  convex  and  that  any  local  solution  is 
also  a global  solution.  Other  forms  of  the  optimization  problem  (such  as,  separable  and 
factorable)  are  discussed  in  reference  7. 

The  solution  (assuming  it  exists)  of  the  optimization  problem  I,  denoted  by  x*,  can 
be  sought  by  either  sequential  or  nonsequential  methods.  Some  of  these  methods  are 
presented  subsequently  herein.  The  treatment  of  the  problem  constraints  varies 
according  to  the  purpose  of  the  discussion.  In  general,  an  inequality  constraint  of  the 
form 

kA  g g(x)  s k2 

where  k^  and  k2  are  constants,  may  be  transformed  into  an  equality  constraint  by  the 
introduction  of  a new  (real)  variable  y and  setting 

[g(x)  - kj][k2  - g(x)\  - y2  = 0 

This  method  is  attributed  to  Valentine  (ref.  8).  Likewise  an  equality  constraint 


h(x)  = 0 


may  be  written  as 


0 = h(x)  g 0 


and  treated  as  an  inequality  constraint. 

General  methods  exist  for  solving  constrained  optimization  problems  as  though  they 
were  unconstrained  (penalty  functions  primarily)  and  for  treating  constraints  directly 
(projection  methods).  See  reference  7 for  a summary  of  these  methods. 

Nonsequential  Methods 

Varying  amounts  of  information  about  the  solution  of  problem  I can  be  obtained 
depending  on  the  properties  of  f(x),  gj(x),  and  hj(x).  First-order  necessary  conditions 
are  presented  when  the  functions  are  differentiable.  Second-order  necessary  and  suffi- 
cient conditions  are  given  when  the  functions  are  twice  differentiable.  Cases  where  the 
functions  are  not  necessarily  differentiable  nor  even  continuous  are  considered  in  refer- 
ence 9,  and  a method  for  minimization  without  computing  derivatives  is  given  in 
reference  10. 
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First-order  necessary  conditions.-  In  problem  I assume  that  the  functions  f(x), 

g^x)  (i  = 1,2,  . . . m),  and  hj(x)  (j  = 1,2,  . . . p)  are  differentiable.  References  11  and 

12  show  that  if  x*  is  the  optimal  solution  to  min  f(x) 

x 


gi(x)  1=0  (i  = 1,2,  . . . m) 

hj(x)  = 0 (j  = 1,2,  . . . p < n) 


then  there  exist  scalars  A^  (i  = 0,1,  . . . m)  and  ^ 
satisfying  at  x*  the  following  conditions: 

(i  = 1,2,  . . . p) 

not  all  zero  and 

(1) 

gi(x*)  ?0 

(i  = 1,2,  . 

. . m) 

(2) 

hj(x*)  = 0 

(3  = 1,2,  . 

. . .P) 

(3) 

Aigi(x*)  = 0 

(i  = 1,2,  . 

. . m) 

(4) 

Iiv 

o 

(1  = 0,1,  . 

. . m) 

(5)  With 

L(x,A, 

m 

,&)  = Agf(x)  - ^ Aigi(x)  + 
i=l 

P 

1 W*1 

!=l 

then 

v-l(x*,a,£)=  6 

The  quantities  Aj  (i  = 0,1,  . 

. . m)  and  (j  = 1,2, 

. . . p)  are  called  dual  variables 

or  generalized  Lagrange  multipliers.  The  foregoing  statement  of  conditions  (1)  to  (5)  can 


be  regarded  as  an  existence  theorem  for  a set  of  Lagrange  multipliers  for  problem  I to 
be  sought,  along  with  x*,  from  conditions  (1)  to  (5). 

The  condition  Ag  g 0 means  that  it  is  legitimate,  if  necessary  to  obtain  a 
solution,  to  have  Ag  = 0.  This  situation  however  is  abnormal  since,  for  Ag  = 0,  x* 
would  be  determined  only  by  the  constraining  relations.  Conditions  which  guarantee  the 
existence  of  a set  of  Lagrange  multipliers  with  Ag  / 0 are  now  of  concern.  Such  a set 
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is  known  to  exist  if  the  constraints  of  problem  I satisfy  the  Kuhn- Tucker  first-order 
constraint  qualification  (ref.  13).  Let  x(°)  be  a point  satisfying  gj [k(0)]  & 0 and 
h j Qc(0)|  = 0.  The  first-order  constraint  qualification  holds  at  x(°)  if  for  any  nonzero 
vector  z,  such  that  z . V-g^0)]  go  for  all  i such  that  g^C0)]  = 0 and 
£ • vxhj[x(0)]  = 0 (j  = 1,2,  . . . p),  z is  tangent  to  a once  differentiable  arc  emanating 

from  x(0)  and  contained  in  the  feasible  region  (ref.  7).  With  this  constraint  qualifica- 
tion met  at  x*,  then  necessary  conditions  that  x*  be  a local  minimum  of  problem  I are 
that  there  exist  A^  (i  = 0,1,2,  . . . m)  and  t//j  (j  = 1,2,  . . . p)  satisfying  conditions  (1) 
to  (5)  with  Aq  = 1. 

Two  other  conditions,  each  independently  guaranteeing  the  existence  of  a set  of 
multipliers  with  Aq  ^ 0 for  problem  I,  also  exist  (ref.  7): 

(i)  If  at  a feasible  point  x*  there  exists  a vector  z such  that 
z • V-g.(x*)  > 0 for  all  i such  that  g^x*)  = 0,  z • V-hj(x*)  = 0 

(j  = 1,  . . . p)  and  if  the  V-hj(x*)  are  linearly  independent,  then  a nec- 
essary condition  that  x*  be  a local  minimum  of  problem  I is  that  there 
exist  Ai  and  i i//j  satisfying  conditions  (1)  to  (5)  with  Aq  = 1. 

(ii)  A sufficient  condition  that  the  first-order  constraint  qualifica- 
tion holds  at  a point  x(°)  satisfying  the  constraints  of  problem  I is  that 
the  gradients  V-g^0)]]  for  all  i such  that  gi[x(0)]  = 0 and 
v^hj[x(0)J  (j  = 1,2,  . . . p)  be  linearly  independent. 

Conditions  (i)  and  (ii)  are  more  useful  than  the  original  statement  of  the  Kuhn- Tucker 
constraint  qualification  because  they  can  be  tested.  The  Kuhn- Tucker  constraint  qualifi- 
cation is  sufficient  but  possibly  not  necessary  to  guarantee  multipliers  with  Aq  ^ 0.  It 
is  still  questionable  whether  a weaker  condition  can  be  found. 

It  follows  from  conditions  (1)  to  (5)  that  if  problem  I is  unconstrained,  then  for  x* 
to  be  a local  minimum  of  the  differentiable  function  f(x),  it  is  necessary  that 

Vjf(5*)  = 6 


The  foregoing  results  are  called  first  order  because  they  involve  only  first  partial 
derivatives.  If  f(x),  gi(5c)  (i  = 1,2,  . . . m),  and  hj(x)  (j  = 1,2,  . . . p)  are  assumed 
twice  differentiable,  then  a more  complete  characterization  of  x*  can  be  given. 

Second-order  necessary  conditions.-  Let  xW  be  a point  satisfying  the  constraints 
of  problem  I.  The  second-order  constraint  qualification  holds  at  x(0)  if  the  following  is 
true.  Let  y be  any  nonzero  vector  such  that  y • V^g^(jj(0)]  - o for  all  i such  that 
gilxWj  = 0 and  such  that  y • V-hj[x^  =0  (j  = 1,2,  . . . p).  Then  y is  tangent  to  a 
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twice  differentiable  arc  emanating  from  x(0)  and  contained  in  the  region  along  which 
gj(x)  ^0  such  that  gi[x(°)]  = oj  and  hj(x)  h 0 (j  = 1,2,  . . . p). 

If  the  first-  and  second-order  constraint  qualifications  hold  at  a point  x , then 
necessary  conditions  that  x*  be  a local  minimum  of  problem  I are  that  there  exist 
Lagrange  multipliers  with  Xq  ^ 0 such  that  conditions  (1)  to  (5)  hold  and  such  that  for 
every  nonzero  vector  y,  where  y • V-g^x*)  =0  (i  such  that  gj(x*)  = 0)  and 
y • Vxhj(x*)  = 0 (j  = 1,2,  . . . p)  it  follows  that 

y * ^rr(x*,X,^)y  5 0 
3x^ 

A sufficient  condition  that  the  second-order  constraint  qualification  be  satisfied  at  a 
point  x*  satisfying  the  constraints  of  problem  I is  that  the  vectors  V-g^(x*)  (i  such 
that  g^(x*)  = 0)  and  V-hj(x*)  ^ = 1>2,  . . . p)  be  linearly  independent. 

Necessary  conditions  that  a twice  continuously  differentiable  function  have  a local 
unconstrained  minimum  at  a point  x*  are 

V-f(x*)  = 6 

and 


for  all  y. 

Second-order  sufficiency  conditions.-  Sufficient  conditions  that  a point  x be  an 
isolated  (unique  locally)  local  minimum  of  problem  I,  where  f(x),  g^(x),  and  hj(x)  are 

twice  differentiable  functions,  are  that  there  exist  X^  (i  = 1,  . . . m)  and 
(j  = 1,  . . . p)  such  that  x*,  X^,  and  i//j  satisfy  conditions  (1)  to  (5)  with  Xq  = 1 and 
for  every  nonzero  y satisfying 

y • VxSi^+)  = 0 

for  all  i such  that  Xj  > 0 

y • V-gk(x+)  ^ 0 

for  all  k such  that  gk(x*)  = 0 and  Xk  = 0 and 
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(j  = 1,  . . . p) 


y • v-hj(x*)  = o 

it  follows  that 

y • ^t(x*,x,£)y>o 

9xz 

Sufficient  conditions  that  a point  x*  be  an  isolated  local  unconstrained  minimum 
of  the  twice  differentiable  function  f(x)  are  that 


and 


v-  f(x*)  = 0 


y ■ 

ax2 


y>0 


for  all  nonzero  y. 


Sequential  Methods 

In  considering  sequential  minimization  it  is  beneficial  to  be  able  to  treat  the  opti- 
mization problem  I in  unconstrained  form  even  though  the  problem  is  constrained.  To 
this  extent  consider  a method  called  penalty  functions  for  solving  constrained  optimiza- 
tion problems  as  though  they  were  unconstrained.  Interior  and  exterior  penalty  methods 
as  presented  in  reference  7 are  discussed  herein. 

Assume  that  an  unconstrained  minimization  problem  can  be  solved  either  by  the 
nonsequential  methods  previously  presented  or  by  the  unconstrained  sequential  methods 
to  be  presented  in  this  section  after  the  discussion  of  penalty  methods. 

An  interior  penalty-function  technique  considers  problem  II  of  the  form  f(x) 

subject  to 

gi(x)  ^0  (i  = 1,  . . . m) 

Equality  constraints  are  not  allowed.  Let  I(x)  be  a scalar-valued  function  of  x such 
that: 

(1)  I(x)  is  continuous  in  x for  all  x satisfying  g^(x)  >0  (i  = 1,  . . . m). 

(2)  I(x)  - °°  as  any  g^x)  - 0. 
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Let  s(r)  be  a scalar- valued  function  of  a real  variable  r such  that,  if  rj  > r2  >0, 
then  s(ri)  > s(r2)  >0  and  s(r)  - 0 as  r - 0. 


Example: 


1 

gi(x) 


or 


m 

I(x)  = - ^ log  gi(x) 
i=l 

and 


s(r)  = r1  (i  = 1,2,  . . .) 

The  interior  penalty-function  method  proceeds  as  follows:  Define 

U(x,r)  = f(x)  + s(r)I(x).  For  a sequence  of  r^,  where  r^+ ^ < r^  (i  = 1,2,  . . .),  minimize 
the  unconstrained  function  U(x,rj)  obtaining  a sequence  x(ri),x(r2),  . . . x(rj),  . . . 
as  r^  — 0.  Conditions  under  which  x(rj)  converges  to  a solution  x*  of  problem  II  as 
r^  — 0 are  discussed  in  reference  7.  The  term  s(r)I(x)  may  be  regarded  as  a penalty 
term  added  to  the  function  f(x)  ensuring  that  a minimum  of  U(x,r)  is  achieved  in  the 
interior  of  the  feasible  region  by  balancing  the  avoidance  of  the  boundaries  and  the  mini- 
mization of  f(x).  The  solution  x*  is  approached  from  the  interior  of  the  feasible 
region  - hence  the  name  "interior"  method.  The  point  x*  may  lie  on  the  boundary  of 
the  feasible  region  in  the  limit  as  rj  — 0.  It  now  becomes  evident  why  equality  con- 
straints were  omitted  in  problem  II  since,  for  equalities  treated  as  inequalities,  no 
interior  points  exist. 

Equality  constraints  as  well  as  inequality  constraints  may  be  treated  by  the  exterior 
penalty -function  technique.  Consider  problem  II  as  before  except  that  the  inequality  con- 
straints may  now  include  equalities  treated  as  inequalities. 

Let  p(t)  be  a scalar-valued  function  of  a variable  t with  properties  that  if 
0 < ti  < t2,  then  0 <p(tj)  <p(t2),  and  as  t — °°,  p(t)  — Let  O(x)  be  a continuous 
scalar- valued  function  of  x with  properties  such  that  O(x)  =0  if  gj(x)  ='  0 
(i  = 1,  2,  . . . m)  and  O(x)  > 0 otherwise. 
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Example: 


and 


2 


P(t)  = ti 


(i  = 1,2,  . . .) 


The  exterior  penalty-function  method  proceeds  as  follows:  Define 
T(x,t)  = f(x)  + p(t)0(x).  For  a sequence  of  ti}  where  ti+ j >ti  (i  = 1,2,  . . .),  minimize 
the  unconstrained  function  T(x,ti)  obtaining  a sequence  x(ti),x(t2),  . . . x(tj),  ...  as 
ti  - 00 . Conditions  under  which  x(ti)  converges  to  a solution  x*  of  problem  I are 
discussed  in  reference  7.  The  intuitive  basis  for  the  exterior  method  is  as  follows.  If 
x strays  too  far  from  the  feasible  region,  the  penalty  term  p(t)  O(x)  becomes  large 
when  t is  large.  Thus  as  t - °°  the  tendency  is  to  draw  the  unconstrained  minima 
toward  the  feasible  region  so  as  to  minimize  the  value  of  the  penalty  term.  This  algo- 
rithm is  termed  "exterior"  because  the  movement  of  x(t)  is,  in  general,  from  the  out- 
side or  infeasible  region  toward  the  inside  of  the  feasible  region. 

Now  turn  to  the  problem  of  sequential  minimization  of  an  unconstrained  func- 
tion f(x).  The  function  f(x)  may  actually  be  unconstrained  or  it  may  be  that  a con- 
strained problem  is  being  solved  by  unconstrained  methods;  for  example,  penalty  func- 
tions. Here  a set  of  xW  (i  = 0,1,  . . .)  is  sought  such  that 

f[>i)]  <f[xa) 


and  the  sequence  converges  to  a point  x*  which  minimizes  f(x).  One  way  of  generating 
such  a sequence  may  be  through  the  gradient  method  (ref.  3).  In  the  gradient  method  an 
xW  is  assumed  and  x(^)  is  corrected  by 


6#>  = - i<°>  = 


(«o  > °) 


thus  producing 


xW  = 


//\\  /r\\ 

+ 5xw  = x'w'  - 


r_/nfl 

“ovxfLxV^ 


The  parameter  q;q 


is  chosen  by 

mm  (f{#>  - «„Vjf[#>j} 
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for  which  a necessary  condition  is 


. v-f[#3  = 0 


In  general  the  gradient  sequence  is 


;U*  !)  . j(U  + 6j(‘)  _ j(l)  . cjVjf  |i(1 


where  the  parameter  > 0 is  chosen  by 


or 


min  ~ aiv5^|^J]  “ f 

V3cf^i+  ^ ' vxf  = 0 


(i  = 0,1,  . . .) 


The  term  "gradient"  is  used  since  6x^  = -Q!iv3^[^^J  is  in  the  negative  gradient 
direction  of  f(x)  at  xW.  The  gradient  method  is  first  order  in  that  it  makes  use  of 
only  first  derivatives  of  f(x). 

Another  way  of  determining  the  minimum  of  f(x)  by  constructing  sequences  is  the 
direct  application  of  the  Newton-Raphson  method  to  the  necessary  condition  at  x* 

v-f(x*)  = 6 


By  the  Newton-Raphson  algorithm  find  a root,  hopefully  x*,  of 


V^f(5)  = 0 


In  this  way  an  x ^ is  assumed  to  begin  the  process  and  form  new  x^  by 


¥[i(i)] 


Although  it  does  not  occur  in  the  Newton-Raphson  algorithm,  a parameter  multi- 
plying 6x^  may  be  inserted  and  determined  as  in  the  gradient  method.  The  Hessian 
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matrix 


82f[5(i 

9x2 


must  at  each  stage  be  nonsingular  and,  if  xW  is  to  approach  the 


minimum  f(x),  must  approach  positive  definiteness  as  i - °°.  If  f(x)  is  strictly  con- 
vex, then  these  requirements  are  guaranteed.  This  Newton- Raphson  method  is  termed 
second  order  because  it  requires  second  derivatives  of  f(x).  The  Newton-Raphson 
method  is  often  called  the  "Taylor  series"  method  because  it  occurs  from 


mm 

5xW 


in|fji^  + 6 x(i)  ^ 


with  fj^W  + 6xWj  approximated  by  a second-order  Taylor  series  in  6xW  about  xW; 
that  is, 

ffic^)  + 6x^J  » fjk^  + * 6x^)  + ^ 6xW  a 1 


3x2 


■ 6x 


(i) 


Conditions  for  the  convergence  of  the  gradient  and  Newton-Raphson  algorithms  are  found 
in  reference  3. 

Now  see  how  the  gradient  and  Newton-Raphson  methods  behave  when  f(x)  is  a 
quadratic  function 

f(x)  = a + b • x + — - — 

where  the  scalar  a,  the  vector  b,  and  the  matrix  C = C'  > 0 are  constants.  First 
apply  nonsequential  methods  to  determine  x*.  The  first-order  necessary  condition  is 


V-f(x)  = 6 


which  gives 


x = -C_1 b 


Since  -^4^  = C>0,  x*  = -C-1b. 
9x2 


By  the  gradient  method 


/•  -•  \ 
x^1+i' 


= xw 


r_o\i 


(i=0,l,  . . .) 


= (I  - a^C)^  - a^b 
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or  satisfies 


where 


minimizes 


«iV-f 


- f 


yielding 


V-f 

x 


= 0 


[b+Cx(1+1)~  • b + Cx^j  =0 


or 


[b  + Cx^]  • [ 

b + Cx^] 

b + Cx^~ 

• C 

b + Cx^ 

Reference  3 shows  that  the  sequence  defined  by  the  gradient  method  converges  for  arbi- 
trary x(0)  when 


f(x)  = a + b • x + (C  = C’>0) 

a 

The  convergence  may  not,  however,  be  in  a finite  number  of  steps. 

Now  apply  the  Newton-Raphson  algorithm.  The  sequence  is  generated  by 


with 


xU+i)  = *U) 


(i  = 0,1,  . . .) 


V-f(x)  = b + Cx 


and 


or 


92f(x)  _ c 

s2 

x(i+D  =x(i).C-l[b+CxW] 


On  the  first  iteration  (i  = 0) 
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xW=#)-C-l[b+C#)] 

= #)-  C_1b  -x(0) 

= -C"1 b 

# 

= x* 

Thus  the  Newton-Raphson  method  converges  in  one  step  to  x*  from  arbitrary  x^ 
when  f(x)  is  a quadratic  function  as  defined. 

For  the  quadratic  function  the  gradient  method  produces  a sequence  which  ultimately 
converges  and  requires  only  first-order  information.  However  a very  high  number  of 
iterations  may  be  required  before  the  limit  point  is  recognized;  this  is  a disadvantage  in 
the  gradient  method.  The  Newton-Raphson  method  converges  rapidly  but  has  the  disad- 
vantage of  requiring  second-order  information  and  a matrix  inverse  to  exist.  A method 
which  requires  only  first-order  information  and  converges  in  a finite  number  of  steps  for 
the  defined  quadratic  function  is  the  conjugate  direction  method  which  is  now  discussed 
(ref.  14). 

Define 


and  consider  an  arbitrary  sequence 


x(i+1)  = # + pW 


(i  = 0,1,  . . .) 


where  the  scalar  minimizes  f|k^+*|]  - fjic^ 


which  implies  that 


g(i+1)  • p<‘>  = 0 

for  all  i and  p'^  is  an  unspecified  vector  function  of  yPK  By  repeated  use  of  the 
correction  formula 


i<n>  = ifl+l)  + ^ a.p(i> 

i=j+l 


where  x is  of  dimension  n.  For  the  quadratic  function 

q(0  = b + Cx^ 
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and 


g^  = b + Cx^ 


= b+C 


n-1 


^+1>  + ^ ajpW 


i=j+l 

= §«+1>  + l 0lcp« 

i=i+i 


Form  the  inner  product  yielding 


n-1 


g(n)  . p(i)  = §^+1^  • pti)  + atjpti)  • Cp^ 

i=j+l 

The  term  g^+1^  . pti)  is  zero.  Let  p^  (i  = 0,1,  . . . n-1)  be  chosen  such  that 


pW  . Cp(j)  _ o 


(i^J) 


Such  vectors  are  said  to  be  C-conjugate.  In  this  case,  for  C > 0,  it  can  be  shown  that 
p(°),P(l),  • • • p^n_1^  are  linearly  independent  and  form  a basis  of  the  space  Rn.  With 
P^  (i  = 0,  . . . n-1)  chosen  to  be  C-conjugate  functions  of  x^ 

g(n)  . p(j)  = o (j  = 0,1,  . . . n-1) 

Since  the  p^  form  a basis  of  Rn 


= 0 


or 

b + Cx^n)  = 0 
or 

x(°)  = -c-ib  = x* 
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Thus  the  method  of  conjugate  directions  presented  minimizes  the  quadratic  function  in 
n-steps  where  n is  the  dimension  of  x. 

If  pW  = Ag^,  where  A is  a positive  definite  matrix,  the  method  of  conjugate 
directions  is  referred  to  as  the  method  of  conjugate  gradients.  A particularly  useful 
conjugate -gradient  method  is  the  Fletcher -Powell  (ref.  15)  reformulation  of  the  Davidon 
method  (ref.  16).  Here 


p<‘>  - -H <‘>g<0 

where  ...  is  a sequence  of  symmetric  positive  definite  matrices.  The 

matrix  is  arbitrary  but  is  usually  taken  to  be  the  identity  matrix  and  subsequent 

matrices  are  determined  by 


H(i+1)  _ H(i)  p(i)p(i)' 

pw.cpW  witm 

where 

j>(i)  = gft+1)  . g(i) 

It  is  shown  in  reference  15  that  as  x^  reaches  x*,  becomes  C"*. 

The  first-order  methods  of  gradients  and  conjugate  directions  and  the  second-order 
Newton -Raphson  method  have  been  introduced  and  their  behavior  has  been  examined  when 
the  function  to  be  minimized  is  quadratic.  For  functions  not  necessarily  quadratic  the 
gradient,  conjugate  direction,  Newton-Raphson,  and  other  methods  (ref.  17)  are  still 
applied.  Usually  convergence  is  not  guaranteed  but  it  is  hoped  that  a guess  x^  can  be 
made  sufficiently  close  to  x*  so  that  the  methods  behave  quadratically;  this  means  that 
they  converge  in  a finite  number  of  steps.  The  choice  of  aq  is  often  made  by  search 
methods  (ref.  18). 


OPTIMIZATION  OF  FUN C TION A.LS 

The  optimization  of  functionals  (a  general  functional  is  a mapping  of  a function 
into  a real  number)  lies  in  the  domain  of  functional  analysis  (ref.  19).  A subdivision 
of  functional  analysis  treating  the  optimization  of  functionals  in  the  form  of  definite 
integrals  (or  equivalent  representations)  is  called  the  calculus  of  variations  (ref.  20) 
An  extension  of  the  calculus  of  variations  is  found  in  the  modern  subject  of  optimal 
control  theory  (ref.  21).  Excellent  survey  articles  on  optimal  control  theory  are 
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given  in  references  22  and  23.  References  24  and  25  demonstrate  how  calculus  of 
variations  problems  may  be  solved  by  optimal  control  methods.  For  a modem 
approach  the  optimization  of  definite  integrals  (or  equivalent  representations)  are 
considered  herein  by  the  methods  of  optimal  control  theory.  As  in  the  case  of  func- 
tion optimization,  optimal  control  theory  may  be  formulated  either  sequentially  or 

nonsequentially. 


The  Basic  Optimal  Control  Problem 

Let  a controllable  dynamic  system  be  described  by  a set  of  vector  differential 
equations  of  the  form 


x(t)  = f |i(t),u(t),t 


(x(tQ)  = xq) 


where 

XQ  initial  value  of  x(t) 

t € M 

x e Rn 
f e Rn 
U € Rm 

t time 

to  initial  time 

tj  final  time 

x(t)  state  variable  of  system 

x = col  (x[)  (i  = 1,2,  . . . n) 

u(t)  control  variable 

u = col  (uj)  (i  = 1,2,  . . . m) 
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Controls  which  are  piecewise  continuous  functions  of  t and  for  each  t satisfy 
u(t)  e Um  c Rm  are  herein  called  admissible. 

Examples  of  U: 

(a)  If  u is  unconstrained,  then  U = Rm. 

(b)  If  ||u||  = 1,  then  U is  the  boundary  of  a unit  hypersphere 
with  center  at  the  origin. 

(c)  If  |uj|  £ 1 (i  = 1,2,  . . . m),  then  U is  the  interior  and 
boundary  of  a unit  hypercube  centered  at  the  origin  in  Rm. 

Assume  a performance  functional  exists  in  the  form  of  a definite  integral  of  a function 
fo(x,u,t)  denoted  by 


For  two  controls  uj  and  U2,  uj  is  said  to  be  better  than  U2  if 


j(Gl)  < j(u2) 


Also  let  there  be  target  sets  Sq  and  Sj  in  Rn  such  that  the  control  u with 
x = f(x,u,t)  must  take  x(t)  from  x(tQ)  = xq  e Sq  to  x(tj)  e Sj_.  The  time  tj  is  the 
first  time  x(t)  enters  Si . 

The  basic  optimal  control  problem  is  as  follows:  For  all  u e U which  take 

Xq  e Sq  to  x(tj)  e Sj  through 


x = f(x,u,t) 


find  the  control  (or  controls,  if  any  exist)  which  minimizes 


J = 


C 1 f0[k(t),u(t),t]dt 

to 


ouCii  COiiui Oio  die  c<uieu  Optimal. 


Discussion 

An  optimal  control  (or  controls)  exists  if  a control  (or  controls)  can  be  found  which 
takes  xq  to  x(t^)  such  that,  if  u*  is  an  optimal  control,  J(u*)  S J(u)  for  all  u e U. 
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Based  on  the  assumption  of  the  existence  of  an  optimal  control  (or  controls)  necessary 
conditions  that  a given  control  in  U be  optimal  can  be  established  for  a wide  class  of 
problems.  The  most  general  set  of  necessary  conditions  is  the  Pontryagin  maximum 
principle  (ref.  21).  If  a control  fails  the  necessary  conditions,  then  it  is  not  optimal. 
Conversely,  all  the  controls  in  U which  satisfy  the  necessary  conditions  need  not 
be  optimal  (unless  the  necessary  conditions  are  both  necessary  and  sufficient).  Those 
controls  satisfying  the  necessary  conditions  are  called  "extremal  controls."  If  an 
optimal  control  exists  and  is  unique,  then  it  follows  from  the  necessary  conditions.  If 
no  control  can  be  found  to  satisfy  the  necessary  conditions,  then  no  optimal  control 
exists. 

Next  consider  some  sufficient  conditions  for  optimality.  If  a control  fails  a given 
set  of  sufficient  conditions,  the  control  may  still  be  optimal  (unless  the  sufficient  condi- 
tions are  also  necessary).  Sufficient  conditions  can  be  naturally  divided  into  two  classes: 
local  and  global. 

Local  sufficiency.-  If  u e U satisfies  certain  conditions,  then  J(u)  = J(u)  for  all 
u belonging  to  some  neighborhood  of  u and  not  necessarily  all  of  U. 

Global  sufficiency.-  If  u e U satisfies  certain  conditions,  then  J(u)  = J(u)  for 
all  u e U.  Global  sufficiency  implies  existence.  Necessary  conditions  are  generally 
derived  by  assuming  that  an  optimal  control  u*  exists  and  by  examining  properties  of 
the  problem  in  a neighborhood  of  u*.  Necessary  conditions  derived  in  this  manner  are 
local  conditions.  A sufficiency  condition  for  the  continuous  optimal  control  problem  is 
the  Hamilton- Jacobi-Bellman  theory  (ref.  2). 

Other  Forms  of  the  Optimal  Control  Problem 

Some  other  forms  of  the  optimal  control  problem  are  now  presented.  The  basic 
optimal  control  problem  as  stated  appears  in  a nonautonomous  form;  that  is,  the  inde- 
pendent variable  t appears  explicitly  in  the  equations.  This  problem  can  be  trans- 
formed to  an  autonomous  problem  by  the  introduction  of  a new  state  variable  xn+^  such 
that 


xn+l  = ^ (xn+l(*0)  ~ *0;  ^Si+l^l)  *l) 

The  problem  as  stated  is  in  Lagrange  form  (from  the  Lagrange  problem  of  the 
calculus  of  variations)  and  can  be  changed  to  Mayer  form  by  the  introduction  of  a new 
variable  xg  such  that 


xq  = f0(x,u) 


(^(to)  = °) 


The  problem  is  then  to  minimize  xg(ti). 
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The  problem  may  have  been  stated  in  Bolza  form;  that  is,  minimize 
i[x(ti)|  + y * fg(x,u)  dt  where  l |x(tjJ  is  a function  evaluated  at  x(tj) . Fora 
Lagrange  problem,  introduce  a new  variable  xn+i  and  a new  control  um+j  such  that 

*n+l  = um+l  (*n+l<!o)  = °J  *n+l(tl)  = *[x(tlj|) 

and  then  minimize  J * |f q (x, u)  + um+jj  dt. 

A free-end  time  problem,  tj  unspecified,  may  be  transformed  into  a fixed-end 
time  problem  by  the  introduction  of  a new  variable  r where 


0 = T = 1 


and  by  making  the  transformation 


t = to  + (tl  - to)r 

The  unknowns  tj  and  to  can  be  eliminated  by  treating  them  as  parameters.  In  this 
way  new  state  variables  xn+^  and  xn+2  are  defined  such  that 

xn+l  = 0 
*n+2  = 0 

and  tQ  is  replaced  by  xn+j  and  t^  by  xn+2  in  the  equations  (if  to  is  also 
unspecified) . 

A fixed-end  time  (tj  specified)  may  be  treated  as  a free-end  time  problem  by 
introducing  the  new  state  variable  xn+j  with 

%+l  = 1 (xn+lto)  = k);  Xn+^tl)  = tl) 

Transformations  of  these  types  are  given  in  reference  24. 
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Constraints 


Constraints,  including  the  state  differential  equations,  may  be  treated  in  optimal 
control  theory  in  much  the  same  way  as  in  the  optimization  of  functions. 

Given  f * h(x,u)  dt  = c,  where  c is  a given  constant,  introduce  a new  variable 
Jt0 

xn+l  defined  as 


Xn+1  = h(x,u) 


(xn+l(t0)  = 0;  Xn+l^l)  = c) 


to  place  the  integral  constraint  in  the  form  of  a state  equation. 

Given  ki  5 y(x,u)  § k2,  Valentine's  method  (ref.  8)  may  be  directly  applied  to  con- 
vert the  inequality  into  an  equality. 

Given  g(x,u)  = 0 over  [tq , t j~|  the  following  approaches  may  be  used: 

(1)  Introduce  a new  variable  xn+j  defined  as 

xn+l  = g2(x,u)  (xn+lto)  = Xn+lC1!)  = °) 


(2)  Apply  Lagrange  multipliers  as  in  the  calculus  of  variations  (ref.  20). 

(3)  Apply  penalty  functions  as  shown  in  references  26  to  28.  In  reference  28  the 
state  equations  are  included  in  the  penalty  terms. 


Consider 


is  monotone  increasing  in 


dt  !|  M,  where 
t,  the  problem 


<p(k,u)  ^ 0.  Since  \ ^>(x,u)  dt  for  te  Jtq ,t£J 

Jt0 

may  be  divided  into  two  separate  problems: 


(a)  Solve  with 


dt  = M. 


(b)  Solve  without  the  constraint  eliminating  those  results  causing 

Comparing  the  results  of  (a)  and  (b)  and  selecting  the  best  result  solves 
problem. 

See  also  reference  29  on  constraints. 


rh 

\ <p(x,u)  dt  > M. 

Jt0 

the  original 


Nonsequential  Methods 

Necessary  conditions.-  From  the  foregoing  transformations  consider  a restatement 
of  the  problem  in  autonomous  form:  For  all  u e U which  take  Xg  e Sq  to  x(tj)  e Sj 

through 
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find  the  control  (or  controls,  if  any  exist)  which  minimize 


dt 


Change  to  a Mayer  problem  by  introducing  xg.  Both  f(x,u)  and  fg(x,u)  are  continu- 
ous in  x and  u and  continuously  differentiable  in  x.  Consider  t^  - tg  as  unspeci- 
fied. Pontryagin's  maximum  principle  may  now  be  stated  as  follows.  If  u*  tg  i t s tj, 
is  an  optimal  control,  then  there  exists  a nonzero  (not  identically  zero)  continuous 
n+1  dimensional  vector  x(t)  = (Xg,Xj,  . . . Xn)  ’ the  elements  of  which  satisfy 


a*i(x,u) 

3Xj 


(j  = 0,1,  . . . n) 


such  that. 


n 


(a)  max  H(x,u,X)  = H(x,u*.X)  ^t  e {tg,tjj^  with  H = ^ Xif^(x,u)  = Xgfg(x,u)  + X • f(x,u) 

(b)  H[x(t),Q*(t),X(t)]  h 0 (te  (tg,ti]) 

(c)  Xg(t)  = Constant  £ 0 

(d)  The  vector  (Xj,  . . . Xn)'  is  perpendicular  to  Sg  and  Sj  at  tg  and  tj, 

respectively.  This  is  called  the  transversality  condition. 


With  the  introduction  of  H,  the  state  (xj)  and  auxiliary  variable  (Xj)  equations  can 
be  written  in  canonical  form 


dxi 

df 


3H 

3Xi 


(x,u,X) 


(i  = 0,1,  . . . n) 


3H_ 

avi 

— JL 


(x,u,X) 


(i  = 0,1,  . . . n) 


The  maximum  principle  generates  extremal  controls.  Given  the  existence  of  an 
optimal  control,  the  best  extremal  control  is  optimal.  In  using  the  maximum  principle 
try  to  ensure  that  an  optimal  control  exists  for  the  problem,  find  all  extremal  controls, 


and  select  the  best.  Neither  of  these  steps  are  easy  (ref.  30).  Particular  difficulties  of 
the  maximum  principle  known  as  singular  and  abnormal  problems  are  discussed  in 
reference  31. 


Example: 


Consider  an  optimal  control  problem  with  variables 
x = (xi,X2)'  and  \ =(Xi,\2)'-  Let  the  trajectory  at  tj  be 
required  to  intersect  the  surface  xj2  + x22  = 1.  The  transver- 
sality  condition  states  that  X(ti)  is  colinear  with  the  normal  to 
the  terminal  surface.  Thus 


Si  = {x  : O^x)  = xj2  + X22  - l) 
= 0 


and 


is  the  normal.  Thus 


X(ti)  = a 


xl(tl) 

x2(h)_ 


with  a a scalar. 

Example: 

Consider  a system  the  state  equations  of  which  are 

xi  =x2 


x2  = u 


with  control  variable  constraint 

|u|  g 1 


whereby 


U = [-1,1] 

Transfer  the  system  from  a given  initial  state  Sq  = [xi(to),x2(to)| 
to  the  rest  state  = [o,o]  in  minimum  time.  Thus 
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ptl 

J = \ dt  = 11  “ 10 

An  existence  theorem  applies  to  this  problem.  (See  appendix  B 
of  ref.  24.)  The  best  extremal  control  is  then  the  optimal  in  the 
sense  of  minimum  time. 

To  deduce  the  extremal  control  invoke  the  necessary  conditions  of  the  maximum 
principle  whereby 


H = Xq  + Mx2  + *2U 


Therefore 


where 


x1  = -i«=o 
1 ax! 

; 9H  , 
= = 


*i(t)  = ^i(ti) 


X2(t)  = X2(ti)  + X!(ti)(ti  - t) 


H 


= Xq  + Cjx2  + (c2  - Cjt)u 


C1  = Xi(ti)  = Constant 


c2  = Xi(ti)t!  + X2(ti) 


The  control  which  maximizes  H is 


u*  = sgn(c2  - Cjt) 


where 


sgn  a(t)  = 


1 
-1 

|a(T") 


(a(t)  > 0) 
(a(t)  < 0) 
(a(T)  = 0) 
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If  C2  - cj  = 0,  then  = X2  = 0 311(1  H = \q.  Condition  (b)  implies  that  Xq  = 0 or 
- (x°\  - 

x = I Xi  = 0.  However  the  maximum  principle  states  that  x £ 0 which  is  a contradic 

W 

tion.  Therefore  on  an  optimal  trajectory  either  c*  or  C2  / 0.  The  control  u* 
changes  sign  at  most  once.  The  argument  of  sgn  in  u* 

o(t)  = c2  - cxt 

is  called  a "switching  function."  Forming 

cbq 

~dT  _ Xjj  £^1  _ x2 

dx2  u*  dx2  u7 

dt 
or 

x2  dx2  = u*  dxj  (u*  = 


whereby  the  extremal  trajectories  satisfy 


x22 

~Y  = ±X1  + k 


(where  k is  an  integration  constant)  where 


dxg> 

dt 


0 


(u*  = 


^2<0 

dt 


(u*  = 


is  shown  in  the  following  sketch: 


Since  there  can  be  at  most  one  switch,  an  extremal  path  consists  of  at  most  two 
parabolic  arcs.  Furthermore,  since  an  extremal  path  terminates  at  the  origin,  the 
terminal  arc;  that  is,  the  second  arc  if  there  is  more  than  one,  belongs  to  one  of  the 
two  half  parabolas  Tty?  = 2x^  (X2  > 0)  or  X2^  = -2x^  (X2<0).  These  half  parabolas, 
denoted  by  AO  and  BO  in  the  following  sketch,  compose  the  switching  curve  in  state 
space;  that  is,  the  locus  of  states  at  which  an  extremal  control  switches: 


x2 


The  switching  curve  divides  state  space  into  two  open  half  spaces.  Extremal  paths  which 
start  below  the  switching  curve  correspond  to  extremal  control  sequence  1 — -1,  and 
conversely  those  originating  above  the  switching  curve  correspond  to  extremal  control 
sequence  -1  — 1.  If  the  initial  point  of  an  extremal  path  belongs  to  the  switching  curve, 
there  is  no  switch. 

Two  observations  follow: 

(1)  For  initial  state  [xi(to),X2(to)j  extremal  control  is  unique,  hence,  optimal. 

(2)  There  exists  an  optimal  path  from  every  point  in  state  space  R^. 

Since  and  S2  are  points,  the  transversality  conditions  are  automatically 
satisfied.  To  show  this,  for  the  terminal  manifold 


Sl  = 


\e1  =x1  = o 
)2  = x2  = 0 


(where  Sj  is  the  intersection  of  and  02) 


\ = 


IH 

W, 
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is  normal  to  any  vector  in  the  tangent  plane  of  Sj. 
plane  of  Sj  if  and  only  if  it  is  orthogonal  to  V-0j 


fa  i\ 

A vector  lies  in  the  tangent 

W 

and  V-02*  Since 


Vx0l 


Vx02 


/al\  fa l\ 

then  ^ j • = 0 yields  = 0 and  ( j . V-02  = 0 yields  a2  = 0.  Therefore 

the  only  vector  in  the  tangent  plane  of  Sj  is  the  null  vector  which  is  orthogonal  to  all  X. 

Sufficient  conditions.-  A statement  of  the  Hamilton-Jacobi-Bellman  method  is  pre- 
sented in  this  section.  Further  information  is  given  in  references  2 and  31  to  36.  The 
discrete  form  of  this  method  is  better  known  as  dynamic  programing  (ref.  33). 

Theorem:  Consider  the  control  process  in  Rn 


X = f(x,u,t) 


with  initial  state  x(to)  and  terminal  set  Sj  c Rn.  Admissible  controllers  are  all 
piecewise  continuous  functions  u(t)  on  tp  S t S tj  with  values  in  the  restraint  set 
U c Rm,  steering  the  response  x(t)  from  x(to)  = xq  to  x^)  e Sj.  The  functional  is 


J(u)  = ^ fQ|x(t),u(t),t]dt 

where  Z,  f,  and  fp  are  functions  continuously  differentiable  in  all  arguments.  Assume 
there  exists  a continuously  differentiable  control  u*(X,x,t)  so  that 


H*(X,x,t)  = maxpf0(x)u,t)  + X - f(x,u,t)1 
u e U L -I 

= Hf*,x,t,u*(X,x,t) 

Let  C(x,t)  for  x e Rn  and  t s tj  be  a continuously  differentiable  function  of 
second  order  which  is  a solution  of  the  Hamilton-Jacobi-Bellman  equation 
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+ H*  (v-C,x,t)  = 0 

with  c[x(ti),t]]  = -ifSfajj  for  x(ti)cSi.  Assume  that  the  control  law 

u(x,t)  = u*(v-C,x,t) 

determines  a response  x(t)  steering  (xo(to),to)  to  (Si,ti);  then  u is  an  optimal 
control  (provided  it  lies  in  U)  with  optimal  response  x(t),  and  with 

J(u)  = -c[x(to),to] 


Example: 

Consider  the  linear  time-varying  system  described  by 
x = A(t)x  + B(t)u  (x(to)  = 


and  the  functional 


J = ^(t!)  • Fx(ti)  + | f 1 [*(t)  • Q(t)x(t)  + u(t)  • R(t)u(t)J  dt 


where  t^  - tQ  is  given,  u.(t)  is  unconstrained,  u(t)  e Rm, 
x(ti)  is  unspecified,  x(ti)  € Sj  = Rn,  F is  a constant  n x n 
positive  semidefinite  matrix  (20),  R(t)  is  a continuous  matrix 
(>0),  Q(t)  is  a continuous  matrix,  (gO),  A(t)  is  a continuous 
n x n matrix,  and  B(t)  is  a continuous  n x m matrix.  The 
problem  is  to  find  u to  minimize  J.  With  regard  to  the  suffi- 
ciency theorem 

*[x(t]D]  = |x(tj)  • Fx(ti) 


H*(\,x,t)  = max  H(x,X,u,t) 
ueRn 

= max  I-  i(x  • Qx  + u • Ru)  + X • (Ax  + Bu) 
ueRm  L 2 J 

The  first  partial  derivative  of  H(X,x,u,t)  with  respect  to  u set 
equal  to  zero  gives 
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-Ru  + B'X  = 6 


or 


u = R_1B'x 

This  u maximizes  H(X,x,u,t)  since  the  second  partial  with 
respect  to  u gives  -R<0.  Thus 

H*(X,x,t)  = - lx  • Qx  + lx  • BR-1B'x  + X • Ax 


Look  for  a solution  of  the  Hamilton-Jac obi- Bellman  equation 


ac 

at 


+ 


1 

2 


VxC 


br-1b'v-c 


lx 
2 X 


Qx  + 


VxC 


Ax  = 0 


where  at  tj 


C[x(ti),ti]  = -l[x(t!)]  = -Ix(tD  • Fx(ti) 
Try  a solution  of  the  form 


C(x,t)  = - jx(t)  • K(t)x(t) 

where  K(t)  is  an  arbitrary  differentiable  n x n matrix.  Assume  that  K(t)  = K'(t) 
and  let  K(tj)  = F satisfy  the  boundary  condition.  With 

aC  1- 

■§r=  2x'K(t)x 

and 


V-C  = -K(t)i 

the  Hamilton-Jacobi-Bellman  equation  becomes 

-i-x  • Kx  + ^Kx  • BR'^B'Kx  - i-x  • Qx  - Kx  • Ax  = 0 


Write  Kx  • Ax  as  i(x  • KAx  + x • A'Kx).  The  Hamilton-Jacobi-Bellman  equation 
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ix  • (-K  + KBR-1B'K  - Q - KA  - A'k)x  = 0 

is  identically  satisfied  for  K(t)  satisfying 

K(t)  = K(t)BR_1B'K(t)  - K(t)A  - A'K(t)  - Q (k^)  = 

which  is  the  matrix  Riccati  equation  often  referred  to  in  optimal  control  theory.  The 
theorem  guarantees  the  optimality  of 

u*(t)  = R“ 1 (t)  B ' (t)  V -C  (x,  t)  = -R-^B’WKWxft) 


with 

J(u*)  = -c(xo,t0)  = |xq  • K(tQ)xo 

Maximum  principle  and  sufficiency.-  With  some  conditions  added  to  the  basic 
optimal  control  problem  the  maximum  principle  becomes  sufficient  as  well  as  necessary. 
A formulation  of  this  result  is  found  in  references  36  and  37. 

Sequential  Methods 

The  optimization  of  functionals  in  the  form  of  an  optimal  control  problem  may  also 
be  treated  by  sequential  methods.  Here  try  to  form  a sequence  of  admissible  controls 
u^(t)  (i  = 0,1,  • . •)  which  yield  xW(t)  through  the  differential  equations 

xW(t)  = f|]c(^,uW] 


and  generate  a monotone  decreasing  sequence  of  values  jW  of  the  performance  index  J 
which  converge  to  a minimum  value  of  J.  As  in  the  sequential  optimization  of  functions, 
there  exist  the  methods  of  gradients  (refs.  1 and  38),  conjugate  gradients  (ref.  39),  and 
second-order  variations  (ref.  40).  A form  of  the  Newton-Raphson  process  exists  for 
optimal  control  problems  in  the  same  sense  as  in  function  optimization  problems  in  that 
it  seeks  to  satisfy  iteratively  the  necessary  conditions  of  the  nonsequential  methods 
(refs.  41  and  42).  For  a summary  of  these  methods  see  reference  43. 

In  order  to  illustrate  the  general  approach  of  the  sequential  methods,  a simple  form 
of  the  gradient  method  is  presented.  Consider  the  problem  of  finding  an  unconstrained 
control  u(t)  which  minimizes 


J = <p[x(ti)] 
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where  x(t)  is  determined  through  x = f(x,u),  t e [t0,tf|,  x(tQ)  = xq,  and  tx  - tg  is 
specified.  Try  to  construct  a sequence  uW(t)  so  as  to  minimize  J.  Assume  a con 
trol  function  u(°)(t)  and  solve  for  x(°)(t),  the  solution  of 


x = f(jc,u(0)J 

Writing  the  variational  equations  for 

X = f(x,u) 


around  x^(t),u^(t) 


yields 


A6x(°)  = 
dt 


Introduce  X(®)(t),  unspecified  for  the  moment,  and  differentiate  with  respect  to  t, 
X(°)(t)  • 6x(0)(t),  to  obtain 


-£X(0)(t)  • 6x(0)(t)  = <X(0)  + 

dt 


8f 


X(0)>  ■ 


af 


•[#).=<«] 


9x 


au 


J<°)  • »5<#> 


Define  X(®)(t)  as  the  solution  of 


X(0)(t)  = - 


af 


ax 


X(0)(t) 


whereby 


— X(0)(t)  ■ 6x(0)(t)  = 

dt 


af 


'[x<°>,aW]_ 


X<°>  • 


9u 


or 


-to)  -to)  r4!  9f"Tx(0)>u(0) 

XW(tl)  • 6x^(tl)  = ^ -X 

^tg  9u 


(0)  . *,-,«>) 


dt 


Define 


A(0)(tl)  = Vx<^[^(0)(tl)] 


whereby 


X(0)(ti)  • 6x(0)(ti)  = V-<p[x(0)(t!)]  • 6x(0)(tx)  =6<?[^(0)(ti)| 

~ <p[^°Vl)  + 8x^°\ti)]  - 


The  quantity  6u^(t)  is  undetermined.  In  the  gradient  method  6u^(t)  is  determined 
by  solving  the  following  optimal  control  problem: 

Find  6u(0)  so  as  to  minimize 


6 (p 


dt 


subject  to  the  constraint  P^  = C * 6u^(t)  • W(t)6u^(t)  dt  where  W(t)  is  a positive 

Jt0 

definite  symmetric  matrix  and  P is  a positive  constant.  The  P^  constraint  is  intro- 
duced so  that  the  magnitude  of  6u(®)(t)  can  be  controlled  to  insure  the  validity  of  the 
foregoing  linearization  process.  The  matrix  W(t)  is  added  for  weighting  purposes. 

The  solution  of  this  problem  (easily  obtained  by  the  use  of  nonsequential  methods)  is 

5S«»(t)  = - Ml  at"^0)(t)’:i(0>(t)]  x<°>(t) 
a 9u 


with 


and 


Q!  = 


I, 


A1  »f ' -( 


dt 

tQ  9u  9u 


-|l/2 


5<p[#)(tx)]  = -P  C 1 


p2 


. fe(0).w-i!Lx(0) 

^tQ  [_9u  3u 


1/2 


dt 


In  practice  W and  P^  are  specified  by  the  user. 

Replacing  u^°\t)  by  u^°\t)  + 6u^°\t)  gives  a new  control  u^A,(t)  yielding 
= (p|i^(tx)j  (to  first  order)  differing  from  = <p|i^(tx)j  by 


-Pi 


r»tx 


*0 


Mli i(0).  w-19f' 


:(o) 


11/2 


8U 


au 


dt.  A correction  to  u^\t)  is  obtained  by  treating 
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a(1)(t)  as  G(0)(t)  and  repeating  the  process.  Repetitive  application  yields  the  sequence 
u^(t)  (i  = 0,1,  . . .)  determined  by 

ai  3u 

with  X(i)  determined  from  backward  integration  of 

*(i)(t)  = — ^_),u(  ^ X<i>(t)  (x(i)(ti)  = V-<^[x(i)(tl)]) 

and  x(i)  determined  from  forward  integration  of 


and 


x^(t)  = f x^(t),u^(t) 


(x(l)(tQ)  = Sq) 


t 


'1  flf  ’ . 


«i  = 


MlxW . w_1—  xW  dt 

t2  9u  9u 

P2 


1/2 


The  gradient  of  with  respect  to  the  magnitude  of  6u^  is  given  by  6J^/p. 

For  appropriate  values  of  W and  P2  this  process  generates  a sequence  of 
aW(t)  providing  a decreasing  sequence  of  J^.  At  each  stage  it  may  be  necessary  to 
readjust  W and  P2  to  retain  convergence. 

Ideally  the  process  converges  to  a point  where 

6G<‘>(t)  = !r&<l)(t)’G(i>(tJ  x<‘)(t)  . 6 

“i  9u 
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or  where 


8f'|i<l)(t),uW(t)]  _(i)  _ 

L J XW(t)  s 0 


au 


For  the  original  optimization  problem  ^not  the  one  determining  6u^(t)) 


H(x,X,u)  = X • f(x,u) 


and 


U 3u 


whereby 


Hence  the  term  "gradient"  is  used  for  this  sequential  method.  Convergence  is  then  to  a 
local  extremum  of  H(x,X,u),  that  is,  where  VqH(x,X,u)  = 6.  The  convergence  point  may 
not  be  the  global  maximum  of  H(x,X,u)  with  respect  to  u as  the  Pontryagin  maximum 
principle  requires.  The  gradient  method  has  been  found  to  be  highly  effective  in  atmo- 
spheric trajectory  problems. 

FUNCTION  OPTIMIZATION  AND  OPTIMAL  CONTROL  THEORY 

Function  optimization  theory  may  be  applied  to  optimal  control  problems.  If  the 
state  equations  are  in  the  form  of  difference  equations  (rather  than  differential)  or  if  a 
continuous  problem  has  been  discretized  (ref.  44)  and  the  performance  index  is  a finite 
sum,  then  function  optimization  techniques  can  be  directly  applied  (ref.  45).  A discrete 
form  of  the  maximum  principle  appears  in  reference  46.  Function  optimization  methods 
can  also  be  applied  to  optimal  control  problems  in  another  way  as  discussed  in  this 
section. 

An  unfortunate  by-product  of  applying  Pontryagin' s maximum  principle  (or  the 
calculus  of  variations)  to  some  optimal  control  problems  is  a two-point  boundary-value 
problem.  A large  class  of  these  boundary-value  problems  involves  a vector  differential 
equation  of  the  form: 


y = §(y,  sgn  z,  a,  t)  (t  e [tQ.ti],  y(a,to)  = y0) 


(1) 
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where 


y = col  (yi) 

Z = col  (Zi) 
sgn  z = col  (sgn  z*) 


(i  = 1,2,  . . . 2n) 

(i  = 1,2,  ..  .1) 
(i  = 1,2,  . . .1) 


and 


a = col  (o! i)  (i  = 1,2,  . . . m) 

The  elements  of  the  vector  y are  the  state  (xj)  (j  = 1,  . . . n)  and  the  auxiliary 
variables  (Xj)  (j  = 1,  . . . n)  of  the  control  theory  with  the  oq  unknown  constants 
usually  corresponding  to  some  of  the  initial  values  of  the  y*  and/or  the  final  time  tj. 
The  vector  z = z(y,o!,t)  is  made  up  of  functions  termed  "switching  functions"  in  control 
theory.  The  two-point  boundary-value  problem  arises  when  the  optimal- control  theory 
requires  that  a be  determined  to  satisfy  terminal  conditions  of  the  form 


(2) 


where  y(o!,t)  is  the  solution  of  equation  (1)  for  given  a. 

For  example,  in  an  optimal  control  problem  where  the  initial  state  is  specified  and 
the  terminal  state  unspecified,  the  transversality  conditions  yield  no  information  about 
M(to)  (i  = 1,2,  . . . n)  but  require  Xi(ti)  =0  (i  = 1,  . . . n).  This  problem  could  be 
put  into  the  form  of  equation  (2)  by  identifying 


« i = ^(k)) 


(i  = 1,  . . . n) 


as  constants  to  be  found  such  that 

e[y(a,ti),a,t]J  = col  [x^ai.t^J  = 6 (i  = 1,  . . . n) 

The  terminal  conditions  represented  by  equation  (2)  can  be  viewed  as  an  implicit 
system  of  equations  in  a.  From  this  viewpoint  a solution  of  equation  (2)  may  be  sought 
directly  by  the  Newton- Raphson  method.  Alternatively,  let  a positive  definite  function  be 
formed  in  the  vector  e.  The  minimum  of  this  function  with  respect  to  a is 


Thus  equations  (1)  and  (2)  can  be  solved  by  finding  an  a which  minimizes  a positive 
definite  function  in  e to  zero.  With  this  viewpoint  any  of  the  sequential  function  mini- 
mization methods  may  be  applied.  The  application  of  these  methods  to  solve  boundary- 
value  problems  in  optimal  control  is  discussed  in  references  47  to  49. 
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